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Spacecraft simulations and subsequent analyses are critical to verifying performance requirements in any mission

development. With increasingly more complex spacecraft configurations, finding the fully coupled equations of

motion and developing an integrated dynamics and flight software simulation architecture that configures such

complex dynamics is difficult and often spacecraft-specific. Rotating appendages are a particularly interesting

subcategory because they represent many common components, from spinning attitude control devices and flexible

solar panels to robotic arms used to service and dock spacecraft. This work builds on the backsubstitution method

(BSM), which introduced a modular and fast-to-execute framework to represent the equations of motion, assuming

that the spacecraft comprises multiple effectors attached to a rigid hub. A novel modular software architecture

enables the BSM simulation of any sequentially connected rotating appendages and the equations of motion that

represent spacecraft with these components (or effectors). The rigid bodies can be connected by any sequence of

single-axis rotations with any mass distribution or spin axis, vastly expanding the possible BSM spacecraft

configurations and allowing for the simulation of complex effectors attached to a rigid hub under a common

framework. Numerical examples of a flexible panel and a robotic arm illustrate the effectiveness of this modeling

approach.

Nomenclature

Ac = center-of-mass location of body A
aij = effector backsubstitution term for �rB∕N
_a, �a = first- and second-order time derivatives of vec-

tor a with respect to the inertial frame N
a 0, a′′ = first- and second-order time derivatives of vec-

tor a with respect to the body frame B
� ~a� = cross-product operator written in matrix form
bij = effector backsubstitution term for _ωB∕N
C = center-of-mass location of the system
c = vector from point B to the center of mass of the

spacecraft C, m
cij = independent effector backsubstitution term

Fext = vector sum of external forces on the spacecraft, N
�IA;A� = inertia tensor of body Awith respect to point A,

kg ⋅m2

LB = vector sum of external torques on the spacecraft
about point B, N ⋅m

mA = mass of body A, kg
N, B, S = origin point for inertial, body, and component

frames
N ;B;S = inertial, body, and component frames

rA∕B,
_rA∕B, �rA∕B

= position (m), inertial velocity (m/s), and inertial

acceleration (m∕s2) of point A with respect to B

uS = scalar torque applied to the hinge, N ⋅m
θ, _θ, �θ = hinge’s angle (rad), angle rate (rad/s), and angle

acceleration (rad∕s2)
σA∕B = attitude of frame A with respect to frame B

expressed in modified Rodrigues parameters
ωA∕B, _ωA∕B = angular velocity (rad/s) and inertial acceleration

(rad∕s2) of frame A with respect to B

Subscripts

hub = spacecraft’s hub
i = ith component body
sc = spacecraft system

I. Introduction

S PACE vehicle design, along with its associated dynamics and
control performance analysis process, has become increasingly

complex to support ambitious and often rapidly evolving mission
requirements. Figure 1 showcases the evolution of spacecraft design
with some example missions. Starting with Sputnik 1 [1], the first
artificial satellite composed of a sphere with some sensors and four
boom antennas, spacecraft design has changed dramatically as
technology has evolved. The International Space Station [2] (ISS)
has been in orbit for over two decades and is arguably the most
complex space vehicle of the 21st century. Notably, many spacecraft
now include multilink robotic arms to perform in-orbit operations
like servicing and docking. The Canadarm [3–5] has been used by
the Space Shuttle (Canadarm 1) and the ISS (Canadarm 2), with
plans for using it on Lunar Gateway (Canadarm 3). Other servicing
vehicles also employ robotic arms for life-extension and servicing
missions. Northrop Grumman’s Mission Extension Vehicle [6]
attaches thrusters at the end of robotic arms as a means of thrust
vectoring. Astroscale UK’s upcoming COSMIC mission [7] uses a
robotic arm to remove two inactive British satellites currently orbit-
ing Earth.
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The need for robotic manipulators in space is clear, and the
industry will rely on them for future missions [8] with different
applications. To achieve this, the vehicle must be thoroughly simu-
lated and analyzed to ensure that the spacecraft meets orbital and
pointing mission requirements. This analysis requires an integrated
simulation of high-fidelity dynamics, actuator and sensor models,
and flight software integration. These steps require deriving and
validating the equations of motion that describe the vehicle’s
dynamic behavior in orbit. However, simulating multi-axis append-
ages (also called effectors) is challenging due to their numerous
degrees of freedom and the inherent dynamic coupling between all
spacecraft components.§,¶,**

One common approach is to assume that the effector is prescribed
[9]; that is, to suppose that each degree of freedom is precisely
imposed by an actuator/motor. The outputs of all the actuators
would describe the arm’s motion. Effectively, this means that the
appendage behaves independently of the rigid hub and is not
affected by it; however, the rigid hub is still affected by the compo-
nent’s motion. This one-way coupling, which simplifies the equa-
tions of motion, is a fair assumption in many applications, such as
when modeling imbalanced reaction wheels [10–12] or for certain
actuated components [13,14]. Nevertheless, this remains an
approximation, and standard validation metrics, such as energy
and angular-momentum conservation, are more difficult to apply
to verify the simulation’s correctness. Therefore, there is a need to
rapidly simulate multi-degree-of-freedom effectors that account for
the two-way coupling between the hub and the component.
Even when the fully coupled equations of motion are used, they

are often developed for a specific effector type, which means that the
equations of motion must be rederived and revalidated each time a
different effector is required. However, many components are equiv-
alent from a dynamic standpoint, meaning that the same general set
of equations can describe them. This idea was first introduced in Vaz
Carneiro et al. (2024), which develops particular effector solutions
for one- and two-degree-of-freedom effectors [15]. The equations of
motion are derived and implemented in a general manner, avoiding
the symmetry assumptions of prior work [16,17], allowing the
simulation of any part mounted on a single or dual gimbal. The
result is a general formulation for each effector type (single- or
dual-axis rotating rigid body) that can simulate reaction wheels
(single-axis), solar panels (single- or dual-axis), control-moment
gyroscopes (dual-axis), and similar systems, using a single set of
equations for each type. The general equations are validated
once and can be used for current and future implementations of
one- and two-degree-of-freedom components, thereby saving users
and developers time.
Another important consideration is the ability to readily change

the spacecraft configuration. If the equations are developed only for

a particular design, they must be changed whenever the configura-
tion changes, which is time-consuming. Modularity in the equations
of motion enables analysis of multiple designs without rederiving
the equations or rewriting the modules, thereby facilitating rapid
development and the addition of new components. This idea was
introduced by the backsubstitution method (BSM) [18–20], which
rearranges the equations of motion for each effector and the hub into
a standard form. In BSM, effectors are dynamic components added
to a central, rigid spacecraft hub (core). In turn, instead of having to
invert a large system mass matrix, which is computationally very
expensive, BSM first solves for the translational and rotational
accelerations of the hub �rB∕N and _ωB∕N , respectively, by having
already analytically backsubstituted the effector equations of motion
into the hub differential equations. Next, the degrees of freedom of
each effector are solved with the hub accelerations [18,19]. An
alternative formulation is the Spatial Operator Algebra (SOA)
[21–23], which can describe a wide range of flexible multibody
configurations. Instead of writing the equations of motion in a
particular form to avoid inverting the system’s mass matrix at once,

it leverages its properties to invert it inO�N� instead ofO�N3� using
a recursive algorithm. SOA can simulate multiple bodies with
various joint types (rotational and translational).
This paper introduces a novel effector, formulated using the

BSM, whose general functionality can model the dynamics of a
range of prior effectors, including balanced and imbalanced reaction
wheels [16], variable-speed control moment gyroscopes [24], and
hinged solar arrays [17]. In contrast to these prior approaches, no
assumptions are made on the mass and geometric properties of the
components when deriving the system’s equations of motion. There-
fore, the resulting equations are general and can be applied to a
variety of components, with implications for the simulation archi-
tecture. To illustrate this, Fig. 2 shows problem statement diagrams
of two rotating dual-axis components: Fig. 2a of a spacecraft with a
variable-speed control moment gyroscope, and Fig. 2b of a space-
craft with a dual-hinged panel.
The prior approach to modeling these effectors began by making

assumptions about each component, particularly the spin axis and
the body’s mass distribution. For the variable-speed control-moment
gyroscope modeled in Ref. [24], it is assumed that the gimbal axis is
perpendicular to the wheel spin axis. The center of mass of the
wheel is parameterized by scalar parameters L, l, and d, each about

the ĝg, ĝs, and ŵ2 axes, respectively. For the dual-hinged panel

modeled in Ref. [17], the spin axes of both panels are parallel and

defined along each ŝi;2 axis. The center of mass is parameterized by

a scalar d and is assumed to be along the −ŝi;1 axis. These assump-

tions simplify the system’s kinematics and facilitate the derivation
of its equations of motion, as many cross-coupling terms vanish due
to the orthogonality between the center-of-mass location and the
spin axis.
In both examples, the effectors represent dual-axis rotating rigid

bodies. However, because of their initial premises, the resulting
equations of motion differ and are valid only under the initial

a) Sputnik* b) Canadarm 2† c) Mission extension vehicle‡

Fig. 1 Examples of space vehicles.

§https://www.nasa.gov/history/dawn-of-the-space-age/.
¶https://www.asc-csa.gc.ca/eng/iss/canadarm2/about.asp.
**https://www.northropgrumman.com/what-we-do/space/space-logistics-

services.
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assumptions. While this approach accurately describes each effec-
tor, it lacks generality; a single standard formulation could have
been used with general spin axes and mass distributions to describe

both effectors, as they are identical from a dynamic standpoint.
Deriving the equations of motion of the system in a general form
is a fundamental property of this work.
Many physics simulation software packages are specifically tail-

ored to spacecraft simulations. NASA has developed the open-

source 42†† software to simulate spacecraft with rigid components.
Here, the architecture derives the equations of motion for each new
subsystem rather than using a centralized formulation. The Euro-

pean Space Agency (ESA) is in charge of SIMULUS-NG,‡‡ a
software package that can replicate complex spacecraft systems,

including, for example, batteries, solar panels, thrusters, and the
ground station network. It can support analysis of physics simula-
tions and hardware-in-the-loop testing. The Jet Propulsion Labora-

tory (JPL) has created DARTS/Dshell§§ [25] software that can
simulate a wide range of spacecraft configurations with different
actuated components using SOA. While these tools are highly

capable, the use of a generalized, centralized implementation of
the equations of motion to simulate different components is not

addressed. This gap is a central contribution of this paper, specifi-
cally to the BSM dynamic modeling framework, as both the soft-

ware architecture and the general equations are discussed and
developed here.
This paper focuses on two novel contributions. First, it develops a

general formulation for an effector with N sequentially rotating

degrees of freedom connected to a rigid hub, as shown in Fig. 3.
It uses the BSM formulation for developing the equations of motion,

building on Ref. [15]. Depending on the use case, the dynamicist
can determine the number of degrees of freedom required and their

arrangement to simulate a particular component, thereby enabling
rapid simulation of any sequence of rigid-body components under-

going rotations relative to the spacecraft’s hub. Throughout the
equations of motion derivation, no assumption is made on the spin

axes, the center-of-mass locations, the component inertia, etc. Thus,
this paper pursues a universal implementation of these sequentially

rotating dynamic subcomponent models. Second, it proposes a
software architecture that leverages the generalized equations of

motion. It creates a centralized class that contains the mechanics
of any rotating component, which can be used to create other

effectors.

Fig. 3 Simplified problem statement.

a) Diagram for a variable-speed control moment gyroscope effector [24]

b) Diagram for a dual-hinged solar panel effector [17]
Fig. 2 Diagrams for two different single-axis components.

††https://software.nasa.gov/software/GSC-16720-1.
‡‡https://esoc.esa.int/content/simulus-ng-new-era-satellite-simulation.
§§https://dartslab.jpl.nasa.gov/DSHELL.
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The approach is to identify patterns in the effector differential
equations of motion, thereby enabling the sequence of rigid bodies
to be expressed in summation form. Such a solution retains the
ability to describe multiple components that fit the same dynamics
type while vastly expanding the configuration space by modeling
components with more degrees of freedom. While the rotations
considered must be sequential, they can be grouped to form multi-
ple-degree-of-freedom joints. Therefore, the connections between
bodies are represented by universal joints, which are one-, two-, or
three-dimensional. This technique is particularly useful for robotic
arms with joints between links composed of multiple degrees of
freedom. This N-degree-of-freedom formulation can also simulate
the flexing of rigid bodies, as first proposed in Ref. [17]. It approx-
imates the behavior of a flexible appendage by discretizing it into a
series of small rigid bodies connected by joints with springs and
dampers. The flexible body modes can be simulated by tuning the
spring and damper coefficients. While this is a first-order approxi-
mation, it can be useful in early mission design to test for control–
structure interactions by ensuring that control devices do not excite
unwanted structural modes.
This paper is structured as follows. First, the N-degree-of-

freedom effector software architecture is presented. Second, the
dynamics formulations used to develop the equations of motion
are presented, including Kane’s method for deriving the equations
and the BSM for writing them in a modular form. The next two
sections show the kinematics and the kinetics of the problem.
Finally, two scenarios are presented in the numerical example
section. The appendix reviews numerical properties used in the
development of kinematics and kinetics and discusses the verifica-
tion procedures for the module.

II. Effector Software Architecture

The software implementation of the spacecraft’s equations of
motion is an important aspect of any simulation framework. A
poorly designed architecture is rigid, does not allow for iterative
changes to spacecraft design, has convoluted code that is hard to
maintain, and makes future changes difficult for the developer

[26,27]. On the contrary, good architecture is modular and dynamic,
allowing the engineer to apply any changes that occur during the
design phase and to use it for future missions. These properties are
especially significant for complex spacecraft simulations in which
the vehicle comprises multiple appendages, because the dynamics
are fully coupled across all bodies. Therefore, without a well-
designed architecture, the code becomes highly intertwined and
configuration-specific, making it difficult to add, modify, or remove
components and to maintain it.
This section discusses an architecture that unifies the representa-

tion of rotating appendages, which are components composed of
bodies connected through rotating joints. The joints can have up to
three rotational degrees of freedom, as needed, and the number of
connected bodies is unlimited. This formulation can represent a
wide range of spacecraft components, including reaction wheels,
variable-speed control moment gyroscopes, hinged panels, and
robotic arms, indicating that the architecture applies to a broad
range of spacecraft configurations.
To illustrate the proposed architecture, two examples of a single-

axis component are shown. The first is a hinged solar panel [17],
shown in Fig. 4a, and the second is an imbalanced reaction wheel
[16], shown in Fig. 4b. The panel model assumes that the spin axis is
aligned with the hinge frame’s ŷ axis and that the center of mass is
offset along the −x̂ axis by a distance d. The hinge frame defines the
nominal pose of the panel with respect to the hub’s frame. Two types
of imbalances parameterize the reaction wheel model. A static
imbalance occurs when there is a center-of-mass offset with respect
to the spin axis, and a dynamic imbalance happens when the spin
axis is not aligned with one of the wheel’s principal axes. Besides
specifying the location of the hinge point and the associated rotation
matrix, the component is defined by the distance d, which corre-
sponds to the center-of-mass offset (if a static imbalance is present),
as well as the axial and off-axial inertia terms (if a dynamic
imbalance is present).
The particular assumptions of each model yield component-

specific equations of motion that must be implemented separately
in the code. Figure 5 shows each component’s software implemen-
tation diagram. Both modules have setup, dynamics, and interface

a) Diagram of a single-hinge solar panel [17]

b) Diagram of a reaction wheel [16]
Fig. 4 Diagrams for two different single-axis components.
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sections. The setup layer defines the module’s static parameters and

its initial conditions. Creating each component individually makes

the module setup more intuitive because it is specific to that com-

ponent. In this example, these include the center-of-mass offset d,
the nominal frame pose, the imbalances, and the initial angle and

angle rate. The dynamics section defines the kinematics and kinetics

of the specific model. Here, the hub-relative positions and velocities

are computed from the model’s parameters and current states (kin-

ematics), and the component’s governing equations of motion are

defined (kinetics). This section also computes the component’s

energy and angular momentum from its kinematics for verification

purposes. Finally, the interface layer handles all inputs and outputs.

For example, both components can be interfaced with other power

modules: the panel’s attitude can be used to compute the Sun’s

incidence angle for power generation, and the reaction wheel’s speed

can be used to calculate the power draw from the reaction wheel.

The unified module architecture with the general dynamics is

shown in Fig. 6. Each module still contains setup, dynamics, and

interface layers. However, the dynamics section now uses a general

rather than a component-specific model, thereby decoupling the
dynamics of any rotating chained component from its specific
properties.
The benefits of this approach are extensive because it decouples

the dynamics modeling of a wide range of components into a
singular, unified representation in code. First, once the general
representation is identified and implemented, the same code can
be reused across multiple components, reducing redundancy. This
approach makes the code more maintainable since any change to the
parent class applies to all downstream modules. Second, it future-
proofs the software by enabling the addition of new effectors to the
codebase. If a new component meets the criteria for the general
dynamics representation, only the setup and interface layers need to
be implemented, thereby reducing the time required for mathemati-
cal and code development. Finally, the architecture also simplifies
module verification and testing. Having a common architecture for
this family of components means that centralized, general functions
are tested rather than being implemented for a particular component.
Therefore, once the common functions are tested (assuming that the
test is complex enough to exercise all the different cross-coupling
effects), the particular implementations of the general formulation
are guaranteed to be correct. A more detailed explanation is given in
Appendix B.
The general dynamics layer can be separated into kinematics,

kinetics, and testing. The kinematics contains the code that defines
the instantaneous pose of each degree of freedom. Multiple degrees
of freedom can be defined if the component requires them. To do
so, it includes each body’s mass and geometric properties, such as
the vector from the hinge point to the parent body’s hinge point, the
location of the center of mass relative to the hinge point, and the
inertia about its center of mass. Although it is common to associate a
degree of freedom with a physical body, multiple degrees of free-
dom can be defined in multi-degree-of-freedom joints without mass
or inertia. Moreover, kinematics encompasses all hinge properties
that connect bodies, such as the rotation axis, spring and damper
coefficients, and the initial angle and angle rate. The data contained
in the structure must be physical (i.e., the mass cannot be negative),
the rotation matrix must be right-handed, etc. The kinetics code
implements the system’s equations of motion, which can be numeri-
cally integrated forward in time to obtain the time history of each
degree of freedom. The kinematic information is updated directly
from the kinematic model. Finally, the testing element includes the
computations that determine the energy and angular-momentum
contributions of each degree of freedom, which are used in testing
scripts to verify that these quantities are conserved to within
machine precision throughout the simulation.

III. Review of Dynamics Formulations

A. Overview of Kane’s Method

This paper uses Kane’s equations [28,29], as opposed to New-
tonian and Eulerian [30,31] formulations employed in prior work
[15–18,24,32]. While all formulations are equivalent in that they
yield analogous equations of motion, Kane’s method is better suited
to the N-degree-of-freedom problem. Although more abstract, this
work provides deeper analytical insight into the structure of the
equations of motion, yielding a general recursive formulation. This
property is particularly important because the primary objective is to
identify patterns in the equations describing an effector with various
degrees of freedom. In addition to Kane’s equation, this work uses
the inertia transport theorem [33]. Analogous to the vector transport
theorem [30], the inertia transport theorem describes the time
derivative of the inertia tensor between two different rotating
frames. This result simplifies the rotational equations of motion,
yielding a more compact analytical solution to the effector’s differ-
ential equations.
Kane’s method, developed by Kane and Levinson, provides

analytical insight into the recursive structure of a sequence of
rotating bodies. In Ref. [34], the author further adapts this theory
to the BSM and introduces the notation used throughout the paper.
While this work is agnostic to the dynamics formulation, in the

Fig. 6 Software architecture diagram for two different single-axis
components using general dynamics.

Fig. 5 Software architecture diagram for two different single-axis
components using specific dynamics.
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sense that they all yield analogous equations of motion, Kane’s

method is beneficial for its systematic development of analytical

equations of motion. The main challenge in developing the

N-degree-of-freedom sequentially spinning effector is identifying

patterns in the accelerations that yield compact, programmatic

equations of motion, enabling a recursive formula. Kane’s method,

while more abstract, is structured to facilitate the dynamicist’s task

of finding all necessary equations of motion. Newtonian or Eulerian

formulations require an understanding of internal forces and tor-

ques, for example, by drawing the system’s bounding box. In

contrast, Kane’s method requires only the accelerations of the

connected bodies. The inertial acceleration vector must be generally

expressed as suitable for an unspecified number of degrees of free-

dom. The resulting equations may need rearrangement before they

are ready for use with the backsubstitution formulation, but this can

be done using some algebraic properties.
Kane’s method begins by defining the generalized coordinates

and their corresponding generalized velocities, which need not be

the direct derivatives of the coordinates. This property is particularly

important in the context of rotational coordinates, where any attitude

parameterization can be used, with the angular velocity vector

serving as the corresponding generalized velocity.
After defining the generalized coordinate and velocity vectors,

the velocity vector of the center of mass and the angular velocity

vector of the body’s frame are defined. Since rigid bodies are the

focus of this work, both translational and rotational properties are

investigated. In turn, these vectors are used to determine the partial

velocities, which are calculated by taking the derivative of each

body’s velocity and angular velocity vectors with respect to each

generalized velocity coordinate and are defined as

vir �
∂ _rSci ∕N
∂ur

(1)

ωi
r �

∂ωSi∕N

∂ur
(2)

where _rSci ∕N is the inertial derivative of the center of mass of the ith
body, ωSi∕N is the angular velocity of the frame attached to the ith
body, and ur is the rth generalized velocity.
Finally, each degree of freedom defines the generalized active

force Fr and the generalized inertia force F�
r . The active force

corresponds to external forces/torques. In contrast, the inertia force

is computed using the acceleration of the center of mass of each

body and the angular acceleration of each corresponding frame. The

generalized active force has a translational and a rotational term

applied to forces and torques, respectively, and is defined as

Fr �
i

�vir�T ⋅ F�
i

�ωi
r�T ⋅ L (3)

where vir and ωi
r correspond to the translational and rotational

partial velocities of the ith body. Here, the summation is done over

all connected bodies. The generalized inertia force also has transla-

tional and rotational contributions and is given by

F�
r � −

i

�vir�T ⋅ �mSi
�rSci ∕N�

−
i

�ωi
r�T ⋅ ��ISi ;Sci � _ωSi∕N � � ~ωSi∕N ��ISi ;Sci �ωSi∕N � (4)

where �rSci ∕N is the acceleration of the center of mass of the ith body,

while ωSi∕N and _ωSi∕N are the angular velocity and angular accel-

eration of the frame connected to the ith body, respectively. The

mass of the ith body is mSi
, and its inertia about its center of mass

is �ISi ;Sci �.
With the generalized active and inertia forces in hand, the equa-

tions of motion are defined by

Fr � F�
r � 0 (5)

Depending on the variable r, grouping variables in a vector is
sometimes convenient instead of using them componentwise. This
approach is particularly important for the position rB∕N and angular

velocity ωB∕N , where three components are used together to form a

vector. In this case, both vr and ωr are matrices instead of vectors,

represented by �vBc
r � and �ωB

r �, and the forces are vectors instead of
scalars: Fr for the generalized active force and F�

r for the general-
ized inertia force.

B. Summary of the BSM

While Kane’s method is used to derive the equations of motion,
the BSM [18] is employed to arrange them into a specific form.
Under the assumption that the spacecraft comprises a rigid hub with
multiple parallel components, a reasonable assumption for many
spacecraft architectures, the BSM writes all equations of motion to
avoid inverting the entire system’s mass matrix at once. The general
structure of the mass matrix under these assumptions is presented in
Eq. (6).

�l��⋅�3×3 �⋅�3×3 �⋅�3×n1 �⋅�3×n2 : : : �⋅�3×nNst

�⋅�3×3 �⋅�3×3 �⋅�3×n1 �⋅�3×n2 : : : �⋅�3×nNst

�⋅�n1×3 �⋅�n1×3 �⋅�n1×n1 �0�n1×n2 : : : �0�n1×nNst

�⋅�n2×3 �⋅�n2×3 �0�n2×n1 �⋅�n2×n2 : : : �0�n2×nNst

..

. ..
. ..

. ..
. . .

. ..
.

�⋅�nNst
×3 �⋅�nNst

×3 �0�nNst
×n1 �0�nNst

×n2 : : : �⋅�nNst
×nNst

�rB∕N

_ωB∕N

�α1

�α2

..

.

�αNst

�

�c��⋅�3×1
�⋅�3×1
�⋅�n1×1
�⋅�n2×1

..

.

�⋅�nNst
×1

(6)

The mass matrix has a special structure: the first 6 rows and columns
are fully populated, and the main block diagonal is also fully
populated. This structure is a consequence of the spacecraft’s geom-
etry, with a centralized hub and multiple parallel effectors that do
not directly depend on one another. Therefore, only a 6×6 matrix of
the hub’s translation and rotation states must be inverted, along with
any mass matrices for each subcomponent. The resulting set of
equations is particularly suitable for software implementation
because matrix inversion scales with the cube of the matrix dimen-
sion. Moreover, the implementation is fully modular, allowing any
number of effectors to be added in parallel without altering the form
of the equations.
For the translation equations of motion, the generalized equation

is shown here as

msc �rB∕N −msc� ~c� _ωB∕N �
Nst

i�1

�vTrans;LHSi � �αi

�
Ndyn

i�1

Fi − 2msc� ~ωB∕N �c 0 −msc� ~ωB∕N �� ~ωB∕N �c�
Nst

i�1

vTrans;RHSi

(7)

There are a few things to note in the equation above. First, all
explicit second-order accelerations are moved to the left-hand side.
These include the acceleration of the hub, the angular acceleration
of the hub’s frame, and all second-order time derivatives of the
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effector’s states. Second, while Eq. (7) sums all effectors, this work
derives equations for only one effector, with the results for multiple
effectors being analogous. This property is a direct consequence of
the modularity of the BSM. Finally, the right-hand side shows some
terms using the center-of-mass properties, such as c and c 0, which
correspond to the position and velocity (with respect to the B frame)
of the center of mass with respect to point B, respectively. Therefore,
the final equation must be rearranged to make these terms explicit.
The remaining terms are grouped into vTrans;RHSi , which catches any
other contributions.
The generalized rotational equation of motion is

msc� ~c� �rB∕N � �Isc;B� _ωB∕N �
Nst

i�1

�vRot;LHSi � �αi

�
Ndyn

i�1

LBi
− � ~ωB∕N ��Isc;B�ωB∕N − �I 0sc;B�ωB∕N �

Nst

i�1

vRot;RHSi

(8)

As before, the explicit second-order terms are moved to the left-
hand side. The right-hand side contains terms using the system mass
properties, which now include the system’s total inertia �Isc;B� and its
B-frame derivative �I 0sc;B�, as well as the catch-all term vRot;RHSi for
all other terms.
Finally, for a single uncoupled degree of freedom, the governing

equation of motion for each effector takes the form

�αi � aαi ⋅ �rB∕N � bαi ⋅ _ωB∕N � cαi (9)

where αi is the state and �αi the corresponding second-order time
derivative. The left-hand side is only taken by the states’ acceler-
ation, while the right-hand side contains three terms: �rB∕N , _ωB∕N ,

and the last term, which conglomerates all remaining contributions.
The equations are written this way because this result for the state
acceleration is “backsubstituted” into the translational and rotational
equations, which means that �rB∕N and _ωB∕N can be solved for

independently of any �αi. The result is then substituted in Eq. (9),
and all states can be numerically propagated forward in time
because their accelerations have been explicitly solved. However,
many effectors have multiple coupled degrees of freedom, meaning
the equations do not fit into the form presented in Eq. (9). For these
cases, it is useful to write the equations in a coupled form using a
mass matrix, as shown below:

�Mαi � �αi � �A�
αi � �rB∕N � �B�

αi � _ωB∕N � C�
αi (10)

where �Mα� is the mass matrix and �α is the stacked vector of states
for the effector. In some cases, particularly when the number of
degrees of freedom is small, the matrix equation in Eq. (10) can be
analytically solved for, yielding several equations like Eq. (9).

However, this is not always feasible and can be tedious; a faster
option is to invert the mass matrix �Mα�. As with the global mass
matrix, this approach can be computationally expensive, but it
is viable because it is applied to each effector rather than to the
entire system. Using this approach, the canonical form of Eq. (10) is
given by

�αi � �Aαi � �rB∕N � �Bαi � _ωB∕N � Cαi (11)

where the new matrices are defined as

�Aαi � � �Mαi �−1�A�
αi �; �Bαi � � �Mαi �−1�B�

αi �;
Cαi � �Mαi �−1C�

αi (12)

The BSM requires taking Eq. (11) and plugging the result into
Eqs. (7) and (8), which removes the explicit dependency of the
effector second-order state derivatives from the translational and
rotational equations. The result is a 6 × 6 system of equations in
�rB∕N and _ωB∕N given by

�A� �B�
�C� �D�

�rB∕N

_ωB∕N
� vTrans

vRot
(13)

Here, vTrans and vRot correspond to all the terms that do not explic-
itly depend on any second-order time derivatives in the translational
and rotational equations of motion, respectively. As discussed in
Ref. [18], this system of six equations is solved using the Schur
complement matrix formulation for the partitioned form of the hub
system mass matrix:

_ωB∕N � ��D� − �C��A�−1�B��−1�vRot − �C��A�−1vTrans� (14)

�rB∕N � �A�−1�vTrans − �B� _ωB∕N � (15)

Once the accelerations are solved, they can be “backsubstituted”
into the effector equation in Eq. (10) to solve for the acceleration of
each effector’s states. Accordingly, all accelerations are explicitly
computed and can be propagated using any numerical integration
method.

IV. Kinematics of the N-Degree-of-Freedom Effector

A. Effector Problem Statement

The problem statement for the N-axes (or N-degree-of-freedom
since there is one degree of freedom per axis) rotating rigid body
effector attached to the hub is given in Fig. 7. The inertial frame N
originates at point N. The spacecraft comprises a rigid hub to which
the effector is attached. The B frame has an origin point at B, which
does not have to coincide with the center of mass of the hub Bc nor

Fig. 7 Problem statement for the N-degree-of-freedom spinning rigid body.
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the center of mass of the system C. The hub has massmhub, center of
mass rBc∕B, and inertia about its center of mass, �Ihub;Bc

�. The

effector consists of a chain of rigid bodies connected through single
hinges. The mass and inertia of some bodies can be set to zero to
give the joint multiple degrees of freedom of an effector component.
Here, the degrees of rotation constitute an Euler angle sequence.
Each body has a frame Si with origin Si, mass mSi

, center of mass

rSci ∕Si , and inertia about its center of mass �ISi ;Sci �. The bodies rotate
about the ŝi spin axis, which passes through the origin of the Si

frame, with an angle θi and angular rate _θi.
Kane’s method requires defining generalized coordinate and

velocity vectors containing the system’s states and their derivatives.
For this problem, the states include the position and attitude of the
hub rB∕N and σB∕N , respectively, as well as the angles for all joints
of the effector. The generalized coordinate vector q and correspond-

ing generalized velocity vector u are

q �

rB∕N

σB∕N
θ1
θ2

..

.

θN

; u �

_rB∕N

ωB∕N

_θ1
_θ2

..

.

_θN

(16)

Therefore, this problem has N � 6 state variables: 3 for the

translational motion, 3 for the rotational motion, and N for each
additional rotation angle. Each state variable requires its equation of
motion to be numerically integrated, yielding a time history for each
state. These considerations are summarized in Table 1.

B. Translational Kinematics

This subsection aims to find a formula for the position, velocity,
and acceleration of the center of mass of the ith body Sci with
respect to the origin of the inertial frame N. It is important to write
the formulas in a way that explicitly exposes the system’s second-

order state derivatives, namely �rB∕N, _ωB∕N , and �θi. The position is

rSci ∕N � rB∕N � rSci ∕Si �
i

j�1

rSj∕Sj−1 (17)

The velocity is found by taking the inertial time derivative of the
position formula in Eq. (17):

_rSci ∕N � _rB∕N � � ~ωSi∕N �rSci ∕Si �
i

j�1

� ~ωSj−1∕N �rSj∕Sj−1

� _rB∕N − � ~rSci ∕B�ωB∕N − � ~rSci ∕Si �ωSi∕B −
i

j�1

� ~rSj∕Sj−1 �ωSj−1∕B

(18)

It is important to note that the transport theorem is used extensively
to simplify some derivatives, particularly by using the property that

rSci ∕Si is constant in the Si frame and that rSi∕Si−1 is constant in the

Si−1 frame. To simplify the expression above, the summation term is
further developed:

i

j�1

� ~rSj∕Sj−1 �ωSj−1∕B �
i

j�2

� ~rSj∕Sj−1 �ωSj−1∕B

�
i−1

j�1

� ~rSj�1∕Sj �ωSj∕B

�
i−1

j�1

� ~rSj�1∕Sj �
j

k�1

ŝk _θk

�
i−1

j�1

i−1

k�j

� ~rSk�1∕Sk � ŝj _θj

�
i−1

j�1

� ~rSi∕Sj �ŝj _θj (19)

where the following property of double summations is used:

N

i�1

i

j�1

fij �
N

i�1

N

j�i

fji (20)

The proof of this property can be found in Appendix A. Substituting

the above result into Eq. (18) yields

_rSci ∕N � _rB∕N − � ~rSci ∕B�ωB∕N − � ~rSci ∕Si �ωSi∕B −
i

j�1

� ~rSj∕Sj−1 �ωSj−1∕B

� _rB∕N − � ~rSci ∕B�ωB∕N − � ~rSci ∕Si �
i

j�1

ŝj _θj −
i−1

j�1

� ~rSi∕Sj �ŝj _θj

(21)

Therefore, the pattern for the velocity of the center of mass of the ith
rotating body is

_rSci ∕N � _rB∕N − � ~rSci ∕B�ωB∕N −
i

j�1

� ~rSci ∕Sj �ŝj _θj (22)

The acceleration of the center of mass is found by taking an inertial

derivative of the velocity found in Eq. (22)

�rSci ∕N � �rB∕N − � ~rSci ∕B� _ωB∕N � � ~ωB∕N � _rSci ∕B −
i

j�1

� ~rSci ∕Sj �ŝj �θj

−
i

j�1

� ~rSci ∕Sj �� ~ωSj−1∕N �ŝj _θj �
i

j�1

� ~ωSj∕Sj−1
� _rSci ∕Sj (23)

The transport theorem _�⋅� � �⋅� 0 � � ~ωB∕N ��⋅� is used to simplify the

equation above [30], along with ωSj∕N � ωSj∕B � ωB∕N to get

�rSci ∕N � �rB∕N − � ~rSci ∕B� _ωB∕N � � ~ωB∕N �� ~ωB∕N �rSci ∕B � � ~ωB∕N �r 0Sci ∕B

−
i

j�1

� ~rSci ∕Sj �ŝj �θj −
i

j�1

� ~rSci ∕Sj �� ~ωSj−1∕B�ŝj _θj

−
i

j�1

� ~rSci ∕Sj �� ~ωB∕N �ŝj _θj �
i

j�1

� ~ωSj∕Sj−1
�� ~ωB∕N �rSci ∕Sj

�
i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj (24)

To simplify the above expression, note that

Table 1 State variables for theN-axis rotating rigid-
body spacecraft

State variables Degrees of freedom Equations of motion

rB∕N; _rB∕N 3 Translational

σB∕N ;ωB∕N 3 Rotational

θ; _θ N Spinner rotational
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i

j�1

� ~ωSj∕Sj−1
�� ~ωB∕N �rSci ∕Sj −

i

j�1

� ~rSci ∕Sj �� ~ωB∕N �ŝj _θj

� � ~ωB∕N �
i

j�1

� ~ωSj∕Sj−1
�rSci ∕Sj � � ~ωB∕N �r 0Sci ∕B (25)

The final inertial translational acceleration for the ith body is

�rSci ∕N � �rB∕N − � ~rSci ∕B� _ωB∕N −
i

j�1

� ~rSci ∕Sj �ŝj �θj

� � ~ωB∕N �� ~ωB∕N �rSci ∕B � 2� ~ωB∕N �r 0Sci ∕B

�
i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj −

i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

(26)

C. Rotational Kinematics

This subsection aims to find the rotational properties of the frame
attached to the ith body. The angular velocity of the ith frame is

ωSi∕N � ωB∕N �
i

j�1

ŝj _θj (27)

The angular acceleration is found by taking the inertial derivative of
the expression above:

_ωSi∕N � _ωB∕N �
i

j�1

ŝj �θj �
i

j�1

� ~ωSj−1∕N �ŝj _θj (28)

The last term can be simplified:

i

j�1

� ~ωSj−1∕N �ŝj _θj �
i

j�1

� ~ωB∕N �ŝj _θj �
i

j�1

� ~ωSj−1∕B�ŝj _θj

� −� ~ωSi∕B�ωB∕N −
i

j�1

� ~ωSi∕Sj
�ωSj∕Sj−1

(29)

These results are obtained by applying the transport theorem, which
makes use of the fact that ŝi is constant in both the Si and Si−1
frames. Therefore, the pattern for the angular acceleration of the ith
rotating body is

_ωSi∕N � _ωB∕N �
i

j�1

ŝj �θj − � ~ωSi∕B�ωB∕N −
i

j�1

� ~ωSi∕Sj
�ωSj∕Sj−1

(30)

D. Partial Velocities Table

The partial velocities are computed by taking the partial deriva-
tive of each body’s center-of-mass velocity _rSci ∕N or the frame’s

angular velocity ωSi∕N with respect to each generalized coordinate

rate ur. Therefore, each entry applies ∂∕∂ur to the related variable,

where 1–3 corresponds to _rB∕N , 4–6 to ωB∕N , and the rest to all _θi.
The partial velocity table is shown in Table 2. Each body has a

column corresponding to its velocity v and another for the angular
velocity ω. The subscript r denotes a partial with respect to the rth
generalized rate, and the superscript denotes which point the quan-

tity is associated with. Therefore, v
Sci
r is the partial of the velocity of

the ith body taken at its center of mass with respect to rate r, andωSi
r

is the partial of the angular velocity of the ith body taken at its
frame’s origin point with respect to rate r.

V. Kinetics of the N-Degree-of-Freedom Effector

A. Translational Equation of Motion

Here, the translational equation of motion for the system consist-
ing of a hub with an N-degree-of-freedom effector is derived. The
goal is to write the equation to fit the form proposed in Ref. [18].
The following derivation of the equations of motion accounts for the
form of Eq. (7) and writes the equations in the most compact form
suitable for use with the BSM.
The generalized active force for the system’s translation is given

by

F1–3 � Fext (31)

where Fext is the sum of the external forces on the system. The
generalized inertia forces are given by

F�
1–3 � −

N

i�0

mSi
�vSci1–3�

T ⋅ �rSci ∕N (32)

where, for ease of notation, S0 ≡ B and Sc0 ≡ Bc, making the hub

the 0th body. No ωr terms appear because their respective partial
velocities are equal to zero. Using Kane’s method, the translational
equation of motion is given by setting F1–3 � F�

1–3 � 0, which
yields

N

i�0

mSi
�rB∕N −

N

i�0

mSi
� ~rSci ∕B� _ωB∕N −

N

i�1

mSi

i

j�1

� ~rSci ∕Sj �ŝj �θj

� Fext − 2� ~ωB∕N �
N

i�1

mSi
r 0Sci ∕B − � ~ωB∕N �� ~ωB∕N �

N

i�0

mSirSci ∕B

−
N

i�1

mSi

i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj −

i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

(33)

Note here that the explicit second-order acceleration terms are
grouped on the left-hand side in the equation above, and many
terms are already written in a suitable form according to Ref. [18],
particularly ones that allow the use of the system’s center-of-mass
properties. It is useful to define the following mass property terms:

Table 2 Partial velocities

r vBc
r ωB

r v
Sc1
r ωS1

r v
Sc2
r ωS2

r : : : v
Sci
r ωSi

r : : : v
ScN
r ωSN

r

1 − 3 �I3×3� �03×3� �I3×3� �03×3� �I3×3� �03×3� : : : �I3×3� �03×3� : : : �I3×3� �03×3�
4 − 6 −� ~rBc∕B� �I3×3� −� ~rSc1 ∕B� �I3×3� −� ~rSc2 ∕B� �I3×3� : : : −� ~rSci ∕B� �I3×3� : : : −� ~rScN ∕B� �I3×3�
7 �03×1� �03×1� � ~rSc1 ∕S1 �ŝ1 ŝ1 � ~rSc2 ∕S1 �ŝ1 ŝ1 : : : � ~rSci ∕S1 �ŝ1 ŝ1 : : : � ~rScN ∕S1 �ŝ1 ŝ1
8 �03×1� �03×1� �03×1� �03×1� � ~rSc2 ∕S2 �ŝ2 ŝ2 : : : � ~rSci ∕S2 �ŝ2 ŝ2 : : : � ~rScN ∕S2 �ŝ2 ŝ2

..

. ..
. ..

. ..
. ..

. ..
. ..

. . .
. ..

. ..
. . .

. ..
. ..

.

6� i �03×1� �03×1� �03×1� �03×1� �03×1� �03×1� : : : � ~rSci ∕Si �ŝi ŝi : : : � ~rScN ∕Si �ŝi ŝi

..

. ..
. ..

. ..
. ..

. ..
. ..

. . .
. ..

. ..
. . .

. ..
. ..

.

6� N �03×1� �03×1� �03×1� �03×1� �03×1� �03×1� : : : �03×1� �03×1� : : : � ~rScN ∕SN �ŝN ŝN
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msc �
N

i�0

mSi
(34a)

mscc �
N

i�0

mSi
rSci ∕B (34b)

mscc
0 �

N

i�0

mSi
r 0Sci ∕B (34c)

msc� ~c� �
N

i�0

mSi
� ~rSci ∕B� (34d)

Substituting the equalities described above into Eq. (33), the com-
pact form of the translational equation of motion is given by

msc �rB∕N −msc� ~c� _ωB∕N −
N

i�1

N

j�i

mSj
� ~rScj ∕Si � ŝi �θi

� Fext − 2msc� ~ωB∕N �c 0 −msc� ~ωB∕N �� ~ωB∕N �c

−
N

i�1

mSi

i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj −

i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

(35)

B. Rotational Equation of Motion

The rotational equation of motion determines the system’s atti-
tude history. For the rotational equation of motion, the generalized
active force corresponds to the applied torqueF4–6 � LB, whereLB

is the pure torque applied to the origin of the B frame. The
generalized inertia force is

F�
4–6 � −

N

i�0

�mSi
�vSci4−6�

T
�rSci ∕N � �ωSi

4−6��T��ISi ;Sci � _ωSi∕N

� � ~ωSi∕N ��ISi ;Sci �ωSi∕N �� (36)

It is important to note that none of the partial velocities are zero here,
which means that all terms are accounted for. Kane’s equation
F4–6 � F�

4–6 � 0 is used:

LB −
N

i�0

mSi
� ~rSci ∕B� �rSci ∕N −

N

i�0

�ISi ;Sci � _ωSi∕N

−
N

i�0

� ~ωSi∕N ��ISi ;Sci �ωSi∕N � 0 (37)

To simplify the equation above, the last term is expanded as follows:

N

i�0

� ~ωSi∕N ��ISi ;Sci �ωSi∕N

� � ~ωB∕N �
N

i�0

�ISi ;Sci � ωB∕N �
N

i�0

� ~ωSi∕B��ISi ;Sci � ωB∕N

�
N

i�0

� ~ωSi∕N ��ISi ;Sci �ωSi∕B (38)

Moreover, the triple cross product identity a × �b × c� � −c × �a ×
b� � b × �a × c� is used to get the following equalities:

� ~rSci ∕B�� ~ωB∕N �� ~ωB∕N �rSci ∕B � −� ~ωB∕N �� ~rSci ∕B�� ~rSci ∕B�ωB∕N (39)

� ~rSci ∕B�� ~ωB∕N �r 0Sci ∕B � −� ~r 0Sci ∕B�� ~rSci ∕B�ωB∕N � � ~ωB∕N �� ~rSci ∕B�r 0Sci ∕B
(40)

These are used to group like terms and to bring the equation into its

final form. Expanding the acceleration terms and plugging these

results into Eq. (37) yields

N

i�0

mSi
� ~rSci ∕B� �rB∕N �

N

i�0

��ISi ;Sci � −mSi
� ~rSci ∕B�� ~rSci ∕B�� _ωB∕N

�
N

i�1

i

j�1

��ISi ;Sci � −mSi
� ~rSci ∕B�� ~rSci ∕Sj ��ŝj �θj

� LB − � ~ωB∕N �
N

i�0

��ISi ;Sci � −mSi
� ~rSci ∕B�� ~rSci ∕B��ωB∕N

−
N

i�0

�� ~ωSi∕B��ISi ;Sci � − �ISi ;Sci �� ~ωSi∕B�

−mSi
�� ~rSci ∕B�� ~r 0Sci ∕B� � � ~r 0Sci ∕B�� ~rSci ∕B���ωB∕N

−
N

i�1

� ~ωSi∕N ��ISi ;Sci �ωSi∕B − �ISi ;Sci �
i−1

j�1

� ~ωSi∕Sj
�ωSj∕Sj−1

�mSi
� ~ωB∕N �� ~rSci ∕B�r 0Sci ∕B

−
N

i�1

mSi
� ~rSci ∕B�

i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj

−
i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

(41)

Once again, all explicit second-order acceleration terms are grouped

on the left-hand side to ensure that this analytical solution is suitable

for the BSM formulation. The following system inertia definitions

are useful:

�Isc;B� �
N

i�0

��ISi ;Sci � −mSi
� ~rSci ∕B�� ~rSci ∕B�� (42)

�I 0sc;B� �
N

i�0

�� ~ωSi∕B��ISi ;Sci � − �ISi ;Sci �� ~ωSi∕B�

−mSi
�� ~rSci ∕B�� ~r 0Sci ∕B� � � ~r 0Sci ∕B�� ~rSci ∕B��� (43)

The equation of motion above is simplified to show the compact

form of the rotational equation of motion:

msc� ~c� �rB∕N � �Isc;B� _ωB∕N

�
N

i�1

N

j�i

��ISj;Scj �−mSj
� ~rScj ∕B�� ~rScj∕Si �� ŝi �θi

�LB − � ~ωB∕N ��Isc;B�ωB∕N − �I 0sc;B�ωB∕N

−
N

i�1

� ~ωSi∕N ��ISi ;Sci �ωSi∕B − �ISi ;Sci �
i−1

j�1

� ~ωSi∕Sj
�ωSj∕Sj−1

�mSi
� ~ωB∕N �� ~rSci ∕B�r 0Sci ∕B −

N

i�1

mSi
� ~rSci ∕B�

i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj

−
i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

(44)

C. Equation of Motion of n-th Spinning Body

This section aims to find the equation for each row of the

matrix equation in Eq. (10). For the nth equation of motion, the
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generalized active force is Fn � un and the generalized inertia

force is

F�
n � −

N

i�n

�mSi
�vScin �T �rSci ∕N � �ωSi

n �T��ISi ;Sci � _ωSi∕N

� � ~ωSi∕N ��ISi ;Sci �ωSi∕N �� (45)

where, using the partial velocity table, �vScin � � � ~rSci ∕Sn �ŝn and

�ωSi
n � � ŝn. Kane’s equation Fn � F�

n � 0 is used to get

ŝTn

N

i�n

i

j�1

��ISi ;Sci � −mSi
� ~rSci ∕Sn �� ~rSci ∕Sj ��ŝj �θj

� un − ŝTn

N

i�n

mSi
� ~rSci ∕Sn � �rB∕N − ŝTn

N

i�n

��ISi ;Sci �

−mSi
� ~rSci ∕Sn �� ~rSci ∕B�� _ωB∕N

− ŝTn

N

i�n

� ~ωSi∕N ��ISi ;Sci �ωSi∕N − �ISi ;Sci �� ~ωSi∕B�ωB∕N

− �ISi ;Sci �
i−1

j�1

� ~ωSi∕Sj
�ωSj∕Sj−1

− ŝTn

N

i�n

mSi
� ~rSci ∕Sn � � ~ωB∕N �� ~ωB∕N �rSci ∕B � 2� ~ωB∕N �r 0Sci ∕B

�
i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj −

i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

(46)

Note that the state acceleration is moved to the left, while all other

terms are on the right. Moreover, �rB∕N and _ωB∕N are explicitly

written, and every other term consists of additional contributions

that do not explicitly depend on state accelerations. As usual, it is

convenient to rewrite the double summation in ŝj �θj using

Eq. (59), which yields the alternative form:

ŝTn

n

i�1

N

j�n

��ISj;Scj � −mSj
� ~rScj ∕Sn �� ~rScj∕Si �� ŝi �θi

� ŝTn

N

i�n�1

N

j�i

��ISj;Scj � −mSj
� ~rScj∕Sn �� ~rScj ∕Si �� ŝi �θi

� un − ŝTn

N

i�n

mSi
� ~rSci ∕Sn � �rB∕N − ŝTn

N

i�n

��ISi ;Sci �

−mSi
� ~rSci ∕Sn �� ~rSci ∕B�� _ωB∕N

− ŝTn

N

i�n

� ~ωSi∕N ��ISi ;Sci �ωSi∕N − �ISi ;Sci �� ~ωSi∕B�ωB∕N

− �ISi ;Sci �
i−1

j�1

� ~ωSi∕Sj
�ωSj∕Sj−1

− ŝTn

N

i�n

mSi
� ~rSci ∕Sn � � ~ωB∕N �� ~ωB∕N �rSci ∕B � 2� ~ωB∕N �r 0Sci ∕B

�
i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj −

i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

(47)

This is the compact form of the effector equation of motion for

the nth degree of freedom. Notice how using the double-

summation property yields two different summations in ŝj �θj, as
shown in Appendix A, which has implications when building the

effector’s mass matrix.

D. Backsubstitution Formulation

Let us define each term introduced in the equations above for

the problem at hand. First, the terms in Eq. (10) are defined.

The element of the mass matrix in the nth row and ith column is

defined as

Mθn;i �
ŝTn

N

j�n

��ISj;Scj � −mSj
� ~rScj ∕Sn �� ~rScj∕Si ��ŝi; i ≤ n

ŝTn

N

j�i

��ISj;Scj � −mSj
� ~rScj ∕Sn �� ~rScj∕Si ��ŝi; i > n

(48)

The two summations from Eq. (47) are clear in the definition of the

effector mass matrix. Each entry depends on whether n is greater or

smaller than i. The other terms are defined nth rowwise as

A�
θn

� −ŝTn
N

i�n

mSi
� ~rSci ∕Sn � (49)

B�
θn

� −ŝTn
N

i�n

��ISi ;Sci � −mSi
� ~rSci ∕Sn �� ~rSci ∕B�� (50)

C�
θn

� un − ŝTn

N

i�n

� ~ωSi∕N ��ISi ;Sci �ωSi∕N − �ISi ;Sci �� ~ωSi∕B�ωB∕N

− �ISi ;Sci �
i−1

j�1

� ~ωSi∕Sj
�ωSj∕Sj−1

�mSi
� ~rSci ∕Sn � � ~ωB∕N �� ~ωB∕N �rSci ∕B � 2� ~ωB∕N �r 0Sci ∕B

�
i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj −

i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

(51)

With the effector equation terms defined, the terms for solving the

translational and rotational acceleration can be found. The matrices

for this problem are given by

�A� � msc�I3×3� −
N

i�1

N

j�i

mSj
� ~rScj ∕Si � ŝiAθi (52)

�B� � −msc� ~c� −
N

i�1

N

j�i

mSj
� ~rScj ∕Si � ŝiBθi (53)

�C� � msc� ~c� �
N

i�1

N

j�i

��ISj;Scj � −mSj
� ~rScj ∕B�� ~rScj ∕Si �� ŝiAθi �54�

�D� � �Isc;B� �
N

i�1

N

j�i

��ISj;Scj � −mSj
� ~rScj ∕B�� ~rScj∕Si �� ŝiBθi �55�

Notice how the Aθi and Bθi terms are used instead of A�
θi
and B�

θi
.

The latter are defined directly from the equations of motion of each

spinning body but cannot be used directly. The effector mass matrix

must be inverted, resulting in the former terms that cannot be

defined analytically. The additional translational and rotational

contributions are

vTrans � Fext − 2msc� ~ωB∕N �c 0 −msc� ~ωB∕N �� ~ωB∕N �c

−
N

i�1

mSi

i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj −

i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

�
N

i�1

N

j�i

mSj
� ~rScj ∕Si � ŝiCθi (56)
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vRot � LB − � ~ωB∕N ��Isc;B�ωB∕N − �I 0sc;B�ωB∕N

−
N

i�1

� ~ωSi∕N ��ISi ;Sci �ωSi∕B − �ISi ;Sci �
i−1

j�1

� ~ωSi∕Sj
�ωSj∕Sj−1

�mSi
� ~ωB∕N �� ~rSci ∕B�r 0Sci ∕B

−
N

i�1

mSi
� ~rSci ∕B�

i

j�1

� ~ωSj∕Sj−1
�r 0Sci ∕Sj

−
i−1

j�1

� ~rSci ∕Sj�1
�� ~ωSj∕B�ωSj�1∕Sj

−
N

i�1

N

j�i

��ISj;Scj � −mSj
� ~rScj∕B�� ~rScj∕Si �� ŝiCθi (57)

VI. Numerical Example

This section provides a practical example of using the N-axis
effector. It aims to demonstrate two applications supported by the
same software architecture and equations. The general N-body
sequential spinner effector presented is implemented in the open-
source Basilisk¶¶ simulation framework [35], which uses the BSM
formulation [20] as its dynamics engine. The documentation for the
effector can be found online.***

The first scenario uses the effector as a robotic arm. The robotic
arm comprises two links, each capable of rotating about two axes.
The second scenario shows the effector being used to approximate a
flexible panel. The panel is discretized into multiple subpanels, each
of which has bending and torsional modes. The hub parameters used
in both simulations are shown in Table 3.
The initial conditions for both simulations are identical and are

shown in Table 4.

A. Robotic Arm Simulation

The first scenario simulates a spacecraft with a rigid hub and a
robotic arm attached, orbiting Earth. The goal of this scenario is to
demonstrate the fully coupled motion of a representative compo-
nent, specifically a two-arm, four-degree-of-freedom arm that could
be attached to a spacecraft for various applications. The full simu-
lation software for the robotic arm scenario is implemented in the
open-source Basilisk simulation framework and is publicly avail-
able as an example scenario.††† The scenario documentation con-
tains a video illustration of the resulting spacecraft motion.‡‡‡ A
diagram of the spacecraft is shown in Fig. 8. The system starts at
rest, and the robotic arm then pivots from its nominal initial position
to a final set of angles, with the hub responding accordingly.
The robotic arm is modeled as two cylindrical links with a

diameter of 0.6 m and a height of 3 m. Each link pivots about its
pitch and roll axes. Each link is commanded by a rotational spring-
damper that tracks a specified reference angle and angular rate.
Additional mass properties are given in Table 5. The robotic arm
is initialized at the nominal position (all angles and angle rates set to
zero). The reference is provided by a profiler, which yields a
reference path for both angle and angular rate. The final angles
and angle rates for each degree of freedom are shown in Table 6. The
profiler uses a maximum angular acceleration of 0.01 deg ∕s2 for

the first link and 0.02 deg ∕s2 for the second, both smoothed
over 10 s.

The time history for all angles and angle rates is shown in Fig. 9.

As expected, Fig. 9a shows that all angles start at zero, the nominal

position, and then move to the final reference angles. Figure 9b

shows the angle rates tracking the desired profile, indicating that the

chosen spring and damper constants are high enough to track the

moving reference. The slope for the first link’s angle rates is half the

slope of the second link’s angle rates because of each profiler’s

maximum angular acceleration. Also, note the smoothing over a

10 s window around the transitions between acceleration and decel-

eration.
The time history for the hub’s attitude, expressed in modified

Rodrigues parameters [30], and angular velocity is shown in Fig. 10.

Figure 10a shows the attitude of the hub. Because the hub and the

robotic arm are fully coupled, the hub’s attitude changes as the

robotic arm moves along the profiled trajectory. This can also be

Table 3 Simulation parameters for the rigid hub

Parameter Notation Value Units

Hub’s mass mhub 1000 kg
Hub’s inertia about the
hub’s center of mass

B�Ihub;Bc
� B 3750 0 0

0 3750 0

0 0 1500

kg ⋅m2

Hub’s center-of-mass
location with respect to B

BrBc∕B
B�0; 0; 0�T m

Table 4 Spacecraft initial conditions

Parameter Notation Value Units

Semimajor axis a 8000 km
Eccentricity e 0.1 — —

Inclination i 0 deg
Longitude of the ascending node Ω 0 deg
Argument of periapsis ω 0 deg
Initial true anomaly f 0 deg

Fig. 8 Schematic of the spacecraft with a robotic arm. The lighter arm
corresponds to the undeflected state.

¶¶https://avslab.github.io/basilisk/index.html.
***https://avslab.github.io/basilisk/Documentation/simulation/dynamics/

spinningBodies/spinningBodiesNDOF/
spinningBodyNDOFStateEffector.html.

†††https://avslab.github.io/basilisk/examples/scenarioRoboticArm.html.
‡‡‡https://youtu.be/4mMCCTVHZkA.
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seen in Fig. 10b, which shows the angular velocity of the hub. Here,
the angular velocity varies like that of the robotic links, as their
coupling causes the hub to react opposite to the effector. Note that
the end angular velocity is zero at the beginning and end, while the
final attitude is not zero due to the configuration change. This

behavior is a consequence of angular-momentum conservation.

The profiled reference angle serves as an internal torque between

the effector and the hub and does not affect the spacecraft’s total

angular momentum. Because the system starts with zero angular

momentum, it ends with zero angular momentum when the effector

stops moving.

B. Flexible Panel Scenario via Classical Lumped Finite-Body
Approach

The second scenario simulates a spacecraft comprising a rigid

hub with a highly flexible panel while orbiting Earth. The purpose

of this flexible panel scenario is to demonstrate that the previously

developed N-axis formulation can simulate first-order flexion of

components. It is not intended to represent any real component, as

the spring and damper coefficients are deliberately selected to induce

large, unrealistic deformations. Rather, the goal is to demonstrate that

a) Attitude of the hub b) Angular velocity of the hub

Fig. 10 Time history for the hub’s states with a robotic arm.

a) Effector angles b) Effector angle rates

Fig. 9 Time history of all degrees of freedom of the robotic arm.

Table 6 Profiled final angle and angle rate for
each degree of freedom

Degree of freedom
Reference final
angle, deg

Reference final
angle rate, deg/s

First link pitch −30 0
First link yaw 45 0
Second link pitch 90 0
Second link yaw −20 0

Table 5 Simulation parameters for the robotic arm simulation

Parameter Notation Value Units

Link’s mass mSi
50 kg

Link’s inertia about its center of mass S1 �ISi ;Sci � S1 38.625 0 0

0 0.375 0

0 0 38.625

kg ⋅m2

Link’s center-of-mass location with
respect to hinge point

SirSci ∕Si
Si �0; 1.5; 0�T m

Position between hinge points SirSi∕Si−1
Si �0; 3; 0�T m

Pitch rotation axis Si ŝi
Si �1; 0; 0�T — —

Yaw rotation axis Si ŝi
Si �0; 0; 1�T — —

Linear spring constant ki 500 N ⋅m∕rad
Linear damper constant ci 100 N ⋅m∕rad
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this model can capture complex dynamics beyond the rigid-body

components typically considered in the first example scenario. Real-

world applications would begin with a fully fledged CAD model of

the solar array and the spacecraft, from which the properties of its

primary modes would be extracted, such as modal frequencies and

inertia fractions. Once collected, these properties would be converted

into the spring and damper constants used in this example, which

would be tuned to match the original flexing properties. For more

details on how to model flexible dynamics using a lumped-mass

approach, see Refs. [36,37].

The flexible panel scenario is fully documented in an open-source

Basilisk example script.§§§ The scenario documentation also con-

tains an illustration video of the resulting flexing.¶¶¶ A diagram of

the spacecraft is shown in Fig. 11. The system starts at rest in

rotation and then rotates to another inertial attitude. The goal is to

excite the flexible panel as the spacecraft rotates from the initial to
the final attitude. The simulation illustrates how flexing can be
modeled using the finite-body approximation, which does not
represent a realistic flexible panel.
The entire panel is 18 m long, 3 m wide, and 0.3 m thick. The

flexible behavior is modeled by dividing the panel into rectangular
plates or subpanels. The dimensions and mass of each subpanel
depend on the number of subpanels used to discretize the full panel.
Five subpanels are used for this simulation, and their properties are
shown in Table 7. For simplicity, all subpanels have the same
bending and torsional spring and damper coefficients. The coeffi-
cients are small, producing an exaggerated flexing motion that is
noticeable in the spacecraft’s attitude.
The time history for all bending and torsional angles is shown in

Fig. 12. As expected, all angles start at 0, corresponding to the
panel’s undeflected state. As the spacecraft rotates from one attitude
to another, the torque produced by the spacecraft’s attitude-control
devices imparts momentum to the panel, thereby exciting the flex-
ible modes. Note that all bending or torsional angles deflect at the
same frequency, resulting from choosing the same spring and
damper constants for all bending or torsional axes.
The time history for the attitude error, expressed in modified

Rodrigues parameters, and the angular velocity error is shown in
Fig. 13. At the end of the simulation, the attitude and angular
velocity errors converge to zero, indicating that the spacecraft
exhibits robust attitude control despite a flexible appendage. Fig-
ure 13b shows the impact of the flexible appendage on the space-
craft’s attitude, mostly along the x axis. While the other two axes
exhibit the usual damped response, this axis shows a more complex
response, particularly at the beginning of the simulation. This
behavior is due to the panel being longer than it is wide, projecting
along the y axis in a bending motion. Therefore, as the spacecraft
rotates, that additional flexible inertia impacts the x axis more than
the other axes.

VII. Conclusions

This paper presents a unified software architecture for developing
and simulating sequentially rotating spacecraft components specific
to the BSM. By deriving the equations of motion for any rotating
component in a general way, it is possible to create a parent class
that centralizes the physical description of this type of effector.
Then, the user can use the module directly or inherit the parent
class to create a specific component, such as a reaction wheel or a
bending solar panel. This approach creates a library of specific
components that need additional properties or different input/output
connections tailored to the user’s needs. Using the BSM implemen-
tation yields a software solution that is quick to set up and fast to
execute. The capabilities of the general rotating appendage are
demonstrated through two numerical examples, illustrating how this
formulation can simulate controlled, articulated effectors or
approximate the motion of flexing components.

Fig. 11 Schematic of the spacecraft with a flexible panel. The lighter
panel corresponds to the undeflected state. The bending angle is θ, and
the torsional angle is β.

Table 7 Simulation parameters for the flexible panel simulation

Parameter Notation Value Units

Subpanel’s mass mSi
20 kg

Subpanel’s inertia about its center of mass S1 �ISi ;Sci � S1 21.75 0 0

0 15.15 0

0 0 36.6

kg ⋅m2

Subpanel’s center-of-mass location with
respect
to hinge point

SirSci ∕Si
Si �0; 1.8; 0�T m

Position between hinge points SirSi∕Si−1
Si �0; 3.6; 0�T m

Bending rotation axis Si ŝi
Si �1; 0; 0�T — —

Torsional rotation axis Si ŝi
Si �0; 1; 0�T — —

Bending linear spring constant ki 400 �N ⋅m�∕rad
Bending linear damper constant ci 80 �N ⋅m�∕rad
Torsional linear spring constant ki 20 �N ⋅m�∕rad
Torsional linear damper constant ci 10 �N ⋅m�∕rad

§§§https://hanspeterschaub.info/basilisk/examples/
scenarioFlexiblePanel.html.

¶¶¶https://youtu.be/kbcqUD4MW9c.
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Appendix A: Double-Summation Equalities

Double summations appear often in the development of the
equations of motion, which can be represented generically as

N

i�1

i

j�1

fij (A1)

While this form is valid, there are many instances in which it is
preferable to reverse the i and j indices; that is, to place the second
argument in the outer loop rather than the inner loop. This approach
is particularly useful when state variables are explicitly written in
the inner loop and must be put into the outer loop for the BSM. To
show how the inner and outer loops can be flipped, Fig. A1 shows a
diagram of a double summation.
Each dot represents a term in the double summation. On the left

side, the iteration is performed rowwise by looping over j from 1 to
i, so that all terms in each row are summed before proceeding to the
next row. On the right, the iteration is done columnwise by looping j
from i to N. These two approaches reorder the iteration order,

swapping the inner and outer loops. From the diagram, it is trivial

to find that the double-summation formula is

N

i�1

i

j�1

fij �
N

i�1

N

j�i

fji (A2)

Some double summations are truncated, with the outer loop

starting at n instead of 1, which is represented by

N

i�n

i

j�1

fij (A3)

Figure A2 shows a diagram of a truncated double summation to

find the flipped summation formula. Again, on the left side, the

iteration is performed rowwise by looping over i from n to N and

over j from 1 to i. On the right side, the iteration is done column-

wise. Because the summation is truncated, the iterations must be

done in two parts: the first section is constant, where the inner loop

goes from n to N, and the second section is decreasing, where the

inner loop goes from i to N. Therefore, when flipping the inner and

outer loops, two different double summations show up, which is

shown in the following truncated double-summation formula:

a) Bending angles b) Torsional angles

Fig. 12 Time history of all degrees of freedom of the flexible panel.

a) Attitude error b) Angular velocity error

Fig. 13 Time history for the hub’s states with a flexible panel.

Fig. A1 Double-summation schematic. Fig. A2 Truncated double-summation schematic.

CARNEIRO, ALLARD, AND SCHAUB 611

D
ow

nl
oa

de
d 

by
 U

ni
v 

of
 C

ol
or

ad
o 

L
ib

ra
ri

es
 -

 B
ou

ld
er

 o
n 

Ju
ly

 1
4,

 2
02

6 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.I

01
16

95
 



N

i�n

i

j�1

fij �
n

i�1

N

j�n

fji �
N

i�n�1

N

j�i

fji (A4)

Appendix B: Dynamic Equations of Motion Verification
Procedure

A fundamental step in any simulation concerns the verification of
the equations developed. Because the equations of motion represent
a physical, mechanical system, conservation laws can be used to
verify that both the software implementation and the underlying
equations are correct. This verification is impossible if some cross-
coupling terms, even the smaller ones, are removed. In particular,
the principles of energy and angular-momentum conservation can
be used to verify that the model satisfies physical laws. In an
environment where only conservative forces and torques are
present, the energy and angular momentum of the entire system
must be conserved. In other words, the energy (a scalar) and the
angular momentum, expressed in the inertial frame N (a vector),
must not change throughout the simulation.
Furthermore, energy and angular momentum can be separated

into their orbital and rotational components, which must be con-
served. This separation arises from the large magnitude difference
between the orbital and rotational parts. Failing to separate the two
contributions could lead to minor errors in one rotational component
going undetected, as the orbital term overwhelms the result.
In line with the BSM, the energy and angular momentum equa-

tions are written to separate the hub and center-of-mass properties
from the specific effector contributions. Only the effector contribu-
tions to the rotational terms are shown; see Ref. [18] for details on
the full equations. The contribution to the rotational energy is

Trot �
N

i�1

1

2
ωSi∕N ⋅ �ISi ;Sci �ωSi∕N � 1

2
mSi

_rSci ∕B ⋅ _rSci ∕B (B1)

while the contribution to the rotational angular momentum is

Hrot;C �
N

i�1

��ISi ;Sci �ωSi∕N �mSi
rSci ∕B × _rSci ∕B� (B2)

The conservation laws are verified by a simulation that includes
the effectors modeled in this paper, and the results are shown in
Fig. B1. The energy and angular momentum at each time step are

compared with their values at t � 0. This comparison is performed
by dividing the difference between the two values by the initial
value, yielding a relative difference. Due to the finite number of bits
in computers, the relative difference is never zero but rather very

close to machine precision, on the order of 10−15. Moreover, the
relative difference does not stay completely constant. Instead, it
appears to be a random walk, which is common with fixed-time-
step integrators.
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