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Fig. 14.5 How a pure da, de, or dM0 orbit elements difference impacts the
relative motion.
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used here. Any complete set of orbit elements could be used. Given d! and
!c, the deputy satellite position can be computed at any instance of time
by solving Kepler’s equation. As is the case with the inertial orbit descrip-
tion, we are able to avoid having to solve a differential equation. Note that
the relative orbit description in Eq. (14.40) does not make any assumptions
on how large the relative orbit is compared with the chief orbit radius, nor
does it require that the chief orbit be circular.

Working with orbit element differences also provides some insight
into the orbit geometry itself. Simply starting out with the Hill frame initial
conditions in Eq. (14.37), the relative orbit geometry is determined only
after solving the differential equations. However, by describing the relative
orbit in terms of orbit element differences, it is possible to make certain
statements regarding the relative orbit geometry. This concept is illustrated
in Fig. 14.4. Both the inclination angle and ascending node differences will
affect the magnitude of the out-of-plane motion of the relative orbit.
The inclination angle difference di specifies how much out-of-plane
motion the relative orbit will have as the satellite crosses the northern- or
southernmost regions. The ascending node difference shows what the out-
of-plane motion will be as the satellite crosses the equator. For example,
if corresponding orbit element differences are computed for a given relative
orbit and di is found to be zero, then it can immediately be concluded
that the relative orbit will have zero out-of-plane motion as the chief
passes the outer latitude extremes.

Assuming a circular chief case, the orbit element differences da, de, and
dM0 impact the shape of the in-plane relative motion. Figure 14.5 illustrates
how these specific orbit element differences provide an intuitive insight into
the resulting relative trajectories. The da difference causes the two circular
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Fig. 14.4 Relative orbit effect of having specific orbit element differences.
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Schaub, H., Vadali, S. R., and Alfriend, K. T., “Spacecraft 
Formation Flying Control Using Mean Orbit Elements,” 
Journal of the Astronautical Sciences, Vol. 48, No. 1, 
2000, pp. 69–87.
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Assuming that dV, di, and dw are small angles, we approximate sin x ! x
and cos x ! 1" x2=2 to solve for dw:

dw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
di2 þ sin2 idV2

p
(14:124)

Using the angle dw, the out-of-plane motion w( f ) in Eq. (14.122c) is written
in the compact form shown [16, 17].

14.6.2 Chief Orbits with Small Eccentricity
In this section we assume that the chief orbit eccentricity e is a small

quantity. In particular, we assume that e is small but greater than r=r,
while powers of e are smaller than r=r. In this case we retain only terms
that are linear in e and drop higher order terms of e. The orbit radius r is
now approximated as

r ¼ ah2

1þ e cos f
! a(1" e cos f ) (14:125)

while h2 ! 1. The linearized dimensional relative orbit motion in Eq.
(14.116) is written for the small eccentricity case as:

x( f ) ! (1" e cos f )daþ ae sin f
h

dM " a cos f de (14:126a)

y( f ) ! a
h

(1þ e cos f )dM þ a(1" e cos f )dv

þ a sin f (2" e cos f )deþ a(1" e cos f ) cos idV (14:126b)

z( f ) ! a(1" e cos f )(sin udi" cos u sin idV) (14:126c)
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planehc

hd

i

Chief orbit
plane

!w

!w

!Ω

Ω i + !i

Fig. 14.6 Illustration of orbit plane orientation difference between chief and
deputy satellites.
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S. D. Amico, J. S. Ardaens, and R. Larsson, “In-flight demonstration of formation control based on relative orbit elements,” 
4th International Conference on Spacecraft Formation Flying Missions and Technologies, August 18-20 2011.

 

Despite the analytical solution offered by the Clohessy-
Wiltshire equations, the Cartesian formulation does not 
provide immediate insight into some aspects of the 
relative motion. A description in terms of orbital 
element differences is therefore preferable for proximity 
analyses. To this end, the concept of eccentricity and 
inclination vectors is introduced and a formulation 
suitable for LEO satellites is established. The relative 
motion is then described in terms of the relative e/i-
vectors. By considering the effect of short periodic 
perturbations, the formulation in terms of differential 
orbital elements can even be employed in case of large 
along-track separations. It is therefore particularly 
useful in the build-up phase of a formation or the 
planning of longitude shift maneuvers. 

2.1 Eccentricity Vector 

For near-circular satellite orbits, the Keplerian elements 
e (eccentricity) and ω (argument of perigee) are 
commonly replaced by the eccentricity vector  
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It is free from singularities and well suited for the study 
of orbital perturbations of remote sensing satellites [7]. 
By forming the difference 
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for two spacecraft, one obtains the relative eccentricity 
vector er∆  that characterizes the relative motion within 
the orbital plane. For small differences in the orbital 
elements a linear expansion can be performed using the 
well known partial derivatives [5] of the Keplerian orbit 
model. It can then be shown that the relative orbit of 
spacecraft 2 with respect to spacecraft 1 is an ellipse of 
dimension eaδ2±  in along-track direction and eaδ±  in 
radial direction (Fig. 1), where a denotes the (common) 
semi-major axis. 

 

Fig. 1  Relative motion of two spacecraft with 
eccentricity vector separation  

While eδ  measures the size of the relative trajectory, the 
angle ϕ  defines the relative pericenter. Whenever, the 
mean argument of latitude Mu += ω  equals ϕ , 
spacecraft 2 is located right below spacecraft 1. 
Subsequently, s/c takes over and is just ahead of s/c 1 as 
soon as the argument of latitude attains a value of 

2/πϕ +=u .  

2.2 Inclination Vector 

In analogy with the above concepts, a relative inclination 
vector can be employed to describe the relative motion of 
two satellites perpendicular to the orbital plane. For its 
definition, we consider the unit vectors Xi, Yi, and Zi 
(i=1,2) that span a coordinate system aligned with the 
ascending node and the orbital plane of the respective 
spacecraft (Fig. 2). These vectors are related to the 
Keplerian elements i (inclination) and Ω  (right 
ascension of the ascending node) by the equations 
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The projection of the orbital plane normal vector Z2 onto 
X1 and Y1, can now be used to construct the relative 
inclination vector  
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for small differences in the orbital elements. It’s modulus 
equals the sine of the angle iδ  enclosed by the two orbital 
planes while θ is the argument of latitude at which s/c2 
crosses the orbital plane of s/c1 in ascending (i.e. +Z) 
direction (the relative ascending node).  

 

Fig. 2  Relative inclination vector 
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Montebruck, O., Kirschner, M., and D’Amico, S., “E/I-Vector separation for grace proximity operations,” DLR/GSOC TN 
04-08, 2004.



52nd Annual Technical Meeting of the Society of Engineering Science, Texas A&M University, College Station, TX, Oct. 26-28, 2015

CWH Relative Motion Solution

5

AVS
Laboratory

x(t) = A

0

cos(nt+ ↵) + x

o↵

y(t) = �2A

0

sin(nt+ ↵)� 3

2

ntx

o↵

+ y

o↵

z(t) = B

0

cos(nt+ �)

Schaub, H. and Junkins, J. L., Analytical Mechanics of Space 
Systems, AIAA Education Series, Reston, VA, 2003.

with h ¼ rc " _rc. Note that if the inertial chief orbit is circular, then ôu is
parallel to the satellite velocity vector. This rotating reference frame is
sometimes also referred to as the local-vertical-local-horizontal (LVLH)
frame.

A dynamically more challenging type of general spacecraft formation
flying than the leader–follower type is shown in Fig. 14.2. The relative
orbit position vector r is expressed in O frame components as

r ¼ (x, y, z)T (14:2)

Here the various spacecraft are on slightly different orbits that will satisfy
some specific constraints. These constraints ensure that the relative orbit is
bounded and that the spacecraft will not drift apart. With this type of relative
orbit, the chief satellite (or chief position) is the relative orbit interior point
about which all of the other deputy satellites are orbiting.

14.3 Cartesian Coordinate Description
In this section we choose to describe the relative orbit in terms of the

Cartesian coordinate vector r ¼ (x, y, z)T . The vector components are
taken in the rotating chief Hill frame. The advantage of using Hill frame coor-
dinates is that the physical relative orbit dimensions are immediately appar-
ent from these coordinates. The (x, y) coordinates define the relative orbit
motion in the chief orbit plane. The z coordinate defines any motion out
of the chief orbit plane.

Chief satellite

Deputy
satelliteRelativ

e orb
it

Deputy
inertial orbit

Chief inertial orbit

x
y

z
o! "ˆ

ohˆ

rc
orˆ

Fig. 14.2 Illustration of a general type of spacecraft formation with out-of-orbit
plane relative motion.
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Lovell, T. A. and Tragesser, S. G., “Guidance for Relative Motion of Low Earth Orbit Spacecraft Based on Relative Orbit 
Elements,” AIAA/AAS Astrodynamics Specialist Conference, Providence, RI, Aug. 16–19 2004, Paper No. AIAA 2004-4988.

Lovell, T. A. and Spencer, D. A., “Relative Orbital Elements Formulation Based upon the Clohessy-Wiltshire Equations,” 
Journal of Astronautical Sciences, 2015, pre-release available online, doi:10.1007/s40295-014-0029-6.
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Note that the fuel estimate is directly proportional to the chief semimajor
axis. If the da, de, and di differences satisfy the conditions in Eqs. (14.150)
and (14.153), then the latitude drift d _uM becomes zero, resulting in a zero
fuel budget estimate.

14.8 Relative Orbit Control Methods
This section develops various relative orbit control laws. Typically,

these feedback control laws operate on the orbit elements. Gauss’ variational
equations of motion, shown in Eq. (12.153), provide a convenient set of
equations relating the effect of a control acceleration vector u to the osculat-
ing orbit element time derivatives [24]. They are repeated here for con-
venience:

da
dt
¼ 2a2

h
e sin f ur þ

p
r

uu
! "

(14:186a)

de
dt
¼ 1

h
( p sin f ur þ (( pþ r) cos f þ re)uu) (14:186b)

di
dt
¼ r cos u

h
uh (14:186c)

dV
dt
¼ r sin u

h sin i
uh (14:186d)

dv
dt
¼ 1

he
[#p cos f ur þ ( pþ r) sin f uu]# r sin u cos i

h sin i
uh (14:186e)

dM
dt
¼ nþ h

he
( p cos f # 2re)ur # ( pþ r) sin f uu½ % (14:186f)

where the control acceleration vector u is written in the deputy Hill frame
components as

u ¼ ur , uu, uhÞT
#

(14:187)

with ur pointing radially away from Earth, uh being aligned with the orbit
angular momentum vector, and uu being orthogonal to the previous two
directions. The parameter f is the true anomaly, r is the scalar orbit radius,
p is the semilatus rectum, and the true latitude angle is u ¼ vþ f :
However, note that the choice of using the classical orbit elements leads to
singularities for zero eccentricities and inclination angles. To avoid these,
nonsingular orbit elements such as the equinoctial orbit elements could be
used instead [24]. Reference [25] illustrates the use of non-singular differen-
tial orbit elements to develop a general N-impulse formation flying control
strategy.
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LROE Invariant set

Singular ROE set where  
α is ambiguous if A0 = 0, or  
β is ambiguous if B0 = 0 

A1 = A0 cos(↵) A2 = A0 sin(↵) B1 = B0 cos(↵) B2 = B0 sin(↵)
Non-Singular LROE Set

x(t) = A

1

cos(nt)�A

2

sin(nt) + x

o↵

y(t) = �2A

1

sin(nt)� 2A

2

cos(nt)� 3

2

ntx
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+ y
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z(t) = B
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cos(nt)�B
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Figure 1. LROE error from unperturbed in the presence of drag. Mean shown in .

parameters remain zero and are not shown. Most notable are the xoff error in Figure 1(c) and
the yoff error in Figure 1(d). The mean xoff is a non-zero constant. As expected, this shears the
relative motion apart with the yoff trend linearly diverging from a bounded formation. The A2

component in Figure 1(b) maintains a zero mean as expected. The geometry of the ellipse in the
along-track direction, as captured by the A2 parameter, remains unchanged while the yoff grows.
The A1 parameter however exhibits a non-zero constant error.

On-going investigation uses the Lagrange Bracket relation in Eq. (11) to predict the LROE varia-
tions using perturbation effect models in the relative frame. Predictive LROE models enable relative
navigation with more realistic extensive propagation. In addition, the relative motion control is able
to account for perturbation effects. The usefulness of LROE variational equations enables both per-
turbation modeling as well as injecting a desired acceleration. The following section develops a
control scheme that injects an acceleration to maintain or reconfigure a relative orbit.

LAGRANGIAN BRACKETS CONTROL DEVELOPMENT

Utilization of the input acceleration in the Lagrange Bracket form, a control law that drives the
relative motion of two satellites to a desired geometry is developed. The LROE vector e, otherwise
invariant, evolves according to Eq. (11) where r is the position vector in s and ad is the disturbance
acceleration. Leveraging Eq. (11), a desired reference evolution of the geometrical parameters in e

8
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Atmospheric Drag Illustration
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Figure 3. LROE error for planar ellipse to lead-follower.

acceleration is present with the direct impact requiring further study. The logarithmic control effort
suggests that the reconfiguration is primarily complete following the completion of the third orbit.
The control gains assume a constant value that may be in part to the linearization error present in the
LROE error formulation. The dramatic decrease does provide confidence that the controller does
provide converged behavior.

The LROE control approach successfully reconfigures the relative orbit from a planar elliptic
relative orbit to a lead-follower configuration. Otherwise infeasible with the classic CW form, the
modified LROE form provides no singularities in the transfer space. A different control effort may
be achieved if the initial position was described by a LROE of A2 6= 0. Further, some greater Hill
y-direction thrusting might be present. This concept is explored in greater detail in the optimal
transfer section and will be largely addressed by future work.

Lead-Follower to Planar-Elliptic

The second case considered is the lead-follower to the planar elliptic. Desired is the transition
from a yoff 6= 0 to a 2-1 ellipse providing the inverse transfer of the first case. The initial and final
LROEs for this reconfiguration case are:

e0 =
⇥

0 0 0 0 0 30
⇤T

[m] er =
⇥

20 0 0 0 0 0
⇤T

[m]
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LROE Feedback Example 
Ellipse to Lead-Follower
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LROE Feedback Example 
Ellipse to Lead-Follower

11

AVS
Laboratory

Bennett, T. and Schaub, H., “Continuous-Time Modeling and Control Using Linearized Relative Orbit Elements,” AAS/AIAA 
Astrodynamics Specialist Conference, Vail, Colorado, Aug. 9–13 2015, Paper AAS 15–773.

u = �([B]T [B])�1[B]T [K]�e

e
0

=

2

6666664

A

1,0

A

2,0

B

1,0

B

2,0

x

o↵,0

y

o↵,0

3

7777775
=

2

6666664

20
0
0
0
0
0

3

7777775
[m]

er =

2

6666664

0
0
0
0
0
30

3

7777775
[m]

−20

−10

0

10

20

−20020406080

x
zy

y [m]

x 
[m

]



Time [Orbits]

A
1 e

r
r
o
r

[m
]

0 5 10
�30

�20

�10

0

10

(a) A1 Parameter Error

Time [Orbits]

A
2 e

r
r
o
r

[m
]

0 5 10
�10

0

10

20

(b) A2 Parameter Error

Time [Orbits]

x
o↵

e
r
r
o
r

[m
]

0 5 10
�2

�1

0

1

2

(c) xoff Parameter Error

Time [Orbits]

y
o↵

e
r
r
o
r

[m
]

0 5 10
�10

0

10

20

30

(d) yoff Parameter Error

Figure 7. LROE error for lead-follower to planar ellipse.

in both the forward and reverse reconfiguration. Such consistent evolution between two relative
orbits is inherent in the Lagrange Bracket formulation. This method then suggests that optimal
reconfigurations may be obtained as a parameter sweep. This is addressed further in the optimization
discussion in a later section.

Impressively, the LROE feedback controller generates suitable trajectories between the lead-
follower and planar elliptic orbits. Analysis of both Figure 6 and Figure 2 reveal that the along-
track offset is first corrected before the ellipse scaling factor A1. Further analysis of the Lagrangian
Brackets should reveal a greater sensitivity to the along-track position and the radial offset influence
than the elliptic scaling factors.

OPTIMAL TRANSITIONS BETWEEN RELATIVE ORBITS

Given the analysis presented in this study, the continuous control provides a unique control law
that leverages Lagrangian Brackets invariant evolution and the insight of LROE sets to develop the
trajectory. In comparison, using a Cartesian control law, which requires a reference trajectory to be
defined, may not leverage the same dynamics benefit inherent in the LROE method. Capitalizing on
this inherent use of dynamics the question of optimal transfers follows. Desired is an understanding
of optimal reconfigurations using the 6 initial LROEs and the desired final LROE set. Returning to
the observation that the evolution from elliptic to lead-follower and lead-follower to elliptic LROE
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Bearings-Only LROE Estimation
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o↵
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Angles-Only RLOE Example
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Angles-Only RLOE Example

16

AVS
Laboratory

Time [Orbits]

B
1 e

r
r
o
r
[m

]
0 0.2 0.4 0.6 0.8

−20

−10

0

10

20

Time [Orbits]

B
2 e

r
r
o
r
[m

]

0 0.2 0.4 0.6 0.8

−5

0

5

Time [Orbits]

xo
ff
e
r
r
o
r
[m

]

0 0.2 0.4 0.6 0.8

−10

−5

0

5

10

Time [Orbits]

yo
ff
e
r
r
o
r
[m

]

0 0.2 0.4 0.6 0.8

−10

−5

0

5

10

Xtrue =

2

6666664

A

1

A

2

B

1

B

2

x

o↵

y

o↵

3

7777775
=

2

6666664

100
0

200
0
20
-2.5

3

7777775
[m]

�X =

2

6666664

10
-2
-7
2
5
-5

3

7777775
[m]



52nd Annual Technical Meeting of the Society of Engineering Science, Texas A&M University, College Station, TX, Oct. 26-28, 2015

Conclusions

• LROE’s form a geometrically insightful relative orbit descriptions


• Can simplify the relative orbit control formulation is particular formation 
characteristics are controlled


• Has shown promise in relative orbit estimation as well.


• Future work:


• Apply perturbation forces directly to LROE formation to quantify accuracy of 
formation shape perturbation predictions


• Expand LROE formulation from rectilinear to curvilinear coordinates


• Investigate impulsive LROE control formulations based on the LROE variational 
equations
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Questions?
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