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Deriving and propagating a spacecraft’s equations of motion is fundamental to describing its behavior accurately.
These equations of motion depend on the spacecraft’s configuration, which includes any physical subsystem such as
attitude control devices, solar panels, gimbals, etc. Prior work introduced the backsubstitution method to yield a
modular and scalable formulation to develop complex spacecraft dynamics specific to rotating components attached
to a rigid hub as effectors. This paper relaxes assumptions made in deriving effector components in prior work, such
as mass properties and frame definitions. This produces a general architecture that uses common equations of motion
for physically equal parts. The result is an analytical solution of a set of general rotating effector equations of motion
that greatly expand the configuration space of spacecraft that can be simulated with the backsubstitution method. In
contrast to prior work where the rotations are highly constrained, rigid-body components can rotate about one or two
general axes, and the component mass distribution can be general, no longer requiring the component’s principal axis
to align with the center of mass or hinge axis. A numerical software solution demonstrates and verifies how these
effectors can mimic a range of dynamic spacecraft components.

Nomenclature

center-of-mass location of body A

= effector backsubstitution term for 75/

first- and second-order time derivatives of
vector a with respect to the inertial frame A
first- and second-order time derivatives of
vector a with respect to the body frame B

= cross-product operator written in matrix form
effector backsubstitution term for @,y

= center-of-mass location of the system

= vector from point B to the center of mass of
the spacecraft C, m

independent effector backsubstitution term
vector sum of external forces on the space-
craft, N

inertia tensor of body A with respect to point
A, kg - m?

vector sum of external torques on the space-
craft about point B, N - m

mass of body A, kg

origin point for inertial, body, and compo-
nent frames

inertial, body, and component frames
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linear position, m; inertial velocity, m/s; and
inertial acceleration of point A with respect to
B, m/s?

scalar torque applied to the hinge, N - m
hinge’s angle, rad; angle rate, rad/s; and angle
acceleration, rad/s?

648 = attitude of frame .4 with respect to frame 5
expressed in modified Rodrigues parameters

YA/B>TA/B> TA/B

Uug =

0,0,0 =

@ 4/8, O 4/ = angular velocity, rad/s, and inertial acceler-
ation of frame .4 with respect to B, rad/s>

Subscripts

i = ith component body

hub = spacecraft’s hub

sc = spacecraft system

1. Introduction

PACECRAFT simulations are critical to any mission, from

CubeSats to deep space missions. They enable detailed analysis
of the spacecraft’s dynamics, ultimately informing how it will behave
and if the mission requirements are met. As missions become more
complex, so do the simulations for the spacecraft’s behavior. For
example, whereas many spacecraft use rigid solar panels, new mis-
sions such as the Lucy mission to the Trojan asteroids have started to
use flexible solar panels [1] to meet higher power needs. Another
example of this increased complexity relates to the main thruster
platform. While many spacecraft attach the thruster directly to the
system’s hub, some have used a gimbaled platform instead. This is
particularly useful for spacecraft using ionic thrusters [2], as they tend
to thrust for long periods and need to account for offsets between the
thrust vector and the center of mass. Missions like Deep Space 1 [3],
Dawn [4], and Psyche [5] all use this technology. These mission-
critical features add a layer of complexity that needs to be included in
spacecraft simulations.

One of the critical steps in developing these comprehensive, high-
fidelity simulations is deriving the spacecraft’s translational and
rotational equations of motion, which can be used in many different
applications. Commercial structural dynamics solvers are very

Check for
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a) Diagram for a reaction wheel effector [8]. Copyright 2018
Cody Allard and Hanspeter Schaub

b) Diagram for a solar panel effector [10]. Copyright 2018
Cody Allard and Hanspeter Schaub
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Fig.1 Diagrams for two different single-axis components.

general in their spacecraft configuration space that they can model.
Still, they are not readily configured to model spacecraft orbital and
attitude motion subject to flight algorithms and sensor signals. This
requires a more modular spacecraft simulation architecture. NASA’s
open-source 42 softwared can simulate spacecraft with multiple rigid-
body subcomponents. However, the software requires creating the
differential equations of motion for each new subsystem. The JPL
closed-source Dshell software can also simulate spacecraft with
multiple actuated components.® Here, an autocode generator step
yields the equations of motion. By numerically propagating non-
linearly coupled differential equations of motion, the behavior of the
spacecraft and its components can be analyzed, which can inform
their performance during all mission phases. More recently, the
spacecraft backsubstitution method (BSM) has been developed to
rapidly create spacecraft simulations with multiple articulated rigid
subcomponents [6]. This method avoids the challenging system mass
matrix inverse by analytically backsolving for the dependencies of
the rigid subcomponents onto a central spacecraft hub component.
The result is a closed-form set of differential equations of motion that
can be implemented modularly for rapid simulation prototyping and
execution [7]. However, this approach is limited by the availability of
analytical effector differential equations. The more general the effec-
tor solutions are, the more complex the spacecraft configuration can
be with this BSM. The equations of motion can also be used to
develop control laws to guarantee that the spacecraft stably performs
within the desired metrics. Moreover, the equations of motion are a
critical piece of state estimation and filtering, whether with respect to
orbital maneuvers or attitude. These equations of motion must respect
physical conservation laws, which are developed in Ref. [6]. Another
critical aspect of simulation development is the software implemen-
tation of these equations, which is verified through energy and
angular momentum conservation laws. A modular, general software
architecture enables faster prototyping and guarantees the model’s
fidelity with increasing complexity.

Previous work with the spacecraft BSM has focused on the deri-
vation of equations of motion in a modular way, separating each
component’s contributions by assuming they are connected directly
to a common spacecraft’s hub [6]. The time-varying rigid subcom-
ponents are referred to as effectors. Some effector examples include
reaction wheels [8], variable-speed control moment gyroscopes [9],
and hinged solar arrays [10], which have symmetry constraints
imposed. In prior work, the approach to derive the effector equations
of motion relied on first making reasonable assumptions about the
modeled component. To illustrate this, Fig. 1 shows diagrams of two
rotating single-axis components: Fig. la shows the problem state-
ment of a spacecraft with a reaction wheel, and Fig. 1b shows the
problem statement of a spacecraft with a hinged panel.

To model the reaction wheel, some assumptions are placed on
the wheel frame V. The center of mass of the reaction wheel must
lie in the W,—Wj plane. The wheel’s frame is also defined so that
the first axis aligns with the spin axis and the second axis with the

IData available online at https://software.nasa.gov/software/GSC-16720-1.
$Data available online at https:/dartslab.jpl.nasa.gov/DSHELL.

center-of-mass offset. To model the solar panel, the frame’s first axis
is aligned with the center-of-mass offset, whereas the second axis is
identical to the hinge axis.

The result is a set of equations of motion that represent each
component individually. No further simplifications are done besides
the ones resulting from the initial model assumptions. Although it is
common to ignore some cross-coupling terms because their contri-
bution is much smaller than the more dominant ones, the approaches
presented in this paper and Refs. [6-11] retain the full equations.
First, this enables closed-form equations of motion solutions for
much more complex rotating subcomponents, which can readily be
simulated without autocoding or deriving spacecraft equations of
motion. The solutions are analytical. Second, this allows the verifi-
cation of each model using energy and momentum conservation
laws, as the solutions are fully coupled nonlinear solutions.

The main limitation of the work in Refs. [6-11] is that the equa-
tions of motion are specific to each component, even when different
effectors represent the same rotating or spinning rigid body from a
dynamic standpoint. Using the example of a reaction wheel and a
solar panel, they both represent rigid bodies rotating about a single
hinge. However, the initial assumptions on the center-of-mass offset,
spin axis, etc., defined before developing the equations of motion
yield distinct formulations. This means that the equations of motion
have to be derived, implemented, and verified for each element.
Moreover, while these equations can be implemented modularly,
the software implementation also relies on specifying the type of
component in the model. Further, they always assume that the rigid
subcomponent is performing a single-degree-of-freedom (single-
DoF) rotation relative to the parent component. This restricts the
spacecraft configuration space that can be modeled.

This paper aims to derive and implement the general equations of
motion for rotating body components with one or 2 degrees of free-
dom in the most general manner possible while still leveraging the
benefits of the BSM, like its modularity and speed. Symmetry
assumptions and center-of-mass constraints of prior work are
removed. Rotating bodies with 1-DoF include reaction wheels and
single-hinged solar panels. Similarly, control moment gyroscopes
and dual-gimbaled thrusters are considered 2-DoF components.
However, in contrast to prior 2-DoF effector solutions, these can
have arbitrary mass distributions, such as mass and inertia, as well as
the rotating axis. This abstraction means that the same general
formulation can be used for any component that fits the specifications
of a single- or dual-axis rotating rigid body. This dramatically
expands the spacecraft dynamics design and configuration space;
instead of having to model new components from scratch, the general
model can be used.

The resulting formulation follows the BSM [6,7,10,11], which
requires analytically substituting the effector equations of motion to
decouple them from the hub equations of motion, thus avoiding
inverting huge system mass matrices. Instead, each additional equa-
tion of motion beyond the spacecraft’s translational and rotational
equations is written in terms of the system’s acceleration and angular
velocity #g/y and @/, respectively. These terms are “backsubsti-
tuted” in such a way that 7y and @, can be solved for separately,
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and then solve all other degrees of freedom. The full detailed descrip-
tion of this method is given in Ref. [6].

To find the general equations of motion of the spacecraft system
without making any assumptions about the rotating rigid bodies, the
inertia tensor transport theorem is applied extensively [12]. This
theorem converts the time derivative of the inertia tensor expressed
in one frame to another frame, which is analogous to the vector
transport theorem [13]. This theorem has no assumptions about the
frame needed to derive the spacecraft’s equations of motion. This is
crucial for the general formulation of the equations describing rotat-
ing rigid-body classes.

The outcome of this work is a general analytical description of
these rotating bodies that is agnostic to the type of rotating body being
simulated. These results can be applied to various scenarios, and the
proposed architecture can be implemented in any software package,
such as DARTS, or even as a custom MATLAB/Simulink module. In
particular, Basilisk,— the open-source, spacecraft-centric simulation
software, is the chosen package used for software implementation in
this work. It includes modular spacecraft dynamics and flight soft-
ware modules and has been extensively used in mission analysis. The
Laboratory of Atmospheric and Space Physics (LASP) is a codevel-
oper of the open-source Basilisk astrodynamics simulation frame-
work and is using this tool in its mission development work.
Moreover, private companies like U-Space [14] and AstroScale
[15] have also used Basilisk for their own missions.

The general formulations presented in this work save development
time, as only one set of equations needs to be derived. They allow for
much faster prototyping of new components that conform to the
specifications of single- or dual-axis parts, as the underlying equa-
tions are identical. Moreover, they also facilitate the verification
process. For example, instead of verifying every different component
(with the same number of degrees of freedom), the common func-
tions, such as equations of motion, mass properties, and energy and
momentum contributions, can be verified using the general formu-
lation. For example, instead of verifying the implementation of the
reaction wheel, solar panel, and one-axis antenna modules, the gen-
eral 1-DoF module is verified, which can simulate all these different
components. The same reasoning can be applied to the 2-DoF
formulation. For a more detailed description of the software imple-
mentation of the formulation of the proposed dynamics, see Ref. [16].

This paper is organized as follows: First, the problem statement
and equations of motion for the 1-DoF system are shown. Then, this
process is repeated for the 2-DoF system. Finally, a numerical
simulation shows how a single general formulation can be applied
to different components. The Appendix section presents the verifi-
cation of the equations of motion by demonstrating that energy and
angular momentum are conserved for the example problem.

II. Backsubstitution Method

The backsubstitution method (BSM) is a dynamics formulation
where the spacecraft equations of motion are written in a modular
way. It is well-suited for single-spacecraft configurations consisting
of a rigid hub with multiple appendages, also called effectors,
attached to it. By separating the explicit and implicit second-order
terms and grouping spacecraft mass quantities, the contributions of
all effectors can be summed over each effector in parallel, enabling
the simulation of any number of effectors and giving rise to the
modularity of the equations of motion. This result is useful in space-
craft dynamics because spacecraft are often built using a rigid hub to
which multiple components are attached, which fits the assumption
in the BSM. The BSM speed and modularity benefits arise from
taking advantage of this assumed underlying structure of having a
rigid hub to which other effectors are attached. However, this method
assumes the complex analytical backsubstitution process has been
developed for an effector model.

Beyond this, the BSM also increases the speed of propagating the
equations of motion. Instead of inverting a single mass matrix to solve
for all second-order state variables, the system of equations can be

**Data available online at http://hanspeterschaub.info/basilisk.

solved by separating the hub’s position and attitude from each
effector’s unique equation of motion. This is possible because of
the unique structure of the system mass matrix under the assumption
of one hub with multiple parallel effectors, which is shown in Eq. (1):
each effector has a direct coupling with the hub’s states and vice
versa, but each effector does not couple with others. Therefore, the
mass matrix’s first six rows and columns are fully populated, while
the remaining mass matrix is block diagonal. Instead of inverting an
N x N matrix (for N total degrees of freedom), the backsubstitution
only inverts a 6 X 6 matrix plus any smaller mass matrices for the
effectors. Because matrix inversion is an N* process, separating this
into smaller matrices is an enormous computational effort saver.

[[hxs [xs v, [hsa, oo [, T Faw | [ [xa ]
[hxs [hxs [hxvy,  [hxv, - [, Dp) N [laxi
[lvisa Flvixa B, [Olv,sv, -+ [0l v, a [v,xi
[ Hvos O, B, - O, [ | @2 |7 | [

LlIvoxs Flvoa Olvxv, Ovosn, - Flvov, 1L @ | Ll

M

One of the drawbacks of the BSM relates to the assumption that all
effectors are connected through the hub in parallel. It is impossible to
chain effectors in series, like in parallel, because the effectors would
cross-couple with each other, and the effector portion of the mass
matrix would no longer be block diagonal. Therefore, to increase the
degrees of freedom of a particular effector, it is necessary to rederive
the equations of motion for the intended configuration. This is why
there is a derivation of the equations of motion for one and 2-DoF
effectors since it is impossible to stack two 1-DoF effectors to get the
results for a dual-axis effector.

The equations of motion must be written in a specific way to apply
the BSM [6]. The translational equation of motion is

Nt Npor,i
Mg /N — msc[c ]wB//\f + E § vTransLHS,-j Qij
i=1 =1
Neir

=Fex— zmsc[(bB//\/]c/ — My [d)B/N][(bB//\/]C + Z UTrans RHS; 2
i=1

The rotational equation of motion is

Negr Npor.i
mc[€]Fp/n + [se plos/n + Z Z VRot LHS,; &ij
i=1 j=1
Nel‘f
= Ly — (ol logy = [Leslosn + ) vrorns, ()

i=1
The effector equation of motion is written as

@y = a;;-Fgy + bij - dp/n +cyj )
where q;; corresponds to the jth DoF of the ith effector. The a;;, b;;,
and ¢;; terms correspond to mass and inertia contributions. In the
equations above, the dot and apostrophe denote the inertial and
body-frame derivatives, respectively. Note that while some terms
are explicit effector contributions, namely those that are part of
summations, others include implicit effector contributions. These
consist of the mass properties of the overall spacecraft: ¢ and ¢’,
the position vector between the center of mass of the system and point
B and its body-frame derivative, as well as [/, g]and [I p], the inertia
of the spacecraft about point B and its body-frame derivative. There-
fore, each effector must compute its contributions to the spacecraft’s

mass properties at each timestep to compute the updated mass and
inertia quantities.
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Body Properties:

- Mass
- Inertia matrix
- Center of mass location

Single Degree-of-Freedom Component

Joint/Hinge Properties:

- Spin axis
- Frame conversion

Solar Panel
Component Properties:

- Normal vector
- Surface area

Reaction Wheel
Component Properties:

- Maximum torque
- Maximum wheel speed - Power

One-axis Antenna
Component Properties:

- Pointing vector

Fig. 2 Diagram for the one-axis rotating rigid-body class.

As shown, the goal of writing the equations in the presented form
is to apply the BSM. Taking Eq. (4), the & term can be “back-
substituted” directly into Egs. (2) and (3). This results in two sets of
equations that only depend on 7,y and @/, which can be used to
solve for those two quantities directly. Finally, once 7,y and @/
are known, they can be substituted back into Eq. (4), which yields a
solution a. All second-order state variables are known, which can be
numerically propagated using a fourth-order Runge—Kutta numeri-
cal integrator.

III. Single-Axis Rotating Rigid-Body Dynamics

This section describes the derivation of the equations of motion of
a single-axis rotating rigid body attached to a rigid hub. It introduces
the generality of the problem statement by making fewer assumptions
on the simulated component than previous work on backsubstitution
while leveraging results such as the inertia transport theorem to find
the resulting equations of motion. The 1-DoF component is a rigid
body that can only rotate about one body-fixed axis through a rotary
joint. This general description can describe multiple common space-
craft components. Examples include single-hinge solar arrays for
deployment or first-order flexing analysis, reaction wheels as attitude
control devices, and one-axis gimbaled low-gain antennas. These
components can be defined through a general description, specified
by their mass, inertia matrix, location of the center of mass, and spin
axis. The module’s Basilisk framework implementation can be found
here.X Note that, while the backsubstitution effector solution is
modeled in this paper using the Basilisk software [17], the underlying
math is agnostic to this software implementation.

A diagram for the single-axis rotating rigid body is shown in Fig. 2
as a gold box. It represents the skeleton for rigid spacecraft append-
ages that rotate about one axis. Several properties, such as the body’s
mass and inertia matrix, are common to all single-axis rotating rigid
bodies. The center-of-mass location and spin axis can be defined as
any vectors without any assumptions on how the frame is determined.
The frame conversion information relating the rotating rigid-body
frame to the body-fixed frame is expressed through a direction cosine
matrix (DCM). This generality enables using common equations of
motion that describe the system, mass property contributions to
compute the spacecraft’s center of mass and inertia matrix, and
energy and momentum contributions to calculate the spacecraft’s
total energy and angular momentum.

The gray boxes represent specific modules that can be derived
from the general 1-DoF formulation. These include hinged solar
panels, reaction wheels, or one-axis gimbaled antennas. These mod-
ules use the 1-DoF formulation, which means they all contain the

*'Data available online at https://hanspeterschaub.info/basilisk/
Documentation/simulation/dynamics/spinningBodies/spinningBodiesOneDOF/

spinningBodyOneDOFStateEffector.html.

same properties from the parent structure. Adding new component
properties that define that particular component type can specify each
unique element. For example, a solar panel needs a vector normal to
the solar cells to point at the sun, as well as the total surface area of the
solar cells. Adding additional parameters makes the module more
specific while retaining the structure common to all single-axis
rotating rigid bodies.

Although the proposed method is agnostic to any dynamics for-
mulation, this work uses a Newtonian/Eulerian approach to derive the
motion equations. This means that the translational equations of
motion use the super particle theorem, or Newton’s second law, while
the rotational equations use Euler’s rotation equations [13]. The
derivations begin by considering the entire system to develop its
translational and rotational equations of motion. The components are
then considered separately, where their rotational motion equation is
developed. Different approaches to arrive at the same results exist.
For example, in Lagrange mechanics [18], the potential and kinetic
energy are used in the Lagrangian function, applying the Lagrange
equations of the first kind. Kane’s method [19,20] uses the concept of
generalized forces and generalized inertia forces to create a system-
atic formulation suited for multibody systems and is easy to imple-
ment in software. Spatial operator logic [21] is another method that
has been applied to deriving the equations of motion spacecraft, with
particular importance to multibody robotic systems [22] and flexible
components [23]. The Jet Propulsion Laboratory has developed
DARTS, ¥ which uses spatial operator algebra for its simulations.

A. Problem Statement

The problem statement for the single-axis rotating rigid body is
illustrated in Fig. 3. The inertial frame is represented by A/ with origin
at point N. The spacecraft is composed of a rigid body connected to a
rigid hub through a single axis of rotation. The hub has a body-fixed
frame BB with origin B, and its center of mass is at point B... The mass
of the hub is my,,,, and its inertia tensor about point B is [/, p]. The
rotating rigid body has the S frame attached to it with its origin at
point S. The center of mass of the spinner is located at point S.. The
mass of the spinner is mg, and its inertia tensor about its center of
mass is [/ g ]. The combined center of mass of the system is located at
point C. The spin axis § is constant, as seen by the B frame, and passes
through point S. This means that the position of point S does not
change as seen from the hub since the axis of rotation passes through
it. The angle about the rotation axis is #, and its angle rate is 6.

The single-axis rotating rigid body attached to the hub has
7 degrees of freedom, as shown in Table 1: three for the system’s
position, three for the system’s attitude, and one for the angle about
the rotation axis. The motion equations are developed so that all

#Data available online at https:/dartslab.jpl.nasa.gov/DSHELL/index.
php.
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Fig.3 Problem statement for the 1-DoF spinning rigid body.

Table 1 State variables for the single-axis rotating
rigid-body spacecraft

State variables Degrees of freedom Equations of motion

rg/N-TBIN 3 Translational
OBIN > WB/N 3 Rotational
0,0 1 Spinner rotational

degrees of freedom are described. The position state variables are
defined by the translational equation of motion, the attitude state
variables by the rotational equation of motion, and the rotation angle
by the spinner equation of motion.

B. Translational Equations of Motion

The entire system is considered for the translational equation of
motion, including the hub and the spinner. This equation of motion
defines 3 degrees of freedom of the system. Using the super particle
theorem

msci:C/N = msc;B/N + mscE = Fex )]

where ¢ = r¢/p is the vector from the origin of the body frame B to the
system’s center of mass C, and F, is the combined force acting on
the system. A single dot above a vector represents the first-order
inertial frame derivative, and a double dot represents the second-
order inertial frame derivative. Using the definition of the center of
mass of the system

Mg.€ = Myl /g + Msr's /B (6)

and using the transport theorem, the inertial time derivatives are
expressed using body-frame derivatives as

¢=c +wpyXxc @)
E=c"+apyxctogyXxe +opnXe 8)

where a single apostrophe represents a first-order body-frame deriva-
tive and a double apostrophe represents a second-order body-frame
derivative. The term g/ represents the angular velocity of the B
frame relative to the A/ frame. As for the body-frame time derivatives,
the rz /g and rg/p vectors are fixed with respect to the B frame
("A. /B = rg /B = 0) because the B frame is attached to the rigid
hub and § passes through point S. It follows that

;_ / _ / _
My €' = msrg p = Mgl ;¢ = MsWs/8 X Ts /s )

mg.c” = mg (éfxrsr/s +wg/p X ré(./s) (10)
where by definition
wgs =08, wf=0§ (11)

because § is fixed in the B frame. Finally, all these terms are combined
to yield
nlsci:B/N - msc[é]wB/N - mS[;SL/S]gé = Fex — stc[a‘}B/N']c,
= my|@p/\l@p/xle — msl@sslrs (12)
In the equation above, the matrix cross-product operator is used.

For an arbitrary vector @ = [a,, a,, as]7, the corresponding matrix
cross product operator is written as [a] and is given by

0 —-a3 a,
[d] = as 0 —a (13)
—dy a 0

C. Rotational Equations of Motion

For the rotational equation of motion, the entire spacecraft is
considered. This equation of motion defines 3 degrees of freedom
of the system. The rotational differential equation given about point
B, which is not the system’s center of mass, is given by

Hsc,B = LB + msci:B/N Xc (14)

where H . p is the angular momentum of the spacecraft (sc) about
point B and Ly is the torque about point B. The angular momentum is

Hsc,B = Hhub.B + HS,B
= Iy sl@p/n + Us s Jos/n +msrs 5 X s 5 (15)

where Hy,;, p is the angular momentum of the hub and Hy p is the
angular momentum of the spinner, both about point B. The terms
multiplied by @, are grouped to simplify the expression above. To
express the inertial time derivative using the B frame time derivative,
the equality Ds/Ny = Ds/B + Dp/N and i'SL./B = rg‘u/B + Dp/n X
rs /g is used, which yields

Hsc,B = [Isc.B]mB/N + [IS.S(,]a)S/B + mgrs, /B X ré{_/B (16)

where the spacecraft’s total inertia about point B can be found using
the parallel axis theorem and is given by

Use 8] = [Ihaw5] + [Iss,] — mslFs,/5IFs, /5] 17

The inertial time derivative of the total angular momentum is
expressed as

Hsc‘B = [ISC,B]d)B/N + [IS/C‘B]a)B/N + Dp/N X [Isc.B]wB//\/
+ [Is.s(;]éSA + o5y X[Is s Jos/5 + msrs 5 Xr5 p

+mst/Nx(rsl/B><r§lv/B) (18)

Some terms are defined before writing the final equation to yield
a notationally compact solution description. The inertia transport
theorem needs to be used to take the body-frame time derivative of
the total spacecraft inertia. The time derivative of the inertia tensor [/]
with respect to the A frame can be written using the time derivative
with respect to the B frame as [12]

Ad

B
E[I] = d—ctl[l] + [@p 4|1l = NN@g/4] (19)
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With this result, the body-frame time derivative of the total spacecraft
inertia is
(5l = Ug 51— mslrg pllFs /8] — ms[Fs, s8lIFs ]
= [ws/slllss.] = Uss J@ws/s] = mslFg ,5llFs, /5]

= ms[rs, /g5 /4] (20)
The final equation includes four distinct terms. The first two relate
to the time rate of change of the inertia about the center of mass
(point S.), which is calculated using Eq. (19). Note that the first term
in the theorem is not present because the inertia is constant, as seen
from the S frame. The second two terms result from the parallel axis
theorem. From Eq. (17), taking the B frame derivative of the last
term results in these two additional terms using the derivative

chain rule.
Because ry /B contains second-order terms, it must be simplified to

TS g =TS s = 0§ x rs.s+ @spXTg g 21

Combining these results into the rotational equation of motion
yields the final expression for the rotational equation of motion:

my[€lig/n + (L plopn + (Iss,]— ms[fs(/s][fs(./s])flé
= Lg —[0p/n]llsc.8l0p/n — Ui glop/n — @5/ ls s Jwss

= ms[@p N IFs, /8lrs, 5 — mslFs, /sl@sslrs, s (22)

D. Spinning Body Equations of Motion

Only the rotating rigid body is considered for the final equation of
motion. This solves the final DoF of the system. The general formu-
lation of the equation of motion of the spinning body is

Hgs=Lg— msrs, js X Fs/y (23)

The angular momentum of the spinner about point S is
Hg s = [I5slos/n (24)
where [I5g] is defined using the parallel axis theorem as

[IS.S] = [IS,S(] — mg [fSL./S][fSL./S]' The inertial time derivative of the
angular momentum is given by

Hs s = [Is slivs/n + @s/n X [Is slos (25)
As for the g/ term, it can be separated into two terms:
Fo/y = Fgp + ¥/ (26)

To compute 75/, the fact that r is constant in the B frame is used
to yield

Fs/p = Wp/n X T's/p 27

Fs/p = @pyn XTg/p + @pyn X Fgyp (28)

The term @/ can be separated into three distinct terms:

d’S/N :(DB/_/\/’+0§+(DB/N wa/B (29)

Before these results are combined, the dot product with the spin
axis § is applied to all terms. This isolates the independent equation of
motion along the axis of interest corresponding to the remaining DoF.
When the dot product is applied, the original L g term, which encom-
passes all torques applied to the spinning body, becomes ug, which
corresponds to the torque about the torque about the spin axis. This
torque includes control torques and rotational springs and dampers

along the spinning axis. The torques in other directions are structural
and keep the single-axis rotation constraint in place. This approach
consists of a minimal coordinate set formulation since the structural
torques do not allow motion in other directions. This results in the
following equation of motion:

§T[Is,s]§9 =Us— mS§T[fS(./S];B/N —§7 ([Is.s] - ms[’:sf/s][fS/B])d’B/N
—§T@ s/ \ls slos/n =8I sl@p/n 1055

—mgST[Fs /sl@p/n1Fs/p (30)

E. Backsubstitution Formulation

The backsubstitution formulation must be defined to conform to
the structure of the equations of motion in the BSM [6]. The spinning
body equation of motion can be written in the form

my0 = aj - gy + by - @pp + C) (31)
where the following terms are introduced
aj = mg[Fs /sls (32)
by = —(Is.s] — ms[Fs/pllFs,/sD)$ (33)
c; = ug =S ([@s/ s slos/n + s slldp/nloss
+ ms[Fs, ssll@p/nFs/5) (34)
along with the mass-like term my = §7[I5 ¢]s. Using these terms,

the spinning body equation of motion can be written in its compact
form as

0=ay-igy+by- g+ cy (35)
where the new variables are defined as

al b} o
ag=-"2, by=-2 =" (36)
my mgy my

This result can be backsubstituted into Egs. (12) and (22), which

yields
|:[A] [B]i||: f'B/N :| _ |:vtrans:| (37)
[C] [D] Dp/N Vyot

using the following matrices

[A] = m[I3x3] = ms[Fs, /sl ag (38)
[B] = —my[€] - ms]Fs, /5]y (39)
[C] = m[e] + ([Us.s,] = ms[Fs, jsllFs, js)Sag (40)
[D] = [se.5] + (s.s,] = ms[Fs,sllFs, /s1)$bG 1)

and vectors

Virans = Foxt — 2msc[(bB/A/']c/ - msc[(bB/N][(bB/N]c

= mslwsslrg s + mseolFs, /s1s (42)

Vot = L = [@p/ x|l slos/n — e glos/y — @s/nllls s Joss
—mslogn[Fs /8lrs /= mslFs, sl @s/slrs, /s

= ¢o([Is.s,] — msFs,spllFs /s])§ (43)
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Body Properties:

- Masses
- Inertia matrices
- Center of mass locations

Dual Degree-of-Freedom Component

Joint/Hinge Properties:

- Spin axes
- Frame conversions

Solar Panels
Component Properties:

- Normal vectors
- Surface area

CMGs
Component Properties:

- Maximum torque
- Fixed wheel speed - Power

Two-axis Antenna
Component Properties:

- Pointing vectors

Fig. 4 Diagram for the two-axis rotating rigid-body class.

The Appendix shows the verification of the derived equations of
motion by demonstrating that energy and angular momentum are
conserved for the example problem.

IV. Dual-Axis Rotating Rigid-Body Dynamics

This section shows the derivation of the equations of motion of a
dual-axis rotating rigid body attached to a rigid hub. The 2-DoF
component can be described in one of two ways: first, as a chain of
two rigid bodies connected by rotary joints, each rotating about a
particular spin axis; second, as a single rigid body connected to the
hub through a universal joint, which can have two spin axes. These
descriptions can represent various common spacecraft components.
Examples include dual-hinge solar arrays for deployment or second-
order flexing analysis, control moment gyroscopes as attitude control
devices, and two-axis gimbaled high-gain antennas. All these com-
ponents can be defined through a general description, where they
are specified by their masses, inertia matrices, location of the centers
of mass, and spin axes. The module’s implementation can be found
here. ¥

A diagram for the dual-axis rotating rigid-body class is shown in
Fig. 4. It contains similar properties but is now adapted to represent a
2-DoF system. There are two masses, inertia matrices, center-of-mass
locations, spin axes, and frame conversions. The equations of motion,
mass properties, and energy and momentum contributions are
adapted to dual-axis kinematics and dynamics.

Similar to the 1-DoF example, modules represented in gray follow
from the 2-DoF parent structure. Examples include dual-hinged solar
panels, control moment gyroscopes, and two-axis gimbaled anten-
nas. As previously discussed, each module contains properties that
define the specific component, such as a pointing vector for the
antenna or a surface area for the solar panels.

An essential property of the dual-DoF formulation is that it can also
represent a component connected through a dual-hinged joint. While
the formulation takes two masses and two inertia tensors, it is
possible to set the mass and inertia of the lower body to zero without
introducing any singularity to the equations of motion. Instead of two
bodies connected through rotary joints, the system represents a single
body connected via a universal joint. This dramatically expands the
configuration space to model using this formulation.

A. Problem Statement

The problem statement for the dual-axis rotating rigid body is
illustrated in Fig. 5. The inertial frame is represented by A/ with origin
at point N. The spacecraft comprises two rigid bodies connected to a

$%Data  available online at https://hanspeterschaub.info/basilisk/
Documentation/simulation/dynamics/spinningBodies/spinningBodiesTwo
DOF/spinningBodyTwoDOFStateEffector.html.

Fig. 5 Problem statement for the 2-DoF spinning rigid body.

rigid hub through two axes of rotation. The hub has a body-fixed
frame B with origin B, and its center of mass is at point B,.. The mass
of the hub is my,,,, and its inertia tensor about point B is [/, p]. The
lower rotating rigid body has the S| frame attached to it, originating at
point §; and its center of mass at point S, . The mass of the lower
body is mg,, and its inertia tensor about its center of mass is [/, s., I

The upper rotating rigid body has the S, frame attached to it,
originating at point S, and its center of mass at point S,,. The mass
of the upper body is my, , and its inertia tensor about its center of mass
is [[Sz-SLZ]' The center of mass of the spinning system is located at

point S., and its mass is mg. The combined center of mass of the
spacecraft is located at point C. The first spin axis §, is constant, as
seen by the 3 frame, and passes through the point S;. The angle about

this rotation axis is 8, and its angle rate is 91 . The second spin axis §,
is constant, as seen by the S| frame, and passes through the point S,.
The angle about this rotation axis is 6,, and its angle rate is 0,. Again,
the position of points S; and S, do not change as seen from the 5 and
&S, frames, respectively, since the axes of rotation pass through them.

The two-body description is used to describe the two-axis rotating
rigid-body system as generally as possible. However, the resulting
equations of motion still apply to a single rotating body attached by a
universal joint. To do this, the mass and inertia tensor of the lower
body are set to zero, which does not impart any singularity in the
equations.

The dual-axis rotating rigid body attached to the hub has 8 degrees
of freedom shown in Table 2: three for the system’s position, three for
the system’s attitude, and one for the angle about each rotation axis.
Like the 1-DoF case, the motion equations are developed to describe
all 8 degrees of freedom. Therefore, beyond the translational and


https://hanspeterschaub.info/basilisk/Documentation/simulation/dynamics/spinningBodies/spinningBodiesTwoDOF/spinningBodyTwoDOFStateEffector.html
https://hanspeterschaub.info/basilisk/Documentation/simulation/dynamics/spinningBodies/spinningBodiesTwoDOF/spinningBodyTwoDOFStateEffector.html
https://hanspeterschaub.info/basilisk/Documentation/simulation/dynamics/spinningBodies/spinningBodiesTwoDOF/spinningBodyTwoDOFStateEffector.html
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Table 2 State variables for the dual-axis rotating rigid-

body spacecraft
State variables Degrees of freedom Equations of motion
Tp/NsFBIN 3 Translational
OBIN > DB/N 3 Rotational
0.0, 1 First spinner rotational
65,6, 1 Second spinner rotational

rotational equations of motion, the system needs two spinner equa-
tions to describe each angle.

B. Translational Equations of Motion
For the translational equations of motion, the entire spacecraft is

considered. This describes 3 degrees of freedom. Using the super
particle theorem

msci:C/N = msci:B/N + mscE = Fext (44)

where ¢ =r¢/p. Using the definition of the center of mass of the
system

Mse€ = Mubl'p, /5 + Ms,T's, /5 + Ms, s, /5 45)

and using the transport theorem, the inertial time derivatives can be
expressed using body-frame derivatives as

(:‘=C/+HJ5/NXC (46)

EZCH+d)B//\/’XC+2(l)B/N'XC/+a)B/N’X(a)B/NXC) (47)

The first-order body-frame derivatives for the three terms that are
part of ¢ are given by

rg ;=10 (438)
’§CI/B = "ék.l/s] =@,/ XTs, /s, 49)

/7 — ’ ! J—
T =Ts._ /s, TTs,5, = @s,/8XTs, s, + @s, /5 X Ts,75, (50)

where, by definition, s, ;5 = 9151 andws, /5 = Os,/s, + W5, /8 =
92§2 + élf 1- In the equation above, some terms vanish because r, /5
andryg, /s are constant as seen from the Band S; frames, respectively,

because the spin axes pass through points S; and S,. The second-
order body-frame derivatives are given by

v =0 (51)

TS, /B = 0,8, x Is. /s @58 X5 g, (52)

rgvz/B = 0,5, Xrs_ /s, + 0,8, xrs. s, + (ws,/8X®s,/s,) Xrs, s,
t@s,15, X5, /s, T O5,5XTs5, s, 63

where @g /5 = 6,8, and 05 5= 0,5, + 0,8, +ws, 5 X 05,5,

because §, is fixed in the B frame and §, is fixed in the S; frame.
With these results, the expressions for my.c’ and mg.c” are

I / / — /
mg.c' = mSlrs(.]/B + ms,rg g = Mmsrs p 54)

mg.c” = mslrg(_l/B + mszrgq/g
= _mS[fS(./Slﬁlél - msz[fstz/sz]fzéz + ms[@s, /5lrs /p
+ mg, ([0352 /s, é‘(,z ss, ~ s /s, l@s, slos, /51) (55)

The center of mass of the spinning bodies system about point S is
defined as mgrg_;5, = Mg, s, /s, + Ms,rs, /s1- Finally, combining
similar terms yields
msci:B/N - msc[é]d)B/N - ms[fs,,/sl]§1él — Mg, [f5(2/52]§2é2

= Fey = 2mg[@p/xle" — me[@p n@p xle — ms[@s, sl /p

—mg, ([6152 8,1 §{2 /s, — s s, l@s, 8los, /s, ) (56)

C. Rotational Equations of Motion

For the rotational equation of motion, the entire spacecraft is
considered. This equation of motion describes the 3 degrees of free-
dom of the system. The rotational differential equation given about
point B, which is not the system’s center of mass, is given by

Hyp=Lg+mgfgyXc (57)
The angular momentum about point B is

Hp=Hywp+Hs p+ Hg, p
= [l slos/n + (s, s, 05, /n + ms,rs, 5 XFs, /5
+ s, s, 05,/ + ms,rs_/p XFs_/p (58)
As previously discussed, it is useful to express the inertial time
derivative using the B frame derivative and the transport theorem by
noting that WDs, /N = Os,/B + /N and rS[_I /B = ré(_l/B + Dp/N X
rs. /B An equivalent development can be used for the second spin-

ning body. Grouping the terms multiplied by each angular velocity
yields

Hy p = I plopn + s, s, Jos, 5 + s, 5, 10s,/8
+mslrsq/3 xré{l/B—Fmserq/B XréLz/B (59)
where [l g] = [Ihav.s] + Us, s, 1 + [Us,s, 1 — ms,[Fs, s, /5] —

mg,[Fs, /B][FSL2 s8] is the spacecraft’s total inertia about point B. To

take the inertial time derivative of the total angular momentum, the
transport theorem is used to take the body-frame time derivatives
instead, which yields

Hsc‘B = Hs/c,B + @p/N X Hsc‘B (60)
The body-frame derivative of the angular momentum is

H p = U plosn + Useslosy + Us, 5, Jos 5+ Us,s, J0s, /5
s, s 05,5 + Us, s, 05,5+ ms,Ts, 8 XTs_1p
+mszrscz/gxr§12/3 (61)

where the derivative product rule is applied. To simplify the expres-

sion above, the body-frame derivatives of the inertia tensors are
defined using the inertia transport theorem

[151‘5(, | =@s,/5lls, 5.1 - s, s, @s, /5] (62)

[Iéz‘s‘z] = [@s,/8lls,5.,]1 = s, 5, [@s, /5] (63)
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) = 15,5, 1+ 10,5, 1= ms, (175 s, o) + s, 1, 15))

= ms, (175, s, ) + s, ysllFs ) (64)

Combining these results with the definitions derived in the trans-
lational equation of motion sections yields the following rotational
equation of motion

el + el + (Is,5,1+ s, s,
— Mg, [fs,] /B][’:Sq /s,] - msz[fslz/B][stz/sl])flél
t (.5, = ms,[Fs, yollFs,, 75,]) 5265
= Ly = (1) + @ llsc)) @50
= (114, )+ @mllls, 5, 1)oos, s
= (14,5, + [@mnllEs, 5, ) @5,
= (Usu5.,1 = ms.[Fs., sliFs, gs.)) s, ks, s,
= ms, (I7s, 5@s, 18] + (e s, 1)1 yn
= ms, (I7s.,5@s, /8] + (@6 s, o)) ym

—mg,[Fs, /5l@s,/s,Ir §(2 /5, (65)

D. First Spinning Body Equations of Motion
The first spinning body equation of motion describes the motion of
the spinning body system, defining another DoF of the spacecraft.

The formulation of the equation of motion for the spinning body
system is

Hgs = Ls —msrg 5, X Fs,/n (66)
The angular momentum of the spinning system is

Hgs = Hg s + Hg, s,
= s, s, los,n + ms,rs, js, XFs, ss, + Us, s, Jos,n

+mg,rs, /s, XFs,, /s, (67)

The expression above can be simplified by applying the transport
theorem to the 7 terms and grouping the wp, - terms as follows:

Hss, = [Iss Jog/n + s, s, los, /5 + s, s, Jos,/5

s Ts, g5, XTs, s, Fms s, g5, XTI, (68)

where three new inertia tensors are defined

Uss,]=Us, 5,1+ Us,.s,] (69)
Us 5,1 = s, s 1= ms,[Fs, ss1IFs, s,] (70)
(s, 5,1 = Us,s, 1= ms,Fs,_ss,1[Fs, /s,] (71)

Using the transport theorem to take the derivatives in the 53 frame,
the inertial time derivative of the angular momentum is given by

Hgg = Hg + o x Hgg, (72)

The body-frame derivative of the angular momentum is

Hgg = Igslosn + [Iss o + [I§,$Sll]‘”$1/8 + s, s, log /5

+ s, s, Jos, s+ Us,.s, Jos, 5+ ms, s, g5, X715, s,
+ mszrslyz/sl X rgrz/sl (73)

The body-frame derivatives of the inertia tensors are

[1g5,] = 11§, 1+ 15, ,] (74)
5,0 = U5, 1= ms, (IFs. s, WP, ps,) + s, s, gs]) (75)

F,5,) = Uy 1= ms, (IFs s WP psi) + [P s, 75 gs]) (76)
As for the 7g, /v term, it can be separated into two terms:

Fs, v = Fs, 8+ Fp/n 7n

To compute g, /5, it should be noted that rg, /5 is constant in the B
frame, which yields

Fs,/8 = @p/n XTs, /g, Ts,/p = @p/n XTg, /5 + @p/n XFs /5
(78)

Here, all terms are dotted with the spin axis §, to ignore the dynamics

in any other direction, where structural torques keep the constraints in
place. This results in the first spinning body equation of motion:

§1T[]S.S,]§lél +§7 ([Isz,s‘.z] — mg,[Fs, /s.][;s,.z/sz])gzéz
= ug, — mg§][Fs /s, /Fp/n — ] ([Is.s.] - mS[FSr/S.][fS./B])d’B/N
( s.5,] t@p/ s, Sl])wB//\/’
ST (U155, 1+ [y s, 5., )@,
=81 (U451 + Wmnllls, 5 )@,
=81 (Us,5,1 = ms s, s s, gs.))ldos, b, s,
= ms,$T([Fs,, 5. @5,/ + @salFs, s, ))rs s,

— mg,§| ([’s /Sl][wS,/B]+[wB/N][rS /5, ])"s /5,

— mg, §| ["s‘.2 /s,][wsz/sl]rslz/s2 — mg§|[Fs s, @p/n Vs, 5 (79)

E. Second Spinning Body Equations of Motion

For the final equation of motion, only the top spinner is considered,
describing the last DoF of the system. The formulation for the
equation of motion for the second spinner is

I‘.Isz,s2 = Lg, —mg,rs, /s, XFs,/n (80)
The angular momentum of the top spinner about point S, is
Hyg, s, = [Is, s, )05,/ 7 = s, 5,l0p/5 + s, 5,]0s,8  (81)
where [152.52] is defined as [ISZ-SZ] = [ISZ’SLZ] - mSz [;SLZ /Sz][fscz /SZ]
using the parallel axis theorem. The inertial time derivative of the
angular momentum is given by

H52,52 =Hg s +opnXHg,s, (82)

The body-frame time derivative of Hyg, g, is
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Hg s = I, s, los/n + s, s,)o5n + L5, 5, J0s,/5

+ (s, 5,l05, /5 (83)
As for the ¥, /y term, it can be separated into three terms
Fs, N = Fs,s, + Fs,p + ¥y (84)
where Fs, /s, is equal to

Fsyis, =Ts,s5, + Op/n XTs, /s, (85)

FSZ/SI = rgg/Sl +(bB/erS2/S| +wB/N’X,‘§2/S| +wB/Nx’;52/S|
(86)

These results can be combined into the second spinning body
equation of motion by dotting each term with §,

§2T([Isz.sz]—msz[fs,.z/sz][fsz/sl])§1é1 +§zr[lsz,sz]§2é2
=Ug, —mszsAg[Fs(.z/sz]fB/N —55 ([152‘52] —mg, [iSrz/Sz][fSZ/B])(bB/N

—$T(Us, g1+ [@p/ 0 s, 5,1 ) @5, 8 =53 1Ls, 5, )@s, /80,5,
2,92
—mg,83[Fs_ s [@s, /x5, s, —ms,$3(Fs, ss,1@5/81(Fs, /s, +Fs,/5)

(87)

F. Backsubstitution Formulation
To get a compact formulation for both equations, they are
expressed in matrix form as such

(Mo = [A)s/n + [Blosn + [C)) (88)

where the matrices above are defined as

$T[s 5,181

Note that the [M,] matrix is full rank even when mg = 0 and
[/5, 5, = 0. This particular case represents a universal (two-axis)
joint instead of the chain of rotary joints in the more general case.
When the [My] matrix is inverted, no singularities appear due to its
full rankness.

The canonical form of equation (88) is given by

0 = [Aglis/y + [Bolirgn +[Col 93)
where the new matrices are defined as

[Ag] = [Mg]7'[AG].  [Bo] = [My]7'[B5].  [Cyl = [M,]™'[C}]
(94)

These results can be plugged into the backsubstitution formulation

as such
[A] (Bl || F Virans
R (95)
[C] [D ] @p/N Vyot
using the following matrices:

[A] = my[I3x3] — ms[Fs, /5,151 49, — ms, [rs., /5,244, (96)

[B] = —my[¢] — mg[Fs /5,181 By, — ’"sz[':s(.z/sz]le%2 CH)

[C] = mg[e] + ([Isl,s(]] + s, s.,1—ms,[Fs, llFs, /s,]
— Mg, [’Tsfz/za][fstz/s1 ])§1 Ae.

+ ([Isz.s(.z] —mg, [’75(.2 /B][;S(Z/Sz])§2A62 (98)

sT ([lsz,scz] — mg,[Fs, /s,][':sl.z/sz])fz

(Mo] = | i ) R ) ) (89)
sg ([Isz,sz] — Mg, ["s,‘z/sz]["sz/sl])sl sg[lsz,sg]sz
[A3] = —mssA{[fsr/s.] 90)
! —msgf:g[fs(.Z /s,
_§1T([Is,sl] - mS[;S(./Sl][fSI/B])
(Bol=| ) ) CI))
—§7 ([Isz,sz] —mg, ["s(z/sz][rsz/B])
s, =574 (1.5, + @wpnlEs )y + (U5, s, 1+ @y, 5, 1)os, s |
(U, )+ Wy s, 5. )@,/
+ ([152,5(.2] — mg, [’75(.2 /5, ][;5,.2 /Sz]) [@s,/8lws, /s,
s, ([Fs,, 5. @s,/5) + @sallFs, s ))rs s,
€3] = 92)

s, ([Fs., 5. l@s,/5) + @eallFs, s )5 s,

+myg, [fs(,z/s,][d)sz/s. ]récz /5, T mS[;S(./S,][CbB/N]':SI/B}

ug, — SAzT{([Iﬁz_sz] + [@B/N][Isz,sz])wsz//\/ + s, 5, \[@s, /8l0s, /s, +

ms [Fs. 5@, 3y s, + ms, s s @) (Fsuys, + Fsm )|
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[D] = [Is 5] + ([lsl,sl]] + s, s.,1—ms,[Fs, 8llFs, /s,]
— Mg, ['75(2/19]['75(,2/51])51391
+ (s, ) - ms.Fs /slFs,, 15.])52Bo, 99)
and vectors

Vians = Fext = 2me[@p yle’ = my|@p v ll@wpvle — msl@s, /5lrs /g
—mg, ([‘bs2 /8,1 3(»2 ss, ~[Fs, 15, @5, /lws, s, )

+ mg[Fg _s5,181Co, + ”’lsz[fslz/sz]fzca2 (100)

Vot = Lp — [d)B/N][[sc.B]wB/J\/ - [IS/C,B](UB/N
= (s, 1+ @yl s, )os, s
(15,5, 1+ @yl 5,1,
= (5.5, = ms.lFs, ol s.))lbs, ks, s,
= ms, (s, 51@s, /8] + s lFs, a)rs
= ms, (IPs.,/5@s,8) + @5 WFs. a1
= ms,[Fs, l@s,ys 05, = (Uss, )+ Us,s, ]
— Mg, [’7st.1 /1;]['75(.1 /sl] — Mg, [fs,z /B][fSQ/S, ])SAlca,

- ([Isz.s(.z] = ms, [;S(.Z/B][;S[.z/Sz])§2C6’2 (101)

The Appendix shows the verification of the derived equations of
motion by demonstrating that energy and angular momentum are
conserved for the example problem.

V. Numerical Simulation

This section describes a comprehensive simulation using the
dual-axis component attached to a rigid hub. The software solution
is implemented using the open-source Basilisk Astrodynamics
Simulation Framework.Z The full spacecraft simulation scenario
is found here.== The goals are to show the dynamic behavior
of the components whose equations of motion have been given
in previous sections and to demonstrate how a single implementa-
tion of the general model can describe an array of different com-
ponents.

The hub comprises a solid cylinder with a diameter of 2 m and a
height of 4 m. The mass and inertia properties of the spacecraft’s hub are
given in Table 3. The center of mass of the hub is assumed to coincide

Table3 Simulation parameters for the rigid hub

Parameter Notation Value Units
Hub’s mass Mpup 400 kg
Hub’s inertia aboutthe  B[1;,, 5 ] B[ 633.(3) 0 0 kg - m?
hub’s center of mass 0 633.3) O

|: 0 0 200 j|
Hub’s center-of-mass BrBL /8 B[0,0,0]” m

location with respect
to B

Data available online at https://hanspeterschaub.info/basilisk.
***PData available online at https://hanspeterschaub.info/basilisk/examples/

scenarioSpinningBodiesTwoDOF.htm].

N~

61

Fig. 6 Spacecraft with a hub and two panels in a parallel-hinge con-
figuration. The figure shows two possible configurations: the translucent
represents the undeflected state, while the opaque represents the
deflected one.

with the origin of the body frame /5, a common assumption in dynamic
systems. The initial attitude coincides with the inertial frame such that
o5/ = [0,0,0]”, written in modified Rodrigues parameters, and the
initial angular velocity is B“’B/N = [0.05, —0.05, 0.05]” rad/s.

Two different simulations show the practicality and usefulness of
having one general model. In the first simulation, a two-panel sub-
system is added to the hub, as shown in Fig. 6. These panels are
rectangular prisms with a length of 4 m, a width of 2 m, and a
thickness of 0.1 m. The first panel connects to the hub by a rotary
hinge (1 DoF), and the second connects to the first through another
rotary hinge. The hinges are perpendicular to each other. This con-
figuration represents a two-panel subsystem, which can be tucked in
for launch and deployed once the spacecraft reaches orbit. The
subsystem’s properties for this specific simulation are shown in
Table 4. .

The time history for both 6 angles and 0 angle rates is given in
Figs. 7a and 7b. Overall, the angles are driven by the rotational spring
and dampers introduced on each hinge. However, the cross-coupling
between the two angles as the panels rotate is evident, especially
when looking at the angle rates between 0 and 10 s. After that, both
angles and angle rates are in phase with one another.

The time history for the hub’s velocity and angular velocity are
given in Figs. 8a and 8b. Here, two distinct phases are evident. At the
beginning of the simulation, each component experiences a transient
behavior that matches the oscillations shown in Fig. 7. This clearly
shows the gyroscopic coupling between the panels and the rigid hub
that is a direct consequence of the physics captured by the equations
of motion shown before. Then, when the oscillations damp out, both
the velocity and angular velocity stabilize into their steady-state
behavior. Note that both the velocity and angular velocity settle with
an oscillatory behavior, which is expected (even though no forces
are present) because the plot shows 7,y and not 7y, the latter of
which would not oscillate. As for the angular velocity, the oscillations
are due to the natural gyroscopic terms from Euler’s equation
o = —o X (Ilw).

In the second simulation, instead of having two bodies connected
by 1-DoF joints, only one component is connected through a
2-DoF joint. This simulation shares the same equations and
implementation as the first simulation. The only differences lie
in how the module is set up. This configuration, where a single
panel is connected to the rigid hub, is shown in Fig. 9. The panel
consists of a flat disk with a diameter of 2 m and a thickness of 0.1 m.
It is attached to the hub through a universal joint (2 degrees of
freedom). The subsystem’s properties are shown in Table 5. Since
the joint has 2 degrees of freedom, the lower body’s mass and inertia
are zero. .

The time history for both 6 angles and @ angle rates is given in
Figs. 10a and 10b. The response differs from the one in seven. The
angles and angle rates settle much faster because there is no cross-
coupling between two rigid bodies, although the response still resem-
bles a spring-damper system.

The time history for the hub’s velocity and angular velocity are
givenin Figs. 11aand 11b. Again, two distinct phases are evident: the
initial transient and the steady-state behavior. Note that since the
angles damp out quicker in this scenario, the transient behavior is also


https://hanspeterschaub.info/basilisk
https://hanspeterschaub.info/basilisk/examples/scenarioSpinningBodiesTwoDOF.html
https://hanspeterschaub.info/basilisk/examples/scenarioSpinningBodiesTwoDOF.html
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Table 4 Simulation parameters for the two-panel simulation

Parameter Notation Value Units
Panel 1’s mass mg, 20 kg
Panel 2’s mass ms, 20 kg
Panel 1’s inertia about its center of mass Sifls, 5., Si267(3) 0 0 kg - m?
0 673 0
0 0 33.(3)
Panel 2’s inertia about its center of mass Sl 5.1 2[2673) 0 0 kg - m?
i 0 6.7(3) 0
0 0 33.(3)
Panel 1’s center-of-mass location with respect to S Sirg. /s, $i[0,2, 0" m
Panel 2’s center-of-mass location with respect to S, Sorg /s, $:00,2,0]7 m
Position of the origin of the S, frame relative to B B’s,/B 5[0, 1,0.95]" m
Position of the origin of the S, frame relative to S, Sirg, /s, Si[-1,2,0]" m
DCM of the S; equilibrium frame with respect to the B frame B[S, B] Bt 0 0 —_—
010
0 0 1
DCM of the S, equilibrium frame with respect to the S, frame ~ S1[§, ] Sif1 00 —
010
0 0 1
Rotation axis for S, B, B[1,0,0]" ——
Rotation axis for S, Sig, $i10,1,0]” —
Torsional linear spring constant for §; ky 50 N - m/rad
Torsional linear spring constant for §, ks 50 N - m/rad
Torsional linear damper constant for §, c 30 N - m/rad
Torsional linear damper constant for §, c) 30 N - m/rad
601 0.06
40 o
= 0.044
F ) £ ool WA
g /\ > 0.021
> 0 N 3 \ —
N 0 S 0.001 — Vem.o
—201 - 92 > 0.02 i ZE/N,I
—VU. 1 BIN,2
0 10 20 30 40 50 60 0 10 20 30 40 50 60
time [s] time [s]
a) Angles for each hinged panel a) Velocity of the hub
20 = ’
101 /\ 3 0.20
— ol N — £ 0.5
g —101 \./ % 0.10 | /\ /
5 20 S 0.054 oo
© —301 — 9 2 0.001 —— Wa,0
—401 ) S -0.05 T wema
-50{__ i i i i i ?2 § 010l ' : : ) ' wam'/,z
0 10 20 . 30 40 50 60 0 10 20 30 40 50 60
time [s] time [s]

b) Angle rates for each hinged panel

Fig. 7 Time history for component states using two panels.

shorter than in the two-panel simulation. This is another clear effect
of the coupling between the panel and the hub that is evident in the
equations of motion.

VI. Conclusions

As spacecraft become more complex, there is a need for
robust simulation architectures that can replicate the spacecraft’s
behavior throughout its mission. Creating a general and modular
representation of common categories of spacecraft components saves
time and effort for the engineers while retaining the high fidelity
needed to guarantee that the mission objectives are met. This work
provides an architecture and the corresponding equations of motion
for simulating single and dual-axis rotating rigid components in a
general, modular way.

b) Angular velocity of the hub

Fig. 8 Time history for the hub’s states using two panels.

Fig.9 Spacecraft with a hub and a panel connected through a universal
joint.

A dynamics architecture is proposed, where shared component
structures are created to minimize repeating equations of motion
and centralize the verification of common properties attributes.
The equations of motion of the single and dual-axis effectors are
comprehensively derived without making any assumptions on the
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Table 5 Simulation parameters for the single-panel simulation

Parameter Notation Value Units
Panel 1’s mass mg, 0 kg
Panel 2’s mass mg, 50 kg
Panel 1’s inertia about its center of mass Si[I 51,5, ] Sifo 0 0 kg - m?

000

000
Panel 2’s inertia about its center of mass Sl 5., ] $:[750.041(6) 0 0 kg - m?

0 50.041(6) 0
0 0 100

Panel 1’s center-of-mass location with respect to S; S‘rs(l /s, Si[0,0,0]" m
Panel 2’s center-of-mass location with respect to S, Sop 5., /5 $20,2,0]” m
Position of the origin of the S; frame relative to B B’s,/s 510,1,0.95]" m
Position of the origin of the S, frame relative to S; Si Ts,/s, Si[0,0,0]" m
DCM of the §; equilibrium frame with respect to the B frame B[S, B] BT 0 0 —_—

010

0 0 1
DCM of the S, equilibrium frame with respect to the S| frame ~ S1[Sp, ] Sif1.0 0 —_—

010

0 0 1
Rotation axis for §; Bg, B[1,0,0]" ——
Rotation axis for S, S1§, Sifo, 1,0]" ——
Torsional linear spring constant for § ky 100 N - m/rad
Torsional linear spring constant for §, ky 100 N - m/rad
Torsional linear damper constant for §, c 50 N - m/rad
Torsional linear damper constant for §, c) 50 N -m/rad

301
201

g

SR VAN

© 0y Aoy

— 91
—~104 \/ 6,
0 10 20 30 40 50 60
time [s]
a) Angles for each hinge
101
51\~

— 01 ~— —

T ] \

b

$ -101

= —15]

[e») .
—201 - Ql
-251 62

0 10 20 30 40 50 60
time [s]

b) Angle rates for each hinge

Fig. 10 Time history for component states using one panel.

frame, spin axis, or the location of the center of mass. The outcome is
a universal formulation of the equations that describe these compo-
nents. Verification is completed for both formulations by verifying
energy and angular momentum conservation, which is shown in the
Appendix. It is shown that both models agree to these fundamental
physical conservation laws when only conservative forces are
present.

Appendix: Verification of the Equations of Motion in
Software
Verification is a crucial step in implementing the equations of
motion. It is impossible to guarantee that the equations are correct
and implemented appropriately without verifying the approach. In

0.041
_. 0.031 '\O\ —
w -
£ 002 |/
< 0.014
o /
< V4 — Vg, 0
£ -0.021 Va1
—0.03 Ve, 2
0 10 20 30 40 50 60
time [s]
a) Velocity of the hub
0
kel
£ o.101
= ‘
S 0.051 \//\\J/\/‘///A
o
o
> 000 e
% —0.051 N/&/ — Wain,1
g WaN, 2
0 10 20 30 40 50 60
time [s]

b) Angular velocity of the hub

Fig. 11 Time history for the hub’s states using two panels.

addition, the verified method verifies that some conservation laws are
respected by checking whether some physical quantities remain
constant throughout the simulation. While this alone does not guar-
antee that the equations are correct, it gives high confidence that they
have been correctly derived and implemented.

The quantities being verified are the orbital energy, the orbital
angular momentum, the rotational energy, and the rotational angular
momentum. In the presence of gravity, a conservative force, energy
should be constant. Moreover, since gravity is a radial force, the
orbital angular momentum is also constant throughout the simula-
tion. The rotational quantities should also remain constant without
torques and nonconservative forces. The complete derivation and
explanation of why these quantities must be conserved are given
in Ref. [6].
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Fig. A1 Verification for the single-axis component module.

A. Single-Axis Rotating Rigid Body

The verification results are given in Figs. Ala—A1ld. It should be
noted that while the plots do not immediately look constant, the scale
on the vertical axis is on the order of 10~!° to 10~'4. This is very close
to machine precision, which means numerical errors slightly corrupt
the data. Moreover, the random walk in these plots is very common in
fixed-step integrators like the fourth-order Runge—Kutta used in these
simulations.

B. Dual-Axis Rotating Rigid-Body Dynamics

The same verification tests are performed for the dual-axis rotating
rigid-body system, shown in Figs. Bla-B1d. As before, the angular
momentum and energy quantities are conserved throughout the
simulation, as only conservative forces and torques are acting on
the spacecraft. This implies a high confidence level that both the
mathematical derivation and the software implementation are correct
and follow fundamental physical principles.
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