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For many spacecraft with deployable structural components, such as solar panels
or deployable antennas, the rigid-body assumption does not accurately model the
full system dynamics. Spacecraft with large deployed solar panels exhibit flexible
dynamics that can impact the final pointing and jitter performance of an attitude
control system, or the simulation of an on-board accelerometer. For simulation
and analysis purposes, it is desirable to include approximate flexible dynamics
in a manner that easily integrates with the rigid body translational and rotational
equations of motion. Current methods either require extensive derivation to im-
plement flexible dynamics into the simulation or do not provide enough fidelity.
This paper introduces a first-order model of the flexible dynamics using hinged
multi-body dynamics that is applicable to a range of spacecraft shapes and config-
urations, but fully accounts for three-dimensional motion of this component. The
formulation assumes the appended bodies are rigid bodies, and are connected to a
main rigid body (hub) by a single degree of freedom torsional hinge. The numeri-
cal simulations are validated through a range of energy and momentum checks. A
simple example of a simulation is included and highlights the necessity to include
flexing for certain spacecraft.

INTRODUCTION

Spacecraft come in many shapes and sizes and some spacecraft have large appended solar panels
or antennas. Typically these objects are connected to the spacecraft as cantilevered elements, there-
fore they are susceptible to flexing behavior. This behavior needs to be included in the dynamics.
Often the spacecraft is assumed to be a rigid body, but this assumption will degrade the fidelity of
the simulation if there are certain components that will flex. Flexing will impact both the transla-
tional and rotational motion (and associated stability margins) of the spacecraft, as well as sensor
modeling such as accelerometers and rate gyros. For simulation and analysis purposes, flexing is
very important because it can impact performance, requirements and success of the mission.

There are many different ways to model flexible dynamics. One method is to assume that the
primary impact will be on the attitude dynamics of the spacecraft so the translational motion cou-
pling can be ignored. Also, in some scenarios the effects of flexing can be assumed to only impact
one plane of rotation, therefore one method is to constrain the motion to 1D rotational motion.!
This approach allows the flexing body to be modeled as a finite number of masses on a cantilevered
beam and allows for different frequency modes to be present.! This derivation results in a transfer
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Figure 1. Components, variables and coordinate frames used for this derivation.

function that is useful in determining the stability and frequency response due to different inputs.
However, it neglects the cross coupling affect on the other rotational axes, and the effect on trans-
lational motion. This method is helpful in the early stages of a mission, but lacks fidelity and is
limited in its application.

In contrast, the field of multi-body dynamics has extensive research on modeling flexible dynam-
ics and the equations of motion presented are generalized for complex and diverse problems. This
results in requiring derivation of equations because of generality.>* These methods are required for
unique and complex systems because the equations of motion depend on how many joints that are
interconnected. For example, in robotic systems, the number of interconnected joints varies widely,
and the equations of motion are specific to that system.>® Since there are many spacecraft that have
similar designs with appended solar panels, there is a need to develop equations of motion that could
be applied to these spacecraft.

Similar to this paper, multiple publications present models of spacecraft dynamics with appended
solar panels.”~ However, this previous research is mainly focused on the deployment of solar panels
and how the deployment affects the dynamics of the spacecraft.”® Also, the previous research on
deployable solar panels are specific to solar panels that are composed of interconnected bodies. This
paper considers systems where the solar panels are single rigid bodies.

This paper introduces a method of modeling the flexible dynamics of the solar panels by assuming
that the hub of the spacecraft and the solar panels are rigid bodies, but the solar panels are connected
to the hub by single degree-of-freedom torsional springs. The torsional spring constants could be
attenuated to match the natural frequencies of the solar panels which could be found from Finite
Element Analysis or testing. This method in modeling the flexible dynamics is a first order model,
and other effects like bending and torsional bending could be added later. However, in contrast to
earlier work, the multi-body system is allowed to undergo general three-dimensional motions in
translation and rotation.

PROBLEM STATEMENT

The purpose of this paper is to develop equations of motion describing flexible dynamics of a
spacecraft that can be smoothly integrated into computer simulation. It will reduce the need of
deriving equations of motion for new missions. This formulation is completed in a general way that



applies to a wide range of spacecraft. The description of the spacecraft, componenets, coordinate
frames and variables are introduced in Figure 1. This describes each component being considered
in the derivation.

Figure 1 is composed of a rigid hub connected to two solar panels by one degree-of-freedom
joints. These joints are composed of torsional hinges that have a linear spring constant of k;, and
an angular rate damping term, c;. Two panels are shown for simplicity, however the formulation
assumes there are N solar panels.

There are four coordinate frames defined for this formulation. The inertial reference frame is
indicated by N : {n1,n9,n3}. The body fixed coordinate frame, B : {51,62, 53}, is defined
with its origin, B, to be coincident with the center of mass of the spacecraft when the solar panels
are undeflected and can be oriented in any direction. The solar panel frames, S; : {81,582, 83},
are frames with their origins at the location of their hinge joints, H;. The S; frame is oriented such
that $; 1 points anti-parallel to the center of mass of the solar panel, S;. The §; 2 axis is defined
as the rotation axis that would yield a positive 6; using the right-hand rule. The hinge frames,
H; - {izi,l, izivg, ili73}, are frames fixed with respect to the body frame, and are equivalent to the
respective S; frames when the solar panel is undeflected. The i indicates the i solar panel.

Point B is the origin of the body frame, C' is the center of mass location of the entire spacecraft,
B, is the center mass location of the the rigid hub, and S; is the center of mass of the i solar panel.
The vector ¢ points from the origin of the body frame to the center of mass of the spacecraft. The
formulation assumes that if there is no deflection in the solar panels, then point B will be coincident
with point C'. The variable d; defines the distance between points H; and S;.

The remaining sections of the paper explain the derivation of the equations using Newtonian
and Eulerian mechanics and give results of a tutorial simulation. Equations of motion (EOM) are
required for the translational, rotational, and solar panel motion.

DERIVATION OF EQUATIONS OF MOTION
Spacecraft Translational Motion

The derivation begins with Newton’s first law for the center of mass of the spacecraft.

. F
Tc/N = (1)
Mg
Ultimately the acceleration of the body frame or point B is desired
Tp/N =Tco/N — € (2)
The definition of ¢ can be seen in Eq. (3).
N
MhubT + ), Mgp.Tg.
c— hub” B./B Zl sp; 1'S;/B (3)

Mse

To find the inertial time derivative of ¢, it is first necessary to find the time derivative of ¢ with
respect to the body frame. A time derivative of any vector, v, with respect to the body frame is
denoted by v'; the inertial time derivative is labeled as ©. The first and second body-relative time
derivatives of ¢ can be seen in Egs. (4) and (5).
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The variable rg, /57; can easily be defined using the 8; 1 axis
rs,/H, = —di8in (6)
Now the first and second time derivatives with respect to the body frame of g, /y, are taken
v, = di (0:855 + 0781 (8)
Egs. (4) and (5) can now include these new definitions and yields
¢ = Efv Misp, diéz‘gi,B ©)
Msc
N . -
> Masp.d; <9i3i,3 + 0; Si,l)
' = (10)
Msc
Using the transport theorem!” yields the following definition for ¢
é=d" 4+ 2wp/y X € +wp iy X et wpn X (wp/n X ¢) (11)
Eq. (2) can be updated to include Eq. (11)
PpN =Ton — ' —2wp/ny X ¢ —wpy X e—wpg/n X (wp/n X ¢) (12)

Eq. (12) is one of the three equations required to describe the motion of the spacecraft. It describes
the motion of the body frame with respect to the inertial frame and is in terms of the rotational
motion and solar panel motion. In the next section, the EOM for a solar panel is derived.

Solar Panel Motion

The solar panel frame S; is assumed to be a principle frame such that the solar panel inertia tensor
about its center of mass is

Iy, 0 0
Is)= | 0 I,, O (13)
0 0 I,

Let Ly, = L;18;1 + L;28;2 + L;38;3 be the total torque acting on the solar panel. The
corresponding hinge torque is given through

Lo = —ki0; — c;0; (14)

The hinge structure produces the other two torques L; 1 and L; 3.

The inertial angular velocity vector for the solar panel frame is

WS, IN = Ws, /H; + Wi, /B + WB/N (15)



where wg, JH = 92§12 Because the hinge frame H,; is fixed relative to the body frame B the
relative angular velocity vector is wy;, /5 = 0. The body angular velocity vector is written in ;-
frame components as

wp/N = (8i1 - wp/n)8i1 + (8i2 - wp/n)Si2 + (8i3 - wi/n)8i3 (16)

= Ws, 4 éi,l + wsiyzéiﬁ + wsi,g'éi,?) (17)

Using this definition greatly simplifies the following algebraic development. Finally, the inertial
solar panel angular velocity vector is written as

W, /N = Ws; 1 8i1 + (W, o + 05)8i2 + ws, 4803 (13)

As 8; 2 is a body-fixed vector, note that

: Bd . Fd . .
Wiz = g7 (wp/n - 8i2) = @ (wp/n) - 8i2 = wpyn - 8i2 (19)

Substituting these angular velocity components into the rotational equations of motion of a rigid
body with torques taken about its center of mass,'? the general solar panel equations of motion are
written as

ISi,1wSi,1 - _(Isi,3 - Isi 2)(w5i,2 + éi)wsi,:s + LSi,1 (20)
ISi,Q (wsi,2 + 91) = _(ISM - Isi 3)“’82‘,3("}81,1 + LSi,Q (21)

Isz‘,awsw = _(182',2 Is-,

k3

1)"*’82‘,1 (wsi,2 + 91) + LS¢,3 (22)

where Lg, = Ls; 8;1 + Ls, ,8i2 + Ls,; 58 3 s the net torque acting on the solar panel about its
center of mass. The second differential equation is used to get the equations of motion of 6;. The
first and third equation could used to back-solve for the structural hinge torques embedded in L, ,
and Ls, , if needed.

Let Fj, be the net force acting on the solar panel. Using the superparticle theorem'” yields
Fs, = mgp,Ts, /N (23)

The torque about the solar panel center of mass can be related to the torque about the hinge point
H; using
LHZ-:LSi+7°Si/H7; x Fg, 24)

Solving for the torque about S; yields

le. = LHi — rSi/Hi X mSpi’i;Si/N (25)
Taking the vector dot product with 8; 2 and using rg, /7, = —d;8;1 results in
Ls,, = 8ip-Ls, = 8i2- Ly, =812 (T, /1, X Msp,T5,/N) (26)
N——
L;o
= —k:zH — 0101 + mspidiém . ('§i,1 X TSZ/N) (27)

Taking two inertial time derivatives of rg, /y = 7, /y — d8;1 yields

"-;Si/N = ";'Hi/N — wSi/N X (dé@l) —wg; /N X (wgi//\/ X (d§i71)) (28)



Substituting this inertial acceleration into the above L, expression provides

Lsi,2 = —k;0; — 0102 + mspidisAm . (éi,l X THZ/N) + mspidgéig . (éi,l X <§i,1 X wSZ/N))
— mp,d78i2 - (811 X (ws, v X (Ws,/n X 8i1)))  (29)

Using the double vector cross product identity, as well as @ - (b x ¢) = (a x b) - ¢, the L, , torque
component is simplified to

Ly, , = —kibi — cifli —mp,dii 3 P, /v — Misp, d2 85,2 - W a7 — Misp, A2 0; + gy, dws, ,ws,, (30)
Substituting this torque into the earlier differential equation
L, 5 (s, 0) = —(Lsyy = Ly ) ws; ssi0 + L 31
leads to the desired scalar hinged solar panel equation of motion
(Ls,s +msp,d?) 8L0wp/n + (Ls,5 + mip,d2) O; + My di8LsF v + ki) + ci6;
+ (I, — Is,y — msp,d7 ) ws, yws,, =0 (32)

The term 777, /v needs to be expanded to be in terms of the desired translational motion 7'g /.
Knowing that the hinge location is a fixed point on the body, Eq. (32) is changed to the following
form

(Isi,2 + mspidf) §;F2‘-"JB/N + mﬂp,d'§?3(ﬁB/N +wp/n X TH, N +win X (W X TH,N))
+ (Is,, + map. d3 )9 + ki0; + c;0; + (L) — Loy — msp,d?) w, qws,, =0 (33)

Eq. (33) is the second EOM required to describe the motion of the spacecraft and will be utilized
later in the paper. The next section explains the formulation of the rotational motion.

Spacecraft Rotational Motion

The last EOM that needs to be developed is the rotational motion. Starting with Euler’s equation
when the body fixed coordinate frame origin is not coincident with the center of mass of the body'”

Hyp = Lp+ myip/n x ¢ (34)

where L p is the total external torque about point B. The definition of the angular momentum vector
of the spacecraft about point B is:

Hy. p = [Ihb,BJws/N + MhuwTB./B X TB,/B

+ Z ( $p;,Si | WB/N T 0; ilsp,.S; 2hio+ Msp,Ts,/B X 7"51-/3) (35)

Now the inertial derivative of Eq. (35) is taken and yields

Hp = [Ib,B.Jws/n + wp/n X b, Jwp/nr + M5,/ 5 X P58

+ Z( o,/ wWB/N T+ Usp,s:lws/n + wp/n X [Lsp,s,]wp/n

+ éiIspi,Si,Qili,Z +wg /N X éilspi,Si,Qﬁi,Z + mgp,Ts,/B X 7”@/3) (36)



The terms 7',/ p and T'g, , p are found using the transport theorem and knowing that rp_, 5 1s fixed
with respect to the body frame.

TB./B = WB/N X TB./B +wWi/N X (Wa/N X TB./B) (37
T$,/B = ”'gi/B +2wp /N X 7“@/3 +wp/n X Tg, B+ wi/N X (W X Ts,B)  (38)
Incorporating Eqs. (37) and (38) into Eq. (36) results in:

Hp = [Inw,B.Jws/n + wi/a % b, BJws/n + MhaT s,/ X (Ws/8 X TB,/B)
N

+MhubT B,/ B X [WB/N X (WB/A XT“BC/B)HZ <[I;pi,Si]wB/N+[ISPi,Si]wB/N—i_wB/NX Usp,.5:1wB A

(2
+0ilp, 5 2R 2 + wppn X il 5, 0ki2 + msp 75, 8 X TG 5+ 2mg s, 8 X (WE/N X T, )
+mgp, 75, /B X (WB/N X Ts,/B) + M, Ts,/B X (Wi A X (Wi/Ar X T&-/B)]) (39)

Introducing the tilde operator to replace the cross product, and applying the parallel axis theorem
the following can be defined:

[Thub,B] = [Thub,B.] + M [F 5,/ B][F . 8] (40)
[ISPZ-,B] = [ISPi,SJ + Myp, [Fsi/B][FSi/B}T 41)
N
[ISC,B] = [Ihub,B] + Z[Ispi,B] (42)
N T
18] = Y| (U 5]~ 20, s 1%, 1) 3

i

This produces
Hp = [Iye glwp/n + wp/n % [Le.Blws/n + [T plws/n

N
+ Z{Hilspi,si,th,Q +wp/n X Oilgp, s, 2hi2 + msp,Ts, B ¥ Tgi/B} (44)
;

Egs. (34) and (44) are equated and yield

Lp + msip/n % ¢ = [Ise Blwg/n + wi/n X [Le,Blws/n + L plws/nv
N

+ Z{éilspi,siﬂﬁiﬂ +wp/n X éiIspi,Si,Zﬁi,Q + msp,Ts, /B X Tgi/g} (45)
i

Finally, using skew symmetric matrix and simplifying yields the modified Euler equation, which is
the last EOM necessary to describe the motion of the spacecraft.

N
Use,lwn/n = —1@p/n ] se,Blwp/n — e plws/n — Z{Qifspi,smhm

+ (@50 )0i Lp, 5, 2P0 + My 75,/ B X rgi/B} + Lp + myipn X c (46)



SIMULATION IMPLEMENTATION

The equations presented in the previous sections result in NV + 6 coupled differential equations.
Therefore if the EOM were placed into state space form, a system mass matrix of size N + 6 would
need to be inverted to numerically integrate the EOM. This can result in a computationally expensive
simulation. In the following section, the EOM are manipulated to increase the efficiency. This
manipulation involves inverting an N x [N matrix for the solar panel motion, inverting the rotational
motion equation (3 x 3), and then back solving for the solar panel and translational motions. This
derivation can be seen in the following sections.

Solar Panel Motion

In Eq. (33), the solar panel motion is coupled with the translational motion and the rotational
motion. The translational motion needs to be decoupled from the solar panel motion. To perform
this task, Eq. (12) is substituted into Eq. (32). After some simplification this substitution yields

m3 m N
2 SPi 12| p SPi 7. 4T 2 : 0. a
(Ispi,Q + mspldz) — L dl 92 — L diS,i’g mspjdj0j8j73 =
M M T
J=Lj#i

— [T, o, + msp, ) 31T2 + mspidigzz:s (€] = [, B))|wp/n — kif — cib;
+(Ispi,3 - Isz‘,1 - erspidzz) w5¢,3w5i,1*mspidi§g:3 [fC/N - 2‘-"8//\/ xc — WB/N X (wB/N X C)
1

SC

N
Z My, ;07351 47)
J=Lij#i

+wp/n X (WB/N X THN) —

Eq. (47) is written in matrix form to utilize some linear algebra techniques.
1
[A]| | = [Flogw +P (48)
On

Where [A] is an N x N matrix with the following definitions

2
G = | (Lopyy + map,d2) — 12 (492)
2,1 T SpPi,2 Sp; 2 Mie 7
N
Msp., . .
g =——"didls | Y my, 058 (49b)
¥ J=L#

[F]isan N x 3 matrix with its row elements defined as
fiT == [(ISPi,2 + mspidf) §3:2 + mspidié;{?) ([e] - [FHi/B])] (50)
Pisan N x 1 vector with the following elements
P = —/{:ZQ - Clgz + (Ispi,g — Ispi,l — +m5pzd12) wswwSM — mspidi.§g:3 [TC/N - 2wB/N X C,

1

Mge

N .
> gy, dif38;, (51)
j=15j#i

—wp/n X (wp/n X €) +wp/n X (Wa/n X THN) —



Eq. (48) can now be solved by inverting matrix [A] ([E] = [A4]71).
.. . 1T

Since the modified Euler’s equation, Eq. (46), has 0; terms, it is more convenient to use the expres-
sion for 6; as

0; = e} [Flog/y + €] P (53)
Where the subcomponents of [E] are defined as
et
E]= | (54)
en

Rotational Motion

The rotational motion is coupled with both the solar panel and translational motion. Therefore,
the translational and solar panel EOM need to be substituted into the modified Euler’s equation,
Eq. (46). This substitution and simplification is performed and results in

N
(Fse,5) + mucll[) @mp + D [ Ip,sihois + mp,di ([Fs, /5] = [E]) 815 6

1

= Ly — [0p/n]lLse,Blws/n — [Lie Blws/n

— mse|€] (Fo/n — 2(@p/n]e — [@p/n][@B/n]C)

N
- Z{Ispi,siﬁei [‘I’B/,/\/’]ili,Q + Migp, ;7 ([7s,/8] — [€]) §i,1} (59)
i
For simplification purposes, a new set of variables are defined and Eq. (55) simplifies to

N
eclpn+ Y Rifi =S (56)
i
Where R; and S are 3 x 1 vectors and are defined in the following equations

Ri == |:ISpi,Si72i:Li,2 + mspidi ([FSZ/B] - [E]) §,"31| (57)

S = Lp — [@p/n][L,Blwp/n — L Blwn/n — mse[e] (Fon — 2[@p/n]c — [@p/n][@p/n]C)
N
- Z{Ispi,siﬁéi @/ n o + msp, dib} ([Fs, 5] — [€]) §i,1} (58)

Substituting Eq. (53) into Eq. (56) results in

N N
<[Isc,c] + Z Riez-T[F]> wp/N =8 — Z R;[E|P (39



[Z] and V are new variables defined in the following equations

[Z] = (I c] + Z Rie] [F] (60)

N
V=58-> RJEP 61)

[Z] is a3 x 3 matrix and V is a 3 x 1 vector. This allows the final equation to be simplified to the
following form

[Z]wgnv =V (62)

Now Egq. (62) can be solved for wp, .

It is important to note that there are two remaining steps required to implement these equations
into a simulation. The solution for wyx is substituted into the solar panel motion equation, Eq. (53)
to solve for éi. And finally, the solution for 9'1- and wpg IN is placed into the translational motion
equation, Eq. (12). This concludes the necessary steps needed to implement flexible dynamics
into a computer simulation. The recommended coordinate frames for this simulation are to solve
everything in the body frame, B, and then before integration, place the translational motion in the
inertial frame, \. However, this formulation is general, and any coordinate frames can be chosen
as needed.

This simplification results in a much more efficient simulation. The simplified EOM takes 62%
of the time it take the original formulation to execute for two solar panels. This is a dramatic speed
up and is very desirable.

NUMERICAL SIMULATION

To validate the EOM and to provide a simple example of the flexing behavior, the spacecraft
shown in Figure 1 is used. The hub is a cylinder with its center of mass located at the center of the
cylinder. It has two identical solar panels modeled as rectangular prisms located opposite from each
other. There are two scenarios: one with damping and one without.

For simplicity, the spacecraft is given initial conditions that will constrain the spacecraft to planar
motion. This is done by aligning the inertial frame and body frame initially, having no external
forces acting on the body, and giving the solar panel deflection, 1, an initial value of 5°. All other
initial values are set to zero. A new angle, 6 is defined and is the angle between the bs and ng. It
should be noted here that ¢ is only defined for use in this planar case, but otherwise 3-dimensional
orientation descriptions would need to be used to describe the relationship between the B and N/
frames. The results from this simulation can be seen in Figures 2-4.

Knowing that total energy needs to be conserved for the undamped case and momentum needs to
be conserved for both cases, the results agree with this insight. The first solar panel initially responds
by traveling back to equilibrium, and the rotational, translational motions are each affected. Fig. 4
shows that momentum is conserved in both cases, energy is conserved in the undamped case, and
energy decays to zero in the damped scenario. This gives confidence in the formulation presented.
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Figure 2. Rotational and solar panel motion
CONCLUSION

This paper presents a very convenient and compact formulation for a first-order approximation for
flexible dynamics that can be applied to spacecraft with appended solar panels or hinged structural
sub-components that can be modeled as single rigid bodies. It is not applicable to appended solar
panels that consist of multiple interconnect panels. For applicable missions, the EOM would not
need to be rederived and they could be smoothly integrated into simulation of the spacecraft.

The EOM are derived using Newtonian and Eulerian mechanics and are meant to be similar to
the well recognized 6 DOF rigid body EOM for spacecraft. The translational and rotational motion
are familiar equations with a few extra terms for the flexing behavior. The EOMs were developed
to be efficient computationally. A one-way decoupling is introduced that allows for the center of
mass acceleration, solar panel angular accelerations, and then the hub angular acceleration to be
determined. Future work will investigate adding variable fuel tank mass and fuel slosh to this
formulation.
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