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Fig. 1: MRP_Steering() Module I/O lllustration

1 Module Overview

The module input and output messages are illustrated in Figure 1. The intend of this module is to
implement an MRP steering law where the control output is a vector of commanded body rates. To use
this module it is required to use a separate rate tracking servo control module as well.

2 Steering Law Goals

This technical note develops a new MRP based steering law that drives a body frame B : {51,62, 133}
towards a time varying reference frame R : {1, 7, 73}. The inertial frame is given by N : {fi1, fio, N3 }.
The RW coordinate frame is given by W : {gs,, g1, Gy, }- Using MRPs, the overall control goal is

opr — 0 (1)

The reference frame orientation oz, angular velocity wr /z and inertial angular acceleration wg /s
are assumed to be known.
The rotational equations of motion of a rigid spacecraft with N Reaction Wheels (RWs) attached
are given by!
[Urwlw = —[@] ([[rw]w + [Gs]hs) = [Gs]us + L ()

where the inertia tensor [Igy/] is defined as
N
[rw] = (1] + 2, (Jugn.gi; + J0.90.95,) (3)

1=

[y
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The spacecraft inertial without the N RWs is [I,], while Js,, J;, and J,, are the RW inertias about the
body fixed RW axis g, (RW spin axis), g;, and gg,. The 3 x N projection matrix [G,] is then defined
as

(G = Pgs -] (4)

The RW inertial angular momentum vector hg is defined as

hs,

3

= Js; (ws; + ) (5)

Here €; is the it RW spin relative to the spacecraft, and the body angular velocity is written in terms
of body and RW frame components as

w = wiby + wabs + w3bs = W, Gs; + Wi, Gt, + Wy, Gy, (6)

3 MRP Steering Law
3.1 Steering Law Stability Requirement

As is commonly done in robotic applications where the steering laws are of the form & = w, this
section derives a kinematic based attitude steering law. Let us consider the simple Lyapunov candidate
function®?

in terms of the MRP attitude tracking error o3/%. Using the MRP differential kinematic equations

1

) 1 .
op/R = Z[B(UB/R)]BLOB/R =1 [(1 — o) Iaxs + 2[G5/R] + 203/7205/73] Pwpm (8)

where O'%/R = O'Z;/RO'B/’R, the time derivative of V is

V =ogr (Pws/z) ©)

To create a kinematic steering law, let B* be the desired body orientation, and wpg«/z be the
desired angular velocity vector of this body orientation relative to the reference frame R. The steering
law requires an algorithm for the desired body rates wgx /5 relative to the reference frame make V in
Eq. (9) negative definite. For this purpose, let us select

Bugiir = —f(os/R) (10)
where f(o) is an even function such that
ol f(o)>0 (11)
The Lyapunov rate simplifies to the negative definite expression:
V= —ogrflonm) <0 (12)

3.2 Saturated MRP Steering Law

A very simple example would be to set

flogr) = Kiog/r (13)
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where K7 > 0. This yields a kinematic control where the desired body rates are proportional to the
MRP attitude error measure. If the rate should saturate, then f() could be defined as

Kio; if |K104| < wmax
Flogr) = . (14)
wmaxsgn(o;) if |K10;| > wmax
where
UB/R = (01702103)T
A smoothly saturating function is given by
Klﬂ' meax
= t 1
f(op/r) = arctan (UB/R2wmax> - (15)
where
f(o1)
Flosr) = | f(o2) (16)
f(o3)

Here as g; — o0 then the function f smoothly converges to the maximum speed rate +wmax. For small
|os/=|, this function linearizes to

f(UB/R) r Klo'lg/’R + H.O.T (17)

If the MRP shadow set parameters are used to avoid the MRP singularity at 360°, then |0'B/7€’ is
upper limited by 1. To control how rapidly the rate commands approach the wmax limit, Eq. (15) is
modified to include a cubic term:

f(o;) = arctan <(K10¢ + K303) i > 2max (18)
2Wmax 77
The order of the polynomial must be odd to keep f() an even function. A nice feature of Eq. (18) is
that the control rate is saturated individually about each axis. If the smoothing component is removed
to reduce this to a bang-band rate control, then this would yield a Lyapunov optimal control which
minimizes V subject to the allowable rate constraint wmax.

Figure 2 illustrates how the parameters wmax, K1 and K3 impact the steering law behavior. The
maximum steering law rate commands are easily set through the wmax parameters. The gain K; controls
the linear stiffness when the attitude errors have become small, while K3 controls how rapidly the steering
law approaches the speed command limit.

The required velocity servo loop design is aided by knowing the body-frame derivative of BWB*/R to
implement a feed-forward components. Using the f() function definition in Eq. (16), this requires the
time derivatives of f(o;).

B ﬁ&l
d(BwB*/R) W _ 8f & _ %20 (19)
dt¢ B*/R 803*/R B*/R %‘TJF ‘2
90373
where '
01 1 5
Ope/R = | 02 | = Z[B(O'B*/R)] Wik /R (20)
g3

Using the general f() definition in Eq. (18), its sensitivity with respect to o; is
af _ (K1+3K30i2)
00; ) 3\2 ™ 2

1+ (Ky0; + K307)

2wWmax

(21)
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(c) K3 dependency with wmax = 1°/s, K1 = 0.1
Fig. 2: lllustrations of MRP Steering Parameters Influence.
4 Angular Velocity Servo Sub-System

To implement the kinematic steering control, a servo sub-system must be included which will produce the
required torques to make the actual body rates track the desired body rates. The following development
is an illustration of such a servo control module, such as the rateServoFullNonlinear module.
However, other body rate tracking control modules could be used as well.

The angular velocity tracking error vector is defined as

dw = wWp/Bx = WR/N — Wik /N (22)

where the B* frame is the desired body frame from the kinematic steering law. Note that

Wpk /N = Wik /R + WR/N (23)

where wr /s is obtained from the attitude navigation solution, and wgs % is the kinematic steering
rate command. To create a rate-servo system that is robust to unmodeld torque biases, the state z is
defined as:

Ly
z = J Bsw dt (24)
t

0

The rate servo Lyapunov function is defined as

1 1
Vo (0w, z) = iéwT[IRW]éw + izT[KI]z (25)
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where the vector dw and tensor [Igw] are assumed to be given in body frame components, [K;] is a
symmetric positive definite matrix. The time derivative of this Lyapunov function is

Vi = 0w” ([Irw]ow’ + [K1]z) (26)

Using the identities ""23’//\/ = wp/n and w;z//\/ = WR/N — WB/N X wR/N,l the body frame derivative of
dw is

dw' = wB/N—w%*/R—dJR/N—I-wB/N X WR/N (27)
Substituting Eqgs. (2) and (27) into the V,, expression in Eq. (26) yields

Vw = 5wT( — [GJB/./\/'] ([IRw]wB/N + [Gs]hs) — [GS]US + L + [K[]Z

— rw](@he m + iy — Wi X wrn)) - (28)

Let [P]T = [P] > be a symmetric positive definite rate feedback gain matrix. The servo rate
feedback control is defined as

[Gslus = [Plow + [Kr]z — [@p«)n] ([Trwlws/n + [Gs]hs)

— [Irwl(wps g + Wrn — wpn X wryn) + L (29)

Defining the right-hand-side as L., this is rewritten in compact form as

[GsJus = —L, (30)
The array of RW motor torques can be solved with the typical minimum norm inverse
-1
Us = [GS]T ([GS] [GS]T) (=Ly) (31)

To analyze the stability of this rate servo control, the [Gs]us expression in Eq. (29) is substituted
into the Lyapunov rate expression in Eq. (28).

Vi = 0w (= [Plow — [@pn] (L lwsn + [Golhs) + [@pe/n] (Trwlwsn + [Gilhs) )

— 0w (= [Plow — 8] ([Tnwlwsw + [Gi]hs) )

= —dw![P)éw < 0 (32)
Thus, in the absence of unmodeled torques, the servo control in Eq. (29) is asymptotically stabilizing
in rate tracking error dw.

Next, the servo robustness to unmodeled external torques is investigated. Let us assume that the
external torque vector L in Eq. (2) only approximates the true external torque, and the unmodeled
component is given by AL. Substituting the true equations of motion and the same servo control in
Eq. (29) into the Lyapunov rate expression in Eq. (26) leads to

V, = 6w’ [P]dw — 6w’ AL (33)
This V,, is no longer negative definite due to the underdetermined sign of the dw’ AL components.
Equating the Lyapunov rates in Egs. (26) and (33) yields the following servo closed loop dynamics:
[Irw]ow’ + [Plow + [K[]z = AL (34)
Assuming that AL is either constant as seen by the body frame, or at least varies slowly, then taking
a body-frame time derivative of Eq. (34) is
[Irw]dw” + [P]éw’ + [K[]dw = AL' ~ 0 (35)

As [Irw], [P] and [K[] are all symmetric positive definite matrices, these linear differential equations
are stable, and dw — 0 given that assumption that AL’ ~ 0.
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5 Testing

Two tests are provided with this module. The first is a unit test that compares the computed wpg:/»
and “’/B*/R to truth values computed in the python unit test. The second is an integrated test of this
module with rateServoFullNonlin as well, comparing the desired torques computed L, with truth
values computed in the test. Both tests check a set of gains K1, K3 and wmax on a rigid body with
no external torques, and with a fixed input reference attitude message. The torque requested by the
controller is evaluated against python computed torques at Os, 0.5s, 1s, 1.5s and 2s to within a tolerance
of 10™!2 for the integrated test.

e The test is run for a case with K1 = 0 or 0.15
e The gain K3 isset to 0 or 1
e The saturation rate wmax is set to 1.5 degrees/second or 0.001 degree/second

All permutations of these test cases are expected to pass. The rate servo module rateServoFullNonlin
has dedicated unit tests to check various parameters required there, including integral gain on/off,
presence of external torques and other variables.

6 User’s guide

The following variables are required for this module:
e The gains K1, K3
e The value of wWmax

This module returns the values of wp«/r and “";3*/72' which are used in the rate servo-level controller
to compute required torques.
The control update period At is evaluated automatically.
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