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Abstract Charged space objects experience small perturbative torques and forces
from their interaction with Earth’s magnetic field. These small perturbations can
change the orbits of lightweight, uncontrolled debris objects dramatically even over
short periods. This paper investigates the effects of the isolated Lorentz force, the
effects of including or neglecting this and other electromagnetic perturbations in a
full propagation, and then analyzes for which objects electromagnetic effects have
the most impact. It is found that electromagnetic forces have a negligible impact
on their own. However, if the center of charge is not collocated with the center of
mass, electromagnetic torques are produced which do impact the attitude, and thus
the position by affecting the direction and magnitude of the solar radiation pressure
force. The objects for which electrostatic torques have the most influence are charged
above the kilovolt level, have a difference between their center of mass and center
of charge, have highly attitude-dependent cross-sectional area, and are not spinning
stably about an axis of maximum inertia. Fully coupled numerical simulation illus-
trate the impact of electromagnetic disturbances through the solar radiation pressure
coupling.
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Introduction

The two-body equations of motion are not sufficient to describe the orbital motions of
all objects. At low altitudes, Earth’s spherical gravity and drag strongly perturb cer-
tain orbits. Further out in Geosynchronous (GEO) orbit, all objects are perturbed by
lunar and solar gravity, and some High Area-to-Mass (HAMR) objects are strongly
perturbed by Solar Radiation Pressure (SRP) [1].

However, SRP is not sufficient to explain the motions of all HAMR GEO objects.
The 28th International Symposium for Space Technologies and Sciences held in Lon-
don, England, in June 2011 identified this issue. Professor Schildknecht discussed
that families of HAMR objects have been identified whose mean motion changes
remain very small, while the orbital angular momentum of these objects changes sig-
nificantly with eccentricities varying up to 0.7. The physical cause of this motion
remains unclear, but has led to the hypothesis that a Lorentz force might be involved
due to charging [2]. Additionally, Wiesel recently reported [2] some near-GEO debris
objects which appear to accelerate towards the Sun during the propagation interval,
which is impossible with SRP. One possible source of this discrepancy is that these
objects may be interacting with Earth’s magnetic field.

Some of these objects that are hard to model are thought to be torn-off pieces of
Multi-Layer Insulation (MLI) Fig. 1 [3]. Samples returned from the Hubble Space
Telescope showed cracks in areas of constrained loading, and had a tendency to curl
up when peeling off [4]. MLI may peel off of GEO spacecraft, and could charge to
very high potentials during geomagnetic storms [5]. This charging causes a transla-
tional Lorentz force, and may cause a significant electrostatic torque depending on
the relative distance between the center of charge and center of mass. Additionally,
if the object is rotating relative to an external magnetic field it will experience a eddy
current torque, which often acts to slow the rotation.

Früh et al. were the first to publish results modeling the electrostatic charging
effects on HAMR objects [6]. This initial work adds the Lorentz force and eddy
torque to the more standard list of perturbations for an HAMR plate. Including these
two new effects changes the orbit by nearly a tenth of a degree in inclination and
0.002 in eccentricity after only 12 hours. Paul et al. [7] modeled a sphere for which
torques are not included and found much less dramatic results. Hughes et al. [8]
recently considered a rigid, 1/4 mil thick plate similar to Früh et al., but added electro-
static torques as a perturbation and found that considering these perturbations caused
large changes to the orbital elements.

This paper examines under what conditions the electrostatic charging or the Eddy
current need to be included, and how they impact the resulting orbital motion. First,
a charged sphere is studied using a Gaussian variation of parameters and acceleration
magnitude to find the size regime where the Lorentz force will matter and how the
orbit will change. Next, different propagators which include or neglect certain pertur-
bations are used for a HAMR plate similar to the one used by Früh et al. to determine
the coupled effect of these perturbations. Next, Monte Carlo analysis is used to
investigate whether these findings are significant considering the spread due to atti-
tude variation. The change in both ECI position and classical orbital elements are
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considered. Finally, the objects and orbit scenarios are found for which electrostatic
torque will matter the most.

Overview of Electrostatic Force and Torque Estimation

There are many methods for predicting the electrostatic force and torque on con-
ductors in external fields. They vary in computational speed, accuracy, and analytic
predictive ability.

Multi-Sphere Method

The Multi-Sphere Method (MSM) is an elastance-based method for predicting the
force and torque on conductors [9]. Unlike the Method of Moments or Finite Element
Method (FEM), MSM uses nodes of tunable size and location to match the force and
torque predicted by a higher-fidelity solver such as FEM software. This allows MSM
to predict forces and torques on conductors very quickly which allows for faster-
than-realtime simulations and control. MSM divides into Volume MSM (VMSM)
and Surface MSM (SMSM). [10] VMSM uses relatively few (1-3) spheres placed in
the volume of the object being modeled, while SMSM use a large number (50-500)
of spheres placed equidistantly on the surface of the body. The radii of each sphere
is set so that the self capacitance of the SMSM model matches the self capacitance
of the actual object. SMSM is much easier to set up, but slower to run than VMSM.

In this analysis, MSM is not used for electrostatic force and torque computa-
tion. Rather, SMSM models are used to make parameters needed for the Appropriate

Fig. 1 Flat environmental field schematic
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Fidelity Measures method which is used to compute force and torque. A completed
SMSM model with correctly sized spheres and color representing the charge each
sphere holds is shown in Fig. 2. As is expected, more charge accumulates near
the corners of the plate. The center of charge is located in the center of area, but
the center of mass, about which torques are taken, is removed by 2 mm in both x̂

and ŷ.

Appropriate Fidelity Measures

The Appropriate Fidelity Measures (AFM) method is a closed-form method for pre-
dicting electrostatic force and torque based on a truncated expansion [11]. This
method is very similar to a multipole expansion [12], and gives analytic results which
makes it very suitable for control. In a locally flat field (such as Earth’s magnetic
field at GEO), there is no expansion to truncate, and the AFM results match alternate
formulations [13, 14]. Additionally, if an MSM model is used to make the parame-
ters used in AFMs, the differences between force and torque computed by MSM and
AFMs differ by numerical precision.

Force and Torque Estimation

The force and torque on a charged conductor are the result of the Lorentz field and
the ambient electric field:A = E+v×B, where A is the total field,E is the environ-
mental electric field, B is the environmental magnetic field, and v is the velocity of
the space object relative to the magnetic field, which co-rotates with Earth. Although
electric fields are observed in L shells similar to GEO [15], they are typically oscilla-
tory and would not change an orbit, although they may be able to cause shape changes
in flexible materials.

The differential force on a differential charge moving at v subject to E and B

fields is given by [14]:

dF = dq(E + v × B) (1)

-0.01
0

0.01

Z
 (

m
)

0.05

Y (m)

0

X (m)

0.05
-0.05 0

-0.05
0.8

1

1.2

1.4

1.6

1.8

2

2.2

C
ha

rg
e 

(C
)

10-9

Fig. 2 Flat plate modeled with SMSM
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The torque about the center of mass on a body is defined as
∫
B

r × dF , where r

points from the center of mass to the volume element. Using the differential force to
find the net force and torque on a body gives:

F =
∫

B

(E + v × B)dq (2)

L =
∫

B

r × (E + v × B)dq (3)

If a body is rotating, the velocity relative to the magnetic field will vary over the
body. Assuming an orbit inclined at 16◦, the relative velocity at GEO is ∼1 km/s. If
the body has a radius of 1 meter, and is rotating at 1 degree per second, the relative
velocity from rotation is 10−5 times smaller than that from the orbit. In this analysis
it is neglected.

Define the charge separation vector q and the total charge Q below to simply the
force and torque:

Q =
∫

B

dq and q =
∫

B

rdq (4)

Using the definitions in Eq. 4 in the integrals in Eqs. 2 and 3 gives the following
results for force and torque:

F = (E + v × B)Q L = −(E + v × B) × q (5)

Susceptibilities of AFM Parameters

If the charge distribution were known at all times, Eq. 5 would be enough to predict
force and torque, however, the charge distribution changes as the object rotates and
charges or discharges. This subsection predicts the AFM parameters Q and q using
the body voltage, ambient field A, and two matrices found from the SMSM models
discussed earlier.

If the voltage V is known, Q can easily be obtained through Q = Cs V where
Cs is the self capacitance, which can be found once using a commercial FEA tool as
long as the object does not change shape. The voltage on a spacecraft is a function
of the solar flux, plasma environment, and the material properties of the spacecraft.
There are many tools for predicting this voltage including analytical current balance
methods for spheres, infinite cylinders and infinite planes as shown in Lai [16] or
with computational tools such as NASCAP or SPIS for general shapes.

Predicting the dipole is slightly more complex. The dipole can be thought of as the
total charge Q multiplied by the separation of the center of charge from the center of
mass. The charge will increase with the voltage, which will increase the magnitude
of the dipole but not change the direction. An ambient field will push all the charge
towards one end of the spacecraft. How far an ambient field is able to move the center
of charge is dependent on the geometry and attitude of the spacecraft with respect to
the ambient field. These two effects are lumped into the following equation [11]:

q = χSV + [χA]A (6)
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where χS describes the susceptibility of the dipole to the voltage of the body and
[χA] describes its susceptibility to an ambient field. Both of these susceptibilities
(χS and [χA]) are found from SMSM models made with 100 spheres as shown in
Fig. 2. In this analysis, offsets of centimeters are used which overwhelms the ambi-
ent effect. For example, this 10 cm plate charged to 30 kV with a 2

√
2 cm offset

in a Lorentz field created from a velocity of 1 km/s orthogonal to a 100 nT mag-
netic field will only see a charge-center movement of 7.7 pm. The torque produced
by the center of mass offset is a much stronger (more than 9 orders of magni-
tude) than the torque created by the induced effect. Nonetheless, both effects are
included.

F = CSV A (7)

L = (χSV + [χA]A) × A (8)

Note that χS and [χA] are constants in the body frame much like the inertia tensor.
Direction cosine matrices can be used to rotate A into the body frame or χS and [χA]
into whatever frame A is in to compute torque.

Orbital Impact Considering Only Charging

Charging combines with Earth’s magnetic field to create an electrostatic force and
torque. In this section, only the electrostatic force (Lorentz force) is considered from
the perspective of orbital element changes and the maximum magnitude of accelera-
tion, as torques have no direct effect on the orbital motion. Prior work has postulated
if such Lorentz forces on their own could cause significant perturbations [2]. Thus,
this section illustrates conservative estimates on the maximum perturbations that
could be expected from natural charging. In this analysis a constant voltage of -30
kV is used, even though it will likely change with local time due to changing plasma
conditions.

Gaussian Variation of Parameters

Gaussian variation of parameters are used to find the change in the classical orbital
elements after one orbit due to a general acceleration expressed in the radial (ar ),
along-track (aS), and orbit normal (aW ) directions. For a perfectly circular orbit this
can be done analytically using Gaussian variation of parameters since ν = nt and
Kepler’s equation does not have to be solved. This is done for semimajor axis, eccen-
tricity, inclination, and RAAN below. The argument of perigee rate is undefined for
a circular orbit, and mean anomaly does not change observability.

ȧ= 2

n
√
1 − e2

(
e sin(ν)aR+ p

r
aS

)
→�a=

∫ P

0

2

n
√
1 − e2

(
e sin(nt)aR + p

r
aS

)
dt

= 2P

n
√
1 − e2

p

r
aS (9)
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�e =
∫ P

0

√
1 − e2

na

[

sin(ν)aR +
(

cos(ν) + e + cos ν

1 + e cos ν

)

aS

]

dt = 0 (10)

�i = 1

2π

∫ 2π

0

r cos(ν + ω)

na2
√
1 − e2

aW dν = 0 (11)

�� = 1

2π

∫ 2π

0

r sin(ν + ω)

na2
√
1 − e2 sin(i)

aW dν = 0 (12)

For a perfectly circular orbit, the only secular change is in the semimajor major axis,
and is caused by an along-track acceleration. The Lorentz force cannot possibly be
in that direction, as the force must act perpendicular to both the velocity and the
magnetic field. Since the magnetic field at equatorial GEO points mostly north, the
Lorentz force will be nominally in the radial direction. In reality, no orbit is per-
fectly circular, and osculating changes to the elements can cause secular changes
through feedback, but this simple analysis shows that a Lorentz force has no first-
order impact on a circular orbit since the lorentz force cannot possibly be in the
along-track direction.

Acceleration Magnitude Analysis

In the earlier section, it is shown that there is no expected secular drift due to the
Lorentz force for a circular equatorial GEO orbit. In this section the maximum
accelerations caused by the Lorentz force are compared to other orbital forces. This
provides an estimate of how much charging could impact osculating perturbations as
a function of object size. Consider the example case of a charged aluminum sphere in
geosynchronous orbit inclined by 16◦ subjected only to the point mass gravity of the
Earth, SRP, and the Lorentz force. For SRP, assume the cannonball model with full
absorption. For the calculation of the Lorentz force, assume the magnetic field points
due north with a strength of 100 nT, and that the inclined orbit gives a relative velocity
of 1 km/sec and that the sphere is charged to −30 kV. 100 nT is a good ballpark num-
ber for the strength of the magnetic field at GEO,−30 kV is a worst case number, and
the relative velocity comes from the inclined orbit having velocity components differ-
ent than the co-rotation velocity (�v = v sin(i) = 3.2 km/sec sin(16◦) ≈ 1 km/sec).
As the sphere changes size, its area to mass ratio changes as do the acceleration due
to Lorentz forces.

The acceleration of the aluminum sphere due to these three perturbations as a
function of its size is shown in Fig. 3. As expected, the acceleration due to gravity is
constant with respect to the object size. The force from SRP grows with the square of
the radius, and the Lorentz force grows linearly with the radius, but the mass grows
as the cube of the radius. This means that the SRP acceleration decays as 1/r while
the Lorentz acceleration decays as 1/r2. Because of this, Lorentz forces are more
significant when the object is small, as can be seen in Fig. 3. For the situation mod-
eled here, charging is as significant as SRP for sphere with r ∼ 20μm and charging
is the dominant acceleration for spheres smaller than 10 μm. For larger spacecraft
with r ∼ 1 − 10m, gravity dwarfs SRP, which dwarfs charging. For more conser-
vative charging levels, the sphere must be even smaller for charging to matter. This
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Fig. 3 Accelerations of an aluminum sphere as a function of size

analysis shows that Lorentz forces only impact dust-sized object in a significant man-
ner. For larger objects as spacecraft or spacecraft components such as torn-off Mylar
these electromagnetic forces are exceeding small and have a negligible impact. How-
ever, the impact of electromagnetic perturbations does not end here. The next section
investigates the impact of electromagnetic torques along with other perturbations.

Numerical Propagation of Nominal Case Including Charging

Perturbations Considered

Numerous perturbations due to Earth, Moon, Sun, solar pressure, electrostatics and
Eddy current influence the orbits of HAMR objects at GEO. Each perturbation
considered is detailed in Table 1 with either the exact equation or a short description.

Eddy current torque is included as well. When a conductor spins in a magnetic
field, the mobile electrons move in loops because of induction. No net force is felt

Table 1 Forces and Torques acting on Space Debris

Perturbation Force Torque

Earth gravity Spherical Harmonics up to 4th order L = 3μ
R5

c
Rc × [I ]Rc

Lunar gravity point-mass gravity 0

Solar gravity point-mass gravity 0

SRP Absorptive, specular, and diffuse reflection L = rsep × F SRP

Electrostatic F = Qv × B L = qsep × (v × B)

Eddy Currents 0 L = ([M](ω × B)) × B
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because the current path is closed, but an eddy current torque is felt. Gomez recently
developed a general method for calculating this torque [17] through

L = ([M](ω × B)) × B (13)

where [M] is the magnetic tensor. For a flat plate, the matrix [M] is given by

[M] = CT

σe

4
nnT (14)

where σ is the conductivity, CT is a constant dependent on shape and size, and n is
a unit vector normal to the plane. For a rectangle with length l greater than width w,
CT is found using St. Venant beam theory:

CT ≈ lw3

3(1 + 1.38(w2

l2
)1.6)

(15)

in the cases considered, the normal axis of the plate is ẑ which makes the torque equal
to

L = ([M](ω × B)) × B = CT

σe

4
(ω1B2 − ω2B1)

⎡

⎣
B2
B1
0

⎤

⎦ (16)

It is interesting to note that if the plate is spinning about its axis of maximum inertia,
ω3 will be large and ω1 and ω2 will be small or zero. The eddy torque will also be
small, and the object’s spin will be relatively unaffected. If the object is tumbling,
only the spin rates about the body 1 and 2 axes are removed and it will eventually fall
into a stable spin about its axis of major inertia.

The magnitude of the SRP force is determined by the solar flux and the illuminated
area. The direction is governed by the amount of light that is absorbed and reflected
specularly and diffusely. The SRP force is given by [18]:

F = pSRP A cos(θ)

[

ρAŝ + 2ρs cos(θ)n̂ + ρd(ŝ + 2

3
n̂)

]

(17)

Where θ is the angle between the Sun-pointing line and the face normal, ŝ is the
Sun-pointing vector, n̂ is normal to the plane, and ρA, ρS, and ρD are the absorptive,
specular, and diffuse coefficients, respectively, which must sum to unity.

Magnetic Field Models

Earth’s magnetic field at low altitudes is well approximated by the IGRF model,
which takes many factors affecting Earth’s geodynamo into account. Outside Earth’s
magnetosphere, the magnetic field is purely a function of space weather and has little
to no dependence on Earth’s own magnetic field. At GEO, these two effects combine
to make a complex function of time and space weather parameters. The current state
of the art for modeling this field is the Tsyganenko model [19]. There have been
many versions and updates to this model, but in this analysis the 2001 version is used
with GEOPACK 20081 for coordinate transforms.

1http://ccmc.gsfc.nasa.gov/modelweb/magnetos/tsygan.html

http://ccmc.gsfc.nasa.gov/modelweb/magnetos/tsygan.html
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Table 2 Space weather
parameters used for Tsyganenko
model

Parameter Value

Solar wind dynamic pressure 4 nPa

Solar wind velocity 400 km/s

IMF By 6 nT

IMF Bz −5 nT

DST −30 nT

Since the magnetic field is position dependent, the model is run at each timestep.
The time is assumed to be January 1, 2002, midnight, for all runs. The space weather
parameters used are shown in Table 2, and are representative values that are used by
the Community Coordinated Modeling Center (CCMC) on their single-run website2

This produces a magnetic field model that accounts for the solar wind and Earth’s
geodynamo. As shown in Fig. 4, the field is not well-modeled by a tilted dipole alone.
The x and y axes are in Earth radii, and the z axis is arbitrary. Space weather will have
a dramatic effect on the charging and the magnetic field strength and direction. Solar
storms can cause high charge levels and cause strong electric and magnetic fields
[15]. Since these fields are short-lived and oscillatory, the subsequent electrostatic
perturbations are not directly capable of causing dramatic orbital changes. However,
they may cause shape changes which may then change the orbit. For instance, con-
sider a flexible sheet of conducting mylar, which when uncharged is wadded into a
small ball. If it suddenly charges from +10 V to −10 kV due to a solar storm, it may
inflate and change its area by a factor of 10 or 100. This would dramatically affect
the SRP force and torque which would dramatically affect the orbit.

The voltage of a conducting sheet is perhaps one of the easier spacecraft charg-
ing problems one could pose, nonetheless it is a still a hard problem. The voltage
was modeled under very harsh charging conditions by Früh et al. in [6] for a sheet
with one side conducting and one of different dielectrics such as Kapton and Mylar.
The most extreme voltage found was slightly more negative than −30 kV and
occurred when using the very high ATS-6 flux. In this analysis, a simple and con-
stant value of −30 kV is used to give a rough maximum for the charge level. In many
circumstances, the voltage would be much smaller.

Self Capacitance Estimation for Rectangular Plates

Calculating the self-capacitance of a square plate is a well-studied problem. J.C.
Maxwell himself estimated it to be 0.40 pF for a 1 cm square [20], and current com-
putation methods now estimate it at 0.4019 pF [21]. The self capacitance of two
geometrically similar objects, will scale linearly with any dimension. For instance,
the self capacitance of a sphere is given by C = 4πε0R. For a flat plate, capacitance
can be expressed as c = C/B where C is the true capacitance in Farads, and B is the
bigger side of the plate. For a square plate B is just the edge length.

2http://ccmc.gsfc.nasa.gov/requests/instant/tsyganenko.php

http://ccmc.gsfc.nasa.gov/requests/instant/tsyganenko.php


J of Astronaut Sci (2018) 65:135–156 145

Fig. 4 ECI Magnetic field used
in this study, Z axis is arbitrary
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Reitan and Higgins [22] produced a very useful curve from which c can be extrap-
olated from the aspect ratio of the big to small side B/S. Ten points are read off this
curve, and a power law is used to fit it with good accuracy (r2 = 0.9995). The power
law is shown below.

c =
(

0.402 ∗ 10−10 F

m

)(
B

S

)−0.4733

(18)

The capacitance is used to convert the voltage, which can often be estimated from
space weather parameters and is assumed to not depend on size or shape, to the
charge. The amount of charge will dictate the magnitude of the force.

Numerical Propagation of Nominal Case

A nominal case of a thin rigid square of mylar is considered first. The material param-
eters are shown in Table 3. The inertia tensor is computed assuming constant density.
The center of charge is separated from the center of mass by rCC while the center of
pressure, which is used for SRP, is separated from the center of mass by rCP. Any
matrix values not explicitly defined are zero. The initial state of the plate are that it’s
initial attitude is aligned with the ECI frame, and it’s initial rate is zero. The initial
orbit elements are a = 42164 km, e = 0.001, i = 16◦, � = 0, ω = 242.3213◦,
ν = 0.

Four different models are used to propagate the orbit of the plate. The longitude
and altitude departure over time are shown in Fig. 5. Model 1 is the full model, model
2 neglects electrostatic force and torque, model 3 additionally neglects eddy torques,
and model 4 additionally neglects attitude-dependent SRP and uses a cannonball
model. The orbits for each of these propagators all start at the same place, with no
altitude departure and 241◦ longitude. By the end of the 48 hour propagation, the full
model predicts a location that is 1441 km away from the model that neglected only
statics, 2351 km away from the model that neglected statics and eddy torques, and
3354 km away from the model that neglected all electromagnetic effects and used
cannonball SRP.

The Gaussian variation of parameters analysis shows that electrostatic forces can
only affect the orbit by a few tens of meters per orbit, yet Fig. 5 shows thousands
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Table 3 Nominal HAMR
propagation values [6, 23] Parameter Value

Thickness 1/4 mil (6.35 μm)

Density 1.39 g/cm3

Lx 10 cm

Ly 10 cm

C 4.02 pF

rCC [2, 2, 0]T cm

rCP [2, 2, 0]T mm

χS 80.43 ∗ [1, 1, 0]T fF m

χA(1, 1) 5.393 ∗ 10−11 F m2

χA(2, 1), ψA(1, 2) 1.711 ∗ 10−14 F m2

χA(2, 2) 1.613 ∗ 10−12 F m2

ρA 0.5

ρS 0.2

ρD 0.3

σC 3.5*107 S/m

M3,3 333.12 Sm4

of kilometer departures caused by including electrostatic and eddy effects. To inves-
tigate how such small forces and torques can cause such a drastic change in the
orbital position, the magnitudes of the linear and rotational accelerations are now
investigated. For the full propagator model, the norm of the linear and rotational
accelerations are shown in Fig. 6.

As is expected for a circular orbit, the linear acceleration from Earth’s gravity stays
constant. The SRP acceleration is heavily attitude dependent and changes magnitude
quickly as the plate tumbles, but is still by far the largest perturbation. Solar and

240 242 244 246 248 250
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Fig. 5 Longitude and altitude for plates with different propagation models
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Fig. 6 Accelerations for charged HAMR object during propagation

Lunar gravity change slowly as the distance to the plate changes. The electrostatic
force is the smallest by many orders of magnitude.

As for the torques SRP is still the largest, but is followed more closely by electro-
static and eddy torques while gravity gradients are many orders of magnitude smaller.
Electrostatic and eddy torques cause rotational accelerations near 1 Radian per hour2,
which means that in one hour they could change the attitude by 1/2 a radian if they
acted in the same direction using �θ = 1

2 θ̈�t . This is the key to how electrostatic
and eddy effects can change an orbit so drastically — over time periods longer than
a few hours, electrostatic and eddy torques can significantly change the attitude of a
HAMR object, which changes SRP, which changes the orbit.

This matches the findings of other authors as well. Früh et al. [6] found that includ-
ing eddy torques for a thin HAMR object caused major orbital differences, but Paul
et al. [7] modeled a sphere for which torques do not act and found minimal orbital
differences. The Lorentz force cannot change the orbits of objects large enough to
be observable. However electrostatic and eddy torques can change the attitude, and
if the attitude influences SRP, the orbit can be measurably changed.

Monte Carlo Analysis over Initial Attitude

Attitude makes a large difference in the final position of a HAMR object. This begs
the question of whether the thousands of kilometers differences that come from
including or neglecting electromagnetic effects are larger or smaller than the normal
spread from initial attitude. Put more mathematically, assuming a distribution of ini-
tial attitudes, are the differences in the means of the distribution of final positions
when including or neglecting electromagnetic effects significant when compared
with the standard deviation of either population?

To answer this question, the initial attitude of the plate is randomized by choos-
ing three uniformly distributed Euler angles and propagated with models that either
include or neglect electromagnetic effects (electrostatic force and torque as well as
eddy torques). One thousand initial attitudes are propagated for 24 hours and the
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final position and velocities for both models are stored in a master file. The final
ECI positions are shown in Fig. 7. The red dots represent plates that were propagated
including electromagnetic effects, and the blue dots represent plates that were prop-
agated neglecting these effects. The green point is the original position, where all
points would lie if a two body propagator is used for this 24 hour propagation. The
distances on the axes are given relative to the original position, and are in the ECI
coordinate system.

The spread for either population is thousands of km in the along-track direction,
which is comparable to the differences found with different propagation models in
Fig. 5. The mean and standard deviation of the ECI positions for both the popula-
tions propagated with and without electromagnetic effects, and are compared against
each other. The difference in means is normalized by the standard deviation to show
how separate the populations are. For instance, two normal distributions separated by
only 0.01σ are nearly indistinguishable from a single distribution, while two normal
distributions separated by 3σ are obviously two separate distributions. This normal-
ized difference is shown below. Dividing by the standard deviation of the charged
population gives very similar results.

�μX = −0.205 σX �μY = 0.219 σY �μZ = 0.237 σZ (19)

The difference in the means is a significant fraction of the standard deviation when
randomizing initial attitude, which suggests that including electromagnetic effects
does change the orbits of uncontrolled HAMR objects beyond their normal spread. To
further investigate this, the classical orbit elements are computed for both populations
at the end of the propagation period. The final distributions are shown in Fig. 8 for
both the propagation models.

There are many interesting observations to make from these histograms. Firstly,
the spread in all elements after only 24 hours or propagation is very large. All angular
elements except inclination and RAAN have at least 10◦ of spread after only 24 hours,
and the semimajor-major axis changes by hundreds of kilometers. The eccentric-
ity and RAAN visually seem to have different populations stemming from different
propagators. To test the probability that including electromagnetic effects have no
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Fig. 7 Final positions after of HAMR objects at GEO after 24 hour propagation including or neglecting
electromagnetic effects
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Fig. 8 Histograms of classical orbit elements for charging and non-charging propagation

significant effect, hypothesis testing via Student’s t-test is used. A truth test is used
to compute the probability that both sample sets (from using different propagation
models) come from the same actual population and any apparent differences would
disappear with enough samples. In short, the truth test gives the probability that the
differences in the orbit elements are a fluke and not actually due to including electro-
magnetic effects. This probability is shown in Table 4 along with whether the orbital
element is effected by electromagnetic effects applying a 5% probability threshold.

Eccentricity and RAAN have vanishing probabilities of not being effected, and
semimajor axis has a very small one. This means that including electromagnetic
effects such as Lorentz forces and torques as well as eddy torques makes a significant
difference even when randomizing the initial attitude of the plate. For the example
case of an extremely lightweight metallic sheet at -30 kV, including electromag-
netic effects is necessary for accurate propagation. The next section will investigate
whether electromagnetic effects are as important for other objects and scenarios.

Table 4 Hypothesis testing for
effect of electromagnetic effects Orbital element Probability of no effect Affected?

Semimajor axis 1.96% Yes

Eccentricity 9.97e-7% Yes

Inclination 76.2% No

True anomaly 21.1% No

RAAN 4.24e-4% Yes

Argument of perigee 44.6% No
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Comparison of Torques for General Objects

SRP is the driver for HAMR objects, but it can be steered by electromagnetic torques.
This section investigates what objects are susceptible to such electromagnetic
torques. First consider the same 10 cm square plate considered in previous analysis,
but allow the voltage to vary. If the plate is uncharged electrostatics will no longer
act, and earlier analysis shows that at -30 kV it does matter, but is there a charg-
ing threshold where electrostatics begin to contribute? To answer this question, the
voltage of the plate is varied logarithmically from 10 Volts, which is a normal float-
ing potential, to 100 kV, which is slightly higher than the worst case charging ever
modeled. Ferguson et al. [24]. The plate’s orbit is propagated for 24 hours, and the
torques are recorded. The angular acceleration that the plate experiences due to each
perturbation is shown in the log-log plot in Fig. 9. The linear accelerations are not
shown because the orbit change comes from electromagnetic torques reorienting the
plate which changes SRP.

Since all of the torques are attitude dependent, they vary quickly through time
as the plate tumbles. To give a sense of the normal variation, the mean and 1-σ
bounds are shown. Because many of the torques are logarithmically distributed, the
standard deviation is larger than the mean, and does not apply for a non-symmetric
distribution. Rather, the logarithms or the angular accelerations are used to make the
statistics, then exponentiated for plotting. This is shown below:

x′ = log(x) → x̄ = 10x̄′
(20)

→ x̄ ± σx = 10x̄′±σx′ (21)

The torques from gravity gradients, SRP, and eddy currents are all relatively constant
with voltage, which would be expected. However, the torque from electrostatics rises
steadily. If 1 radian is used as an arbitrary marker of a significant attitude change,
the time scales on which electrostatics will act can be investigated. For 10 Volts, the
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Fig. 9 Angular accelerations due to various perturbations at different voltages
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mean angular acceleration is 3.5e-3 Rad/hr2. Using �θ = 1
2 θ̈�t2 gives a time scale

of 23.8 hours. At 600 Volts, the time needed for significant attitude perturbations is
3 hours, and at 100 kV it only takes 14 minutes. Of course this assumes the torque
is always about the same body axis, which is not always true but gives a convenient
upper bound.

This same analysis is repeated varying not voltage but the separation between cen-
ter of charge and center of mass while the voltage is fixed at 30 kV in Fig. 10. Once
again all perturbations except electrostatics are relatively constant, while electrostatic
torques grow with the separation, as this lengthens the moment arm. Electrostatics
become larger than eddy currents for all offsets larger than 1 cm on this 10 cm square
plate, although the variance associated with eddy currents is much larger. Once again
using 1 radian as a threshold for significant attitude perturbations that could influence
the orbit gives timescales on which charging can act. At 0.1 mm of offset, electro-
static torques will take nearly 6 hours to significantly change the attitude, at 1.5 mm,
the timescale is 1.5 hours, and at 5 cm (half the length of the plate), electrostatics
have a timescale of only 16 minutes.

Next consider the same thin 10 cm sheet but hold the voltage, separation of center
of charge and center of mass, and thickness constant, but allow the initial spin to
vary. The initial spin in all prior work is set to zero, but in this section the stability
of spinning about an axis of maximum inertia is considered. Intuitively, a frisbee or
football will be less susceptible to small torques that would otherwise cause it to
tumble if it were spinning faster. Likewise, the thin plate will be less susceptible to
small electromagnetic torques if it were spinning stably about its axis of maximum
inertia, which is the body z axis.

To study this, consider a plate spinning like a frisbee about its z axis at a rate
of ω0. Apply a torque about the body x axis of Lx = χSV B�v = (1.1376 ∗
10−13 C m)(30kV)(100nT)(1km/s) = 3.4127 ∗ 10−13 Nm for one hour, then propa-
gate normally for another hour. The angle between the body z axis and the inertial z
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Fig. 10 Angular accelerations due to various perturbations at different CM offsets
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Fig. 11 Departure from initial Sun-pointing angle due to electrostatic torques

axis (which are aligned at the beginning of the simulation) is plotted below in Fig. 11
for a fast initial spin ( ω0 = 2◦/s) and a slow initial spin ( ω0 = 0.1◦/s). Keep in
mind that with no initial spin, this problem becomes 1 dimensional, and after one
hour of torque the place should have rotated by �θ = 1

2
Lx

Ix
�t2 = 1723◦, nearly 5

entire rotations.
From this simple example the importance of initial spin can be seen dramatically.

If the initial spin is a slow 0.1 degrees per second, one hour of electrostatics can
change the body attitude, which changes SRP, by 50 degrees. If the initial spin is
increased to 2◦ per second, the same electrostatic torque only changes the Sun point-
ing angle by a mere 0.01 degrees. Clearly objects spinning stably about the axis of
maximum inertia are less susceptible to small electrostatic or eddy torques. As an
aside, eddy torques never act about the z axis for plates of vanishing thickness, so they
are not able to change the attitude, and therefore the orbits, of thin plates spinning
about their maximum inertia axis.

To further investigate the trend illustrated above where objects spinning stably are
less susceptible to small torques, vary the initial spin logarithmically from 0.01 to
10 degrees per second and monitor the attitude departure. The attitude is monitored
by computing the mean and standard deviation of the angle between the body and
inertial z axis in the second hour, after the electrostatic torque has been turned off.
This is shown in Fig. 12.

The mean attitude departure in the second hour is shown as the solid line with the
circles and the dashed lines show the 1-σ bounds. When the plate has a low initial
spin, (0.01 - 0.1◦/s per second), the departure is a nearly flat line, because the body
z axis can never be more than 180◦ from the inertial z axis. For higher initial spin
rates (ω0 > 0.1◦/s per second), the departure angle drops quickly. Choosing again
the arbitrary marker for significant attitude change of 1 radian (∼ 57◦) gives a cutoff
spin rate past which electrostatic torques may not have as much influence on the orbit
of 0.085 ◦/s per second.

Keep in mind that in this simulation the electrostatic torque is assumed to act
completely in the body x axis and be constant. This is not likely in the full coupled
problem. Additionally, these results hold only for the 10 cm by 10 cm by 1/4 mil
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Fig. 12 Influence of initial spin on attitude departure

sheet of mylar charged to 30 kV. Heavier and less dramatically charged objects will
require smaller stable initial spins to overwhelm the electrostatic torques.

For the thin cases considered earlier, SRP is very sensitive to attitude – if the
plate is directly facing the Sun the acceleration is thousands of times larger than
if the plate faces orthogonal to the Sun. For a cube, the attitude only changes the
exposed area by a factor of 2 or 3. This shows that objects like plates with highly
attitude-dependent cross-sectional are more susceptible to the small torques caused
by electrostatics and eddy currents. Additionally this heavier object will be less
susceptible to non-gravitational perturbations like electrostatics and SRP.

To explore this, consider the same 10 cm square of Mylar, but allow the thickness
to vary from the very thin 1/4 mil (6.35 μm) to 10 cm which turns the sheet into a
solid cube of Mylar. As this 10 cm cube weighs 1.39 kg, this is a good approximation
of a cubesat. Each of the sheets are propagated for 24 hours, and the linear and angu-
lar accelerations are recorded at each time, much like the results shown in Fig. 6. The
mean and standard deviation are computed for the time-series of the accelerations for
each plate thickness and are plotted in Fig. 13. The means are plotted as solid lines,
and the 1−σ bounds are shown as dashed lines. In some cases the standard deviation
is larger than the mean, and the lower bound of the norm is negative and does not
appear on this log plot.

There are many interesting trends in both plots. Considering linear accelerations,
the gravitational accelerations are constant with object size. This is expected as mass
divides out of the gravitational formula. The non-gravitational accelerations (Lorentz
force and SRP) decrease as the plate gets thicker because the force stays roughly con-
stant (the full 3-dimensional SRP calculation is performed, but the self capacitance
is assumed to stay constant even though the plate becomes thicker). The Lorentz
force is consistently the smallest perturbation, and is nearly 10,000 times smaller than
SRP. This will not have a large effect on propagation. For the angular accelerations,
gravity gradient accelerations remain constant, as both the torques and the inertia
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Fig. 13 Acceleration on plates of varying thickness from different perturbations

increase as the plate gets thicker. All other accelerations become smaller because of
the increasing inertia. SRP is the largest torque, but is followed by electrostatics and
eddy torques. Eddy torques have a more negative slope than electrostatics – this is an
indirect effect due to the thicker plates spinning up to lower rates, which causes the
eddy torques to decrease.

For large heavy objects, the torques will take much longer to change the attitude
and “steer” SRP. Furthermore, these objects will not change their exposed areas as
much due to rotations, which further suppresses the orbital effects of electromag-
netic torques. For small lightweight objects, the small electromagnetic torques can
drastically change the orbit by changing the attitude.

Conclusion

There are many perturbations which influence the orbit of GEO objects. This paper
first develops the models needed to include electrostatic perturbations for GEO
objects, next investigates how these perturbations change the orbit, and lastly ana-
lyzes the objects and orbit scenarios where electrostatic and eddy perturbations will
be the most significant and ought to be considered.

The Appropriate Fidelity Measures method is applied to a rigid conducting plate
in a locally flat environmental field to calculate the electrostatic forces and torques.
The Eddy torques are also included. The first section establishes the methods needed
to calculate electromagnetic perturbations. It is found that the most significant source
of torque for an object in a flat environmental field is the offset between it’s center of
charge and center of mass.

For a spherical object, the Lorentz force is insignificant for objects larger than 100
μm in diameter, as gravity and SRP dominate. For non-spherical objects, the weak
torques from electrostatic and eddy effects can change the attitude, which changes
the strong perturbation of SRP. This allows the weak electromagnetic perturbations
to steer the strong SRP perturbation and change the orbits of objects large enough
to be observed. Including these electromagnetic effects can change the final position
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after 2 orbits by thousands of kilometers, and cause significant differences even if the
initial attitude is varied. The take away from the second section is that it is the elec-
tromagnetic torques, not forces that are significant because they change the attitude,
which changes SRP, which changes the orbit.

The objects that are the most susceptible to these small electromagnetic torques
is investigated by comparing to a nominal HAMR sheet of Mylar charged to 30 kV,
having a 2.82 cm offset between the center of mass and center of charge, and no ini-
tial spin. Holding all else constant, electrostatics will begin to significantly contribute
for voltages higher than a kilovolt, or separations larger than a millimeter. Even if
these small electromagnetic torques can change the attitude in a short time, this will
only translate to large orbit changes if the area exposed to SRP changes dramatically
because of this attitude change as it does for a thin plate. The inertia and mass also
change as the thickness of a plate grows, and increase the time needed for electro-
magnetic torques to take effect. Lastly the initial spin rate about a stable axis is found
to reduce the effect of electrostatics. For the object considered here, spins faster than
0.1◦/s per second are found to overwhelm electrostatics on the time period of an hour.

Altogether it can be concluded that the objects that are the most susceptible to
electromagnetic perturbations are either very small (∼ 1μm) or have highly attitude-
dependent cross sectional area, and are highly charged, have a center of charge far
from its center of mass, and not be spinning quickly about a stable axis.
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