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Abstract

Unmodeled forces and torques can cause significant variations in the desired position
and attitude of a spacecraft in orbit. For the attitude part, disturbances are typically
absorbed by reaction wheels, which have the ability to store external torques in the
form of angular momentum. This paper investigates the use of a gimbaled solar electric
propulsion thruster to manage reaction wheel momentum, in addition to its primary
scope of providing low thrust to follow a heliocentric trajectory, with the aim to
prevent the wheel momentum from growing excessively. The thruster is mounted on
a dual-gimbaled platform attached to the spacecraft hub. The two degrees of freedom
associated with the direction of the thruster are exploited to counteract the momentum
buildup on the wheels and reduce the necessity of performing impulsive momentum
management. The novelty of this work is the complete kinematic analysis of this
system for general spacecraft configurations with such a gimbaled thruster. Large
rotating solar arrays provide the required power for the electric thruster and are also
used to leverage the solar radiation pressure torque to offload momentum. Emphasis
is placed on the problem of determining how to align the thruster in the presence
of uncertainties in the center of mass location. The steady-state integral feedback
term of the attitude control law is used to inform a sequential least-squares estimator
about the location of the center of mass, which is iteratively estimated. The results
illustrate that even with small degree-level thruster platform orientation changes, the
three-dimensional center-of-mass location can be estimated.
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1 Introduction

Modern spacecraft designs often involve the presence of electric thrusters given their
high specific impulse and, consequently, lower propellant mass requirement [1]. On
the downside, the spacecraft needs to produce enough electrical power to sustain such
electric thrusters. For spacecraft orbiting Earth or orbiting the Sun within the inner part
of the Solar System, this requirement often translates into the necessity of equipping
the spacecraft with very large solar arrays to meet the power demand. This, on the other
hand, makes the effects of the solar radiation pressure (SRP) acting on the spacecraft
system significantly stronger, as large solar arrays can act like solar sails that can
cause the spacecraft to drift away from the nominal attitude [2]. The attitude of the
spacecraft is often designed to meet a series of pointing requirements and therefore
must be maintained within a certain accuracy. For this reason, the torque resulting from
SRP, as well as other unmodeled external torques, is typically absorbed by momentum
exchange devices such as reaction wheels (RWs) or control moment gyros (CMGs).
These actuators are spun up and down to exchange momentum with the spacecraft
and perform attitude maneuvers, or, conversely, they can hold the spacecraft attitude
in place while absorbing external torques [3]. In the second case, because external
torques act on the system, the angular momentum is accumulated on the actuators,
rather than on the spacecraft hub. This can be done up to a certain point, because
significant problems arise when RWs or CMGs are spun at very high angular rates.
First, this causes mechanical stress on the bearings and significant power consumption.
Second, a high accumulated momentum makes it increasingly harder to control the
spacecraft, requiring a larger torque from the actuators, which might in return not be
able to deliver it.

For the aforementioned reasons, momentum management is a necessary part of
mission design. Here, external torques are delivered to the system so that the resulting
variation in net momentum reduces the angular velocities of the wheels. In the most
general case, this is done through a set of thrusters located on the main hub, typically
in pairs, to avoid producing net forces on the system that could cause trajectory devi-
ations. This choice is associated with an additional use of propellant mass and also
with the problem of high-frequency oscillation caused by the thruster firing. The firing
of on-off thrusters can excite the vibrational modes of long appendages, such as the
solar arrays [4] or require accurate positioning of the payload [5]. Another problem
related to performing momentum dumping using thrusters is the fact that one or more
of them might fail. For this reason, there exists work in the literature that addresses
how to dump momentum using alternative underactuated control torques [6]. In this
case, however, momentum dumping occurs over multiple phases that require attitude
reorientation, and therefore, the temporary loss of the reference attitude. Other existing
work investigates how to continuously manage momentum build-up exploiting envi-
ronment features, such as the gravity gradient torque [7], or Earth’s magnetic field,
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by means of onboard magnetorquers [8]. However, both these approaches are only
applicable for Earth-orbiting satellites and not for deep-space missions.

Some of the more recent mission designs have explored the idea of mounting the
electric thruster on a dual-gimbal mechanism that allows to control the direction of
the thrust vector with respect to the spacecraft hub. In principle, this is motivated by
the need to adjust the thrust direction based on the system center of mass as it changes
over time [9, 10] and avoid additional momentum accumulation due to a thruster
misalignment. However, this design can be leveraged to take an additional step forward,
by intentionally offsetting the thruster with respect to the center of mass in order
to produce a counterbalancing torque on the system that can offload the momentum
accumulated due to external perturbations. A similar concept has been implemented for
the recent Psyche mission, involving two such thrusters, each mounted on a dual gimbal
[11], and similarly it is the driving design for the Emirates Mission to the Asteroid Belt
[12, 13]. The use of gimbaled electric thrusters to perform momentum management,
sometimes in combination with exploitation of external perturbations such as SRP,
have been discussed before [14, 15] and implemented in missions like Hayabusa 1
and 2 and BepiColombo. The Hayabusa spacecraft, however, featured hard-mounted
solar arrays: SRP was leveraged passively, as a stabilizing torque that allowed to
maintain Sun pointing configuration while cancelling other perturbations [16]. The
BepiColombo spacecraft, on the other hand, made a more deliberate use of the torque
available through SRP exploitation using articulated solar arrays. In the BepiColombo
mission, arrays were actuated in order to produce control torques that offloaded the
reaction wheels, in a similar fashion to what is proposed in this work [17]. The main
difference between the approach presented in this paper and the BepiColombo mission
consists of the concurrent use of the gimbaled SEP thruster and rotating solar arrays
for momentum management, which in the architecture presented here constitute a full,
three-axial control strategy. The BepiColombo spacecraft, in contrast, leveraged the
SRP on the rotating arrays in combination with chemical propulsion for momentum
management, without fully exploiting the SEP thruster’s torquing capability. Even
for approaches that apply very similar ideas and designs to those presenting in this
paper, the existing literature could benefit from an expansion on detailed analytical
derivations of the guidance and control laws required for such applications and their
stability, as well as simulation results considering fully-coupled system dynamics.

Whether the goal is to perform continuous momentum management, or to produce
zero net torque on the system, accurate knowledge of the location of the center of mass
of the spacecraft system is needed to fire the thruster along the right direction. Mass
properties are often estimated by performing calibration maneuvers, during which
the large angular rates and accelerations of the slewing spacecraft are measured and
constitute the observations for several Kalman filters that provide updated estimates
of the inertia tensor, the location of the center of mass, and the total system mass
[18, 19]. These filters combine measurements from onboard instruments with first
principles, such as conservation of angular momentum [20]. However, such maneuvers
require specific calibration procedures that involve large slews that can interrupt the
spacecraft’s nominal operations [21] and once again excite the vibrational modes of
flexible components. Finally, rotating calibration maneuvers can agitate the fuel inside
the tanks, which would otherwise tend to accumulate along the thrust direction as a
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result of the propulsive thrust. Other methods for estimating inertia properties involve
articulation of moving appendages: accurate knowledge of the mass and position of
the appendage with respect to the body, combined with velocity measurements, allows
to estimate the inertia properties for the whole system [22]. This work aims to propose
a CM estimation algorithm that works concurrently with the momentum management
techniques proposed in this article, in order to quickly converge on a CM estimate
without performing ad-hoc calibration maneuvers that would otherwise interrupt the
flow of spacecraft operations.

This work considers a spacecraft on a heliocentric orbit, propelled by a solar electric
propulsion (SEP) thruster. The thruster is mounted on a platform that is connected to
the spacecraft hub via a two-axis gimbal that enables tip-and-tilt type of rotations.
Additionally, the spacecraft features two solar arrays attached to the hub via one-
degree-of-freedom hinges, which allow the arrays to rotate about the hinge axis to
maximize illumination. The first goal of this paper is to articulate the platform to align
the thrust direction with the center of mass (CM), when the desire is to not produce a
net torque on the system. Secondly, this paper looks into designing a control algorithm
that aligns the thruster at an offset with respect to the system CM, to have the resulting
torque counteract the momentum building up on the wheels due to SRP. In a similar
fashion, this paper proposes a control law to differentially articulate symmetric solar
arrays to exploit the resulting SRP torque to further offload the system momentum. The
stability of the momentum management control laws is proved via nonlinear Lyapunov
control theory. Lastly, this paper proposes a technique to continuously estimate the CM
location of the system while the thrust is continuously applied. The motion platform
supporting the thruster is periodically gimbaled to align the thrust vector based on
the current CM estimate. Of interest is how these small platform orientation changes
can be used to make the three-dimensional CM location observable. In this work, the
steady-state response of the attitude control system with integral feedback constitutes
the measurement model to inform the estimator on the torque produced by the offset
between CM and thrust vector. The steady-state integral feedback term accounts for
the net external torque acting on the spacecraft system. The CM location is updated
assuming that this term is dominated by the thruster torque caused by CM uncertainty,
but it also considers the torques due to other external influences, like SRP itself. The
analysis explores the effectiveness of this approach in an integrated mission scenario
that enforces the inertial thruster pointing constraint and corrects the body and platform
orientations to seek long-term thrusting without reaction wheel momentum build-up.

This paper is structured as follows: first, the system dynamics are described in Sec-
tion 2, with an emphasis on the control laws used to actuate the different components.
Section 3 describes an analytical closed-form solution to drive the thruster-platform
assembly through the desired point within the spacecraft. Section 4 and 5 then expand
on this solution to deliver control laws that can feed back on net RW momentum to per-
form continuous, 3-axis momentum management. Section 6 outlines a least-squares
algorithm that allows continuous CM estimation based on integral feedback torque.
Section 7 describes the details of the simulated spacecraft, such as mass properties and
initial conditions. The simulation results are presented in Section 8, and conclusions
are drawn in Section 9.
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2 System Dynamics

The spacecraft analyzed in this paper features several components. The main compo-
nent is the rigid spacecraft hub, whose motion affects the dynamics of all connected
components. The rotational motion of the hub is controlled by means of four reaction
wheels in a pyramidal configuration. The solar arrays and the gimbaled platform, on
which the electric thruster is mounted, are modeled as rigid bodies connected to the
hub by means of hinges that can exchange forces and torques with the hub. Simulating
a spacecraft featuring moving components is a nontrivial challenge because of the
coupled nature of the equations of motion that govern the dynamics of each individual
component. This work is based on the modular software architecture presented by
Allard et al. [23], which retains the fully coupled nature of the equations of motion
while solving the rotational and translational dynamics of the hub first and for the
relative dynamics of the moving components second.

The purpose of this section is to outline the equations of motion and control laws that
govern the dynamics of each individual component, and ultimately, to detail how the
interactions between these dynamic components impact the motion of the spacecraft
as a whole. The vector notation used throughout this paper is the following: (i) left
superscripts refer to the frame a certain vector is expressed in; in the absence of a
left superscript, the equation is valid irrespectively of the frame; (ii) right subscripts
describe the property of a frame with respect to another frame (es: @g, is the angular
velocity of frame B with respect to frame N); (iii) the hat operator ~ denotes a unit
vector; and (iv) the tilde operator ~ denotes the skew-symmetric cross product matrix.
Terms between square brackets are matrices.

2.1 Spacecraft Hub

With respect to Figure 1, the frame N' = {f, fiy, A3} is the inertial frame. The
body frame B = {I;l, I;Z, 33} with origin in point B is fixed with respect to the hub,
and it is the frame in which the spacecraft attitude o 3,z7, angular rates w3, A/, and
angular accelerations wp, A~ are defined with respect to the inertial frame. The attitude
representation adopted in this work and denoted with the letter o is Modified Rodrigues
Parameters (MRPs) [24]. The feedback control law implemented to control the attitude
of the hub is a nonlinear, second-order PID-like controller based on the MRP attitude
formulation [3]:

u =—Kopr— Popr—PKiz+
/N X ([Jwonclopn + [Gslhs) + [Joucl (Or/N — @0B/N X @R/N)
(1

where the first three terms constitute, respectively, the proportional, derivative, and
integral terms, K, P, and K are scalar control gains, and vector z is defined as [25]:
t
2= K [ opmdt + Uwclosr. @)
1

0
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Fig.1 Body, Reference, and Inertial frames

The other terms arise due to the gyroscopic couplings in Euler’s equation of motion
and are needed in the nonlinear control law to ensure asymptotic stability. The tensor
[J1ot,c] represents the inertia of the entire system, minus the inertias of the reaction
wheels about their respective spin axes. See Schaub and Junkins [3] for a detailed
derivation of this control law. The term [G]h describes the angular momentum
contribution of the reaction wheels, and it is described in the next subsection. The
frame R = {ry, r», F3} is the reference frame for the hub, that is, a frame that the
body frame must be driven to, in order to comply with mission pointing requirements.
The problem of defining the optimal reference frame for a spacecraft with multiple
pointing requirements is discussed in Calaon et al. [26]. It is important to note that the
tensor [Jot,c] is, in general, not constant, because it factors in the inertias of moving
components such as the arrays and the thruster platform. Uncertainties on the inertias
of the individual components, combined with uncertainties on the relative position
between them, can make this tensor difficult to estimate. The control law in Equation
Equation (1) is designed to zero the relative attitude o g,z and angular velocity @s,r
between the body frame 3 and a reference frame R. The integral term P K;z has
the ability to zero the bias in the steady-state response due to a constant unmodeled
torque acting on the system. As will be further discussed later in the paper, the integral
feedback term fits well within the purpose of this work, where the assumption is that
the unmodeled torques acting on the system are dominated by the torque produced
by the thruster offset with respect to the system’s CM. When the thruster force and
its application point, in first approximation, do not vary in time, the assumption of a
constant unmodeled torque is consistent.
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bs

Fig.2 Four reaction wheels in pyramid configuration [27]

2.2 Reaction Wheels

Figure 2 shows the reaction wheel setup for the spacecraft hub. The RWs are installed
so that two reaction wheels can provide torque about the first principal body axis
3131 = {1,0, O}T, two about the second principal body axis Bl;z = {0, 1, O}T, and
all four contribute to the torque about the third principal body axis 8133 ={0,0, 1}7.
This is achieved by a 40 degree upward tilt angle in the direction of the wheels’ spin
axes il j»and it is done to ensure that control about each axis is achievable even in the
case of a single wheel failure.

Given the following matrix [G4] = (Bay, By, Birs, Birs} and under the assump-
tion that the center of mass of each wheel is aligned with the respective spin axis, the
rotational equations of motion of the wheels are given by:

B B

urw = hy = Jw(R + [G,17 op/n) 3)

where 2 is the array of wheel speeds and Jw is the inertia of the wheels about their
respective spin axes. The torques to the individual reaction wheels are computed by
means of the minimum-norm solution, based on the requested torque in Equation (1):

-1
urw = —[G,1" (IGIIG,1") u 0

where u is the torque being exchanged between the RWs and the hub. Because the
wheels are balanced and their respective axes do not change with respect to the hub,
the wheels’ dynamics do not affect the location of the CM of the system over time. In
a more refined scenario, it is possible to simulate the static and dynamic imbalance of
the wheels while solving for the fully coupled dynamics of the system [28].

2.3 Rotating Solar Arrays
Each solar array is modeled as a rigid body attached to the hub by means of a single

degree-of-freedom hinge. Rotations about the hinge are aimed to track the direction
of incoming sunlight. With respect to Figure 3, frame A = {a;, a,, as} is fixed within
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Fig.3 Spacecraft and gimbaled thruster sketch

each solar array; however, the spin axis a; is also fixed with respect to the body frame
B, while a; is orthogonal to the power-generating surface of the array, and is ideally
pointed in the direction of the Sun. Solar array flexing is not modeled in this work: for
details on how to model first-order flexing in a modular way, the reader is referred to
Allard et al. [29].

The motion of the system consisting of the hub and solar arrays is described by
a system of three equations that relate to the translational motion of the CM of the
system, three equations that relate to the rotation of the system, plus one equation for
each solar array that describes the additional degree of freedom that enables the arrays
to rotate about their hinge axis. The analytical derivation of the equations of motion is
lengthy and out of the scope of this paper. For details, the reader is referred to Carneiro
et al. [30], which describes how to implement the backsubstitution method to solve for
the equations of motion of a coupled system in a very compact way. For the purpose
of this analysis, the focus is on the fact that the relative rotation between the hub and
the arrays is controlled via a torque input. This is the torque exchanged between the
hub and each array, and it has the form of a PD control law:

usa = — [Ksa(oe — ag) + Psa(@ — ag)la; Q)

where « is the relative angle between hub and array(s) at nominal pose, and « is the
reference angle that ensures maximum sunlight incidence on the array surface. The
derivation of ag is also found in Calaon et al. [26]. In this work, the center of mass
of the arrays is aligned with the spin axis, therefore the motion of the arrays does not
affect the location of the CM of the system.
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2.4 Gimbaled Thruster Platform

The thruster-platform assembly is modeled as a rigid body attached to the bottom
surface of the spacecraft. A two-axis gimbal connects the platform to the main hub,
allowing it to perform tip and tilt rotations with respect to the hub. In this case, two
differential equations are required to describe the dynamics of the gimbal with respect
to the hub, on top of the six equations that describe the translational motion of the CM
and the rotation of the system. The thruster-platform assembly is modeled analogously
to the solar arrays, with the exception that there are, in this case, two degrees of freedom
between the hub and the platform. The equations of motion are once again solved using
the back-substitution method [30]. The two gimbal angles v and v, are also controlled
via torque inputs about the gimbal axes, once again according to PD control laws:

up, = — [KpL(vi — vR1) + PpL(91 — DRy — [KpL(v2 — vR2) + P (02 — vr2)] fo.
(6)
More details on the mount frame M = {m, my, m3} and the platform frame

F ={ f s f 2, f 3}, as well as how to compute the reference angles, are provided
in Section 3. It is important to note that the thrust vector ¢ is defined in platform
frame coordinates, as the thrust force is applied to the platform. However, applying
the backsubstitution method, the force and torque resulting from the thruster’s action
are mapped into resulting force and torque on the system as a whole.

2.5 Combined Equations of Motion

All of the components described above interact with each other through the exchange
of forces and torques. To correctly describe the dynamics of the system in all its parts,
14 equations of motion are required. The equations of motion for the translation of
the system are not relevant in this work. The rotational equations can be simplified
considering the steady-state response of the solar arrays and thruster platform. In the
absence of parasitic torques acting about the hinges and gimbals that connect these
components to the hub, both Equation (5) and (6) are proven to drop to zero once the
desired reference angles are tracked, therefore they do not contribute to the steady-state
equations of motion. PD controls are chosen for the arrays and the thruster platform
for implementation simplicity, and the control gains are tuned in order to ensure a
faster convergence time than the hub attitude. This, however, is not a requirement, and
a different type of control can be modeled without affecting the validity of the results
of this paper. An example of how to implement prescribed motion actuators dynamics
using, for example, stepper motors, can be found in Kiner et al. [31].

The resulting steady-state rotational equations of motion for the combined system
are:

[Jtot,C]d)B/N = —wp/N X ([Jiot,clop/n + [Gslhs) + Liny + Lexc +u @)

where u is the control torque applied to the hub, as per Equation (1) and [Jot,c] 18,
again, the inertia of the entire system at steady state, minus the inertias of the RWs
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about their respective spin axes. Under the assumption that the solar arrays and the
platform have reached their steady-state position, it is valid to assume that [Jo,c] 1S
constant in Equation (7), and that the system as a whole can be effectively treated as a
rigid body. Equation (3) provides the dynamics of the four reaction wheels. The term
Ly consists of any unmodeled external torque acting on the system. In this work,
it corresponds to the SRP toque on the spacecraft. Lastly, Ly, is the torque that the
thruster produces on the system, and it is further discussed in Section 6.

3 Gimbaled Platform Guidance

The platform supporting the electric thruster is modeled as a rigid body attached to the
main spacecraft hub, as shown in Figure 3. To describe the relative motion between the
two, two frames are defined: frame M = {m, m,, m3} is a hub-fixed frame, whose
origin M coincides with the joint through which the platform and hub are connected
and exchange forces. The frame F = { f 1> f 2, f 3}, with origin F, is a platform-fixed
frame. The complexity of the problem involving the articulation of the platform lies in
the fact that the thrust vector is expressed in F-frame coordinates and applied through
point 7', which may not coincide with the origin F of the frame. Furthermore, the
origins of the two frames M and F, in general, do not coincide either. This section
describes how to compute the reference gimbal angles vg; and vy, that align the
thrust direction unit vector £, expressed in F-frame coordinates, through a specific
point C in the hub. This point C can coincide with the system’s CM, if the desire
is to have the thrust not produce a torque on the system. Conversely, it is possible to
intentionally thrust at an offset distance from the center of mass to exploit such a torque
to perform momentum management. This section does not consider the uncertainty
on the location of point C as, for this analysis, the assumption is that the coordinates
of point C are known. The final direction cosine matrix that aligns the thrust with the
desired point C is obtained through a series of three consecutive rigid body rotations
that take advantage of intermediate frames.

3.1 Gimbaled platform and thruster modeling

The relative motion between the platform and the hub consists of 2 degrees of freedom
tip-and-tilt rotations. Such rotation angles v| and v, are defined about the | axis and
the intermediate f » axis, respectively, via two consecutive rotations. The direction
cosine matrix that defines the mapping from M to F is therefore:

CcoSVy Ssinvysinvy — cosvjsin vy
[FM] = 0 cos V| sin vy ®)
Sin vy — sin vy COSVy COS V] COS V)

where emphasis is put on the fact that the element (2, 1) of the [F.M] direction cosine
matrix must be zero. This ensures that the rotation is, in fact, a tip-and-tilt type of
rotation that is compliant with the constrained motion of the platform. Moreover, it
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Fig.4 Three consecutive rotations

can be observed that when v; = v, = 0 the two frames align and the mapping becomes
an identity.

To solve the problem in its most general form, the following offset vectors are
defined:

o Mpc /m: position of C with respect to M, expressed in M-frame coordinates;

e Trp /M position of F with respect to M, expressed in F-frame coordinates;
o 7rr /F: position of T with respect to F', expressed in F-frame coordinates.

For ease of notation, the following vector are defined and used in the following sub-
sections:

a=rp/mM+rT/F b=rc/u. ©)]

3.2 First rotation

The first rotation is defined starting from the hub-fixed frame M, and it maps to an
intermediate frame D such that, when F = Dj, the thrust vector ¢ is parallel to b.
The DCM [D; M] is defined by means of the principal rotation angle and the principal
rotation vector (¢, €4). These quantities are computed as follows:

(10)

Fr. Mp . Ft x Mp
el - 1]l

= arccos | ——m Cp = (/-
¢ ( P77 x M|

The mapping [DiM] = f(¢, és) from principal rotation sets to DCM is a classc
result of rigid body dynamics, and its formulation can be traced back to the work by
Rodrigues [32]. Figure 4(a) visually shows the rotation of vectors performed by the
first DCM. It should be noted that the matrix [D; M] is, in general, not constraint
compliant, i.e., it does not describe a tip-and-tilt rotation like the DCM outlined in
Equation (8).
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3.3 Second rotation

The second rotation places the thrust direction vector through point C. The principal
rotation vector in this case is again é‘w = é¢, so the rotation is a direct continuation
of the previous one. However, the derivation of the second principal rotation angle
Y is significantly less intuitive. When the thrust application point 7' coincides with
the origin of the hub-fixed frame M, therefore ||a|| = O, it is also ¥ = 0, and the
first rotation alone is sufficient to place the thrust through point C. When this is not
the case, the non-zero value of ¥y must be computed. Figure 4(b) shows the second
rotation that aligns the thrust vector, in blue and initially parallel to b, to point C. The
principal rotation angle v is obtained as ¥ = y; — y». The angles 8, 8’ and y; are
known from the geometry and the relative position of the vectors at the beginning of
the second rotation. The segments c¢; and c;, respectively the distance between the
thrust application point 7 and point C before and after the rotation, are computed as
follows:

c1=\/a2+b2—2abcosy1 c» =acos B % /b? — a?sin® . (11)

It can be observed that ¢, only exists when the relation b > a| sin 8] is satisfied. This
means that it might not always be possible to align the thrust vector with point C for
any choice of vectors a and b. Taking the product of the two solutions for ¢ given in
Equation (11) gives:

21 - 20 = a’cos? B — b* + a’sin? B = a* — b? (12)

which is negative when @ < b. This is considered a valid assumption for the following
reasons: vector b indicates the position of point C, which in general coincides with
the CM of the system, with respect to point M. For a massive spacecraft, the system
CM is located close to the geometric center of the system, thus away from point M,
which is at the lower end of the hub where the platform is attached. Vector a, on the
contrary, is the offset between the thrust application point 7" and point M. Considering
the thruster-platform assembly relatively small compared to the spacecraft hub makes
a < b areasonable assumption. With these considerations, the choice for c¢; is:

¢y = acos B+ /b — a?sin® B. (13)

The principal rotation angle y is derived from trigonometric relations:

sin i = sin(y] — y2) = €OS y sin y| — €OS Y1 sin y»

1
= Z(cl cos ya sin B’ — cp cos y sin B) (14)
with:
a? +b* —¢? )
cosy; = ——+L for i=1,2. (15)
2ab
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Ultimately, the second DCM is derived as [D>Di] = f (¢, ey). Multiplying the
first and second rotation matrices gives the DCM:

[DrM] = [D2D1][D1 M] (16)

where again, in general, [D, M] does not describe a rotation that is compliant with
the constraints expressed by Equation (8).

3.4 Third Rotation

The first two rotations show that it is possible, under reasonable assumptions, to
rotate the thrust vector in order to align it with point C in the hub. However, it is
not yet possible to do so through a rotation that is also compliant with the platform’s
constraints, which only allow tip-and-tilt kind of rotations. This subsection computes
a third rotation DCM that maintains the alignment condition achieved by the first two
rotations, and simultaneously enforces the constraint compliance on the final solution.
Equation (16) provides a rotation matrix that puts the thrust vector through point C,
but this solution is not unique. In fact, there exists a family of infinite DCMs that
accomplish the same result. Of all such DCMs, the purpose of this subsection is to
find the one that is also constraint-compliant. Let us define such a DCM as [D3 M].
Figure 4(c) shows that rotations about the b vector do not break the desired alignment
of the thrust vector. For this reason, the principal rotation vector of the third rotation,

€y, is defined as:
R b

= —. 17
= bl (7

The unknown variable in this problem is the principal rotation angle 6. Let us define
the Classic Rodrigues Parameter (CRP) set, or Gibb’s vector [32]:

N 0
q = ep tan <§> (18)

from which the third DCM is expressed as:

(1 —q"@)I3x3]1 + 299" — 2[§))

DyDy] =
[D3Ds] T +47q

(19)

where [I33] is the three-dimensional identity matrix and the tilde operator denotes
the skew-symmetric cross-product matrix. The goal is to obtain a final DCM [F.M]
such that:

[FM] = [D3M] = [D3D2][ D D11[D1 M] (20)

is of the same form as Equation (8). Defining the following known quantities
component-wise:

@ Springer



47  Page 14 of 45 The Journal of the Astronautical Sciences (2026) 73:47

di diz di3
ég = {e1, e2, e3)7 [DoM] = | day dpp do3 |, (21)
d31 d3p ds3

carrying out the product [D3M] = [D3D;,][D,M] and equating the element (2, 1)
of [D3.M] to zero to meet the rotational constraint, gives the following equation:

A’ + Bt +C 0
A+ Br+C with t=tan (= (22)
1412 2
where: 5
A =2(dy1e5 +direrex + dzrezes) — day
B =2(d31e1 — dy1e3) (23)
C =dy.

Equation (22) has solutions when A = B?> —4AC > 0. In such a case, it is:

L_BxVA

A (24)

which can be plugged back into Equation (18) and subsequently into Equation (19)
to obtain [D3D>]. Finally, Equation (20) yields the rotation [F M] that complies with
all the requirements. Defining f;; fori, j = 1, 2, 3 the elements of the [F M ] matrix,
the tip and tilt gimbal reference angles vg; and vg> in Equation (8) are obtained as:

VR] = arctan <%> Vg2 = arctan (%) . (25)

22 11

Relatively to Equation (22), it is possible to prove that
1A o 52 2 : 7 _ T
A=|dxeé|” —e; with d = {d|, do1,d31}" . (26)

Therefore, it can not be proved that A > 0 strictly. However, more insight is gained
considering the physical interpretation of e, that appears in the A expression. This
is the second component of the unit vector that defines the direction of the CM with
respect to the mount frame origin M. In the geometry outlined in this paper, the
system CM is primarily along the z axis, so for the case presented here, e% is small
compared to the other quantities that appear in the expression of A. For spacecraft with
very different geometries, it is possible to define a different principal rotation vector
€ = {1, &2, e3}T whose angular distance from &g is minimum and for which A (€) = 0.
Performing the third rotation about € would yield a constraint-compliant platform
rotation, while breaking the alignment with the CM by the minimum allowable amount.
Such problem can be set up as a constrained maximization problem via Lagrange
multipliers, maximizing the cost function:

F@=2¢-ea+nr(+S+e - +r(ldx e’ —&d). @7)
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While a closed-form solution is found for the Lagrange multipliers:

N é-& d-éog—(6-d)E-ép)
1=- Ay =
2 2erd)

(28)

finding € requires solving a system of 3 nonlinear equations for which no closed form
solution is available.

4 Continuous Momentum Management via SEP Thruster

The previous section shows how, by means of three consecutive rigid body rotations,
it is possible to align the thrust vector with a point C on the hub. This point C can
coincide with the center of mass of the whole spacecraft: in such a case, the thrust does
not produce any torque on the system. In contrast, it is possible to intentionally offset
the thrust vector from the center of mass to leverage the resulting torque to perform
momentum offloading.

4.1 Control Law Derivation with CM Knowledge

Let us define Hrw as the total net momentum of the reaction wheels with respect to
the hub:

4
Hyw =Y JwQji;. 29)
j=1

where #; is the spin axis of each individual RW. To compensate for the action of
external torques, it is therefore necessary to point the thruster at an offset that results
in a thrust torque that opposes the current RW net momentum. Let us define such
an offset vector d, and the resulting thruster torque L. Over an infinitesimal time
interval At it is:

— AH = Ly, At =d X tAT, (30)

where AH is the amount of momentum to be offloaded. Generally, this can be the
amount of wheel momentum that exceeds a certain threshold, to ensure that wheel
speeds are driven to safe nonzero operational values. Conversely, it can coincide with
the total momentum on the wheels (A H = HRrw) when the goal is to drive the wheel
speeds to zero. To obtain d, both sides of the previous equation are cross-multiplied
by ¢. Expanding the double cross product and choosing d such thatd L ¢ gives:

—tx AH =t x (d x t)At
=[t’d — (t - d)t]AT (31)
=12dAt
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Fig.5 Center of mass offset

which ultimately yields the control law:
K
d=—t_2(tXHRW) (32)

where « = 1/At [Hz] is a proportional control gain. In this paper, the reaction wheels
are operated from an initial zero-spin configuration and with the intention of using
this control law to drive their transient speeds back to zero. The reason for this choice
is that it allows for an easier interpretation of the results, where nonzero final wheel
speeds are the effect of external torques acting on the system. Conversely, final wheels
speeds that approach zero indicate the successful application of the control law. For
this reason, Equation (32) is derived with AH = HQRw, coherently with the authors’
choice to facilitate the interpretation of numerical results.

With respect to Figure 5, ¢ is the zero-torque thrust vector, or the thrust vector when
the thruster is aligned with the system CM. ¢/, on the other hand, is the thrust vector
obtained aligning the thruster at the offset computed in Equation (32). The resulting
thruster torque is:

Loy =d xt = tK—zt/ x (¢ x Hgw) (33)

which is an underactuated control torque. As the result of a cross product, no control
can be delivered along the direction of ¢, which means that components of wheel
momentum along such direction will remain unaffected. Another interesting fact about
Equation (33) is that the resulting thruster torque is implicitly independent of the thrust
magnitude ¢, as it depends only on the wheel momentum and control gain «.

To better characterize Equation (32) and (33) from an implementation perspective,
let us recall the description of the thruster-platform assembly given in Section 3, where
the coordinates of the thrust vector ¢ are assumed known in the platform frame F, and
its coordinates in the mount and body frames M and B are pending knowledge of the
angle of the platform gimbal, according to Equation (8). To know the coordinates of
t in the M and B frames, it is necessary to compute the tip and tilt angles vr; and
VR that corresponding to the rigid body rotation that aligns the thruster with a desired
point in the body frame, as outlined in Section 3. For ¢, the alignment is with the center
of mass C, or the best estimate thereof at the given time. From the knowledge of B and
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BHgw it is possible to define point D through the offset vector B , as summarized
by Figure 5. Point D becomes the new target fot the platform guidance algorithm,
whose outputs, the new gimbal angles vy, and vg, allow to point the thruster-platform

assembly along By’

4.2 Stability Analysis

It is possible to show that the control law for thruster pointing in Equation (32) can,
under certain assumptions, drive the net wheel momentum in Equation (29) to zero.
This is done applying Lyapunov’s direct method, defining the candidate Lyapunov
function:

VH)—H'H—HZ (34)

H) ===

which is positive definite. Let us assume simplified spacecraft dynamics, where the
spacecraft hub is not tumbling (@wg,Ar = 0) and the only external torque acting on
the system is the thruster torque in Equation (33). Let us also assume a very fast
response from the RWs, such that all thruster torque is stored in the form of RW net
momentum, i.e. H=H RW = L. Under these assumptions, the derivative of the
Lyapunov function becomes:

V(H):H-H:%H-[t/x(txH)]

K ’ /
:t—zH-[(t -H)t — (t - t)H] (35)

= —eB?[@ 1)~ G- G B)].

Proving that Equation (35) is negative semi-definite would ensure t{lat the system is
stable in the sense of Lyapunov [33]. For this purpose, let us define £ = a H + u and
{ =bH + v, such that H-u=0and H v= 0, that is, the decomposition of £ and
¢ in their components parallel and perpendicular to H. Equation (35) becomes:

V(H) = —«xH?*[ab+u-v—ab] = —«H*(u - v). (36)

The Lyapunov derivative is therefore negative definite when u - v > 0, that is, when
the components of # and i orthogonal to H are non-zero and for an acute angle with
one-another.

From a design perspective, it is desirable to choose a small k to avoid chattering
about the zero-torque direction, and also to avoid computing too large an offset d that
cannot be realized by the thruster gimbals. A small « also means that the offset d results
in a small variation of the thrust vector from the zero-torque direction, which satisfies
the condition u - v > 0. In the limit for ¥ so small that the thrust direction vector
can be considered almost unchanged from the zero-torque configuration (' ~ 1), the
following simplification can be made:
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Ly ~ tfzt x (¢t x H) (37)
and the Lyapunov derivative becomes:
V(H) = —c H? [1 — G- f1)2] . (38)

V (H) is therefore globally negative semi-definite, making the system always stable,
and negative definite if # has no components along H rw . In practical terms, this control
law is globally stable, and asymptotically stable for the components of the net wheel
momentum HRrw orthogonal to the thrust vector. A steady state is reached when the
the angular momentum is parallel to the thrust direction vector.

4.3 Control Law Derivation without CM Knowledge

In the previous derivation the location of the system CM was considered known. More
generally, the CM location can be known within a certain accuracy, and it changes
significantly over the course of a multi-year mission. For the purpose of using the SEP
thruster for momentum management, a wrong CM estimate can lead to an inaccurate
steady state thruster pointing that results in parasitic torques on the system, contributing
to the growth of net RW momentum over time. For this reason, Equation (32) can be
enhanced with the addition of an integral term as follows:

t
d=—t—2X(KH+K1H1) 39)

where: ,
H, = / Hdr. (40)
0

and the units of k; are Hz>. The subscript RW in H is removed from now on for
ease of notation. When the net momentum grows over time, the integral feedback
term corrects the offset d to align the thruster with the real CM location. The stability
analysis can be performed defining a new Lyapunov function:
H2 H2
VH, Hp) = — + 1" (41)

which is positive definite. The derivative is:
V(H,H))=H - (H +x/H)

¢ , @
=H - t—ZX[tX(I{H—FK[H[)]—i-k[H[ =—xH

where Equation (39) is used in the torque expression and negligible thruster direction
variations (i/ ~ t) are considered. The final result of Equation (42) is obtained with
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t-H = 0,i.e., disregarding momentum components along the local thrust vector. What
this means is that the stability claims made in this section only apply to the angular
momentum components orthogonal to the thrust vector. The result of Equation (42)
only proves that the derivative of the Lyapunov function is negative semidefinite,
because there is no trace of H; in the expression. This guarantees stability in the
sense of Lyapunov, but to prove asymptotic stability, higher-order derivatives must be
computed and evaluated on the set in which V(H, H;) = 0[34], whichis H = 0.
For the second-order derivative it is:

. . t
V(H,H;) = —2«H - H = —2«H - {72 x [t x (kH +:<1H1)]} )

=2«H - («kH +«;Hy)

which is once again obtained with ¢ - H = 0. The Lyapunov stability of the system
implies that H and H; are bounded, therefore if follows that Vg—o = 0. The third
derivative gives:

V(H,H;) =2«H - (H + ik Hp) +2cH - (kH + ik H)
t
=2k QcH+k;Hy) - {72 x[t x (ckH+Kk Hp)]+ k,H,} + 2k H?
= 2(ky — 2P H? — 6k H - Hy — 2k H? [1 — G- ﬁ,)z]
(44)

which evaluated on the set H = 0 gives:
Vo = —2xk?H? [1 G- 1},)2] . (45)

This result is analogous to that of Equation (38), where the function is negative definite
except for the case in which the integral of the net momentum is aligned with the thrust
vector. With this caveat, the third derivative being negative definite on the set H = 0
proves that the control law in Equation (39) is indeed asymptotically stabilizing for
the components of reaction wheel angular momentum orthogonal to the thrust vector.

5 Continuous Momentum Management via Rotating Solar Arrays

Section 4 shows how it is possible to use a gimbaled SEP thruster to continuously
offload momentum along two spacecraft body axes, but also highlights the underac-
tuated character of this technique, as a result of which momentum buildup along one
axis remains uncontrolled. This section aims to take advantage of the rotating solar
arrays to leverage the SRP torque and perform momentum offloading along the axis
that cannot be controlled by the SEP thruster. It is important to note that this strategy
might not be suitable to all missions, as it requires to depart from the condition of
optimal power generation: such condition is met when the power-generating surface
of the arrays is orthogonal to incoming sunlight, or as close to it as possible. However,
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during segments of a mission in which the SEP thruster is not active, it is reasonable to
assume that the spacecraft does not need to operate at full power. Similarly, when the
spacecraft flies closer to the inner regions of the Solar System, more power is gener-
ated as a consequence of the proximity to the Sun, so a suboptimal array configuration
might be sufficient.

5.1 Symmetric, Fully-absorbent Solar Arrays

This analysis applies to a pair of symmetric solar arrays that can rotate about antipar-
allel, body-fixed spacecraft axes. The spacecraft attitude is considered given, with the
body frame B aligned with the reference frame R. The aim is to articulate the arrays
differentially in order to result in a net SRP torque in the opposite direction to RW net
momentum. This analysis considers only the SRP acting on the arrays, and it neglects
secondary effects such as the SRP on the spacecraft hub or secondary reflections of
photons. The arrays are modeled as two-dimensional panels with negligible thick-
ness, and their rigid motion is described by frames A as illustrated in Figure 3. With
respect to each array frame, the SRP force is modeled according to the formulation
provided by Rodriguez et al. [35], but for the purpose of the control law defined in this
subsection, the arrays are considered fully absorbent. The SRP force then simplifies
to:

Fsrpans = —PA (8 - a2) §. (46)

where A is the surface area of each array, P the solar radiation pressure at that dis-
tance from the Sun, and § points towards the Sun. In reality, solar arrays are not
fully absorbent, but absorption coefficients for modern solar cells are usually around
X > 0.75 [36]. In practical terms, this means that only a small fraction of the incoming
light is reflected and diffusely scattered, resulting in only a minor contribution of SRP
force orthogonal to the Sun direction. It is easy to show that for § - @y = cos@ = 1 the
force is maximum, while it vanishes for § L @;. The goal of this analysis is to rotate
the array whose resulting SRP torque feeds positively into the net RW momentum.
For this purpose, let us consider small array deflection angles 6 with respect to the Sun
direction. In the following, the subscripts & are used to denote positive and negative
contributions to the axis uncontrolled by the SEP thruster. The net SRP torque acting
on the arrays can be expressed as:

Lsrpnet =rojc,+ X Fsrp+ +ro/c,— X Fsrp- 47)
= —PA(cos 01 —cos6_) (rojc x §)

where ro,c,; are the distance between the system CM and the center of pressure of
each array, which for symmetric geometries correspond to the geometric centers, and
from symmetry of the solar arrays itis ro,c = ro,c,+ = —ro,c,-- Let us define the
quantities:

ni = —(rojc.i x 8) - Hrw, (43)

which are proportional to the net RW momentum as defined in Equation (29). From
these, it is possible to consider the following control law for the deflection angles of
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Fig.6 Array orientation for different net momentum configurations

151
10 i
>
n=1
0.5 —n=2||
n=3
—n=4
n=5
0 1 1 1 1 1 1
0 0.5 1 15 2 2.5 3 3.5 4

Fig.7 Control law in Equation (49) with§ = 1 and © = 1

the arrays:

ny ; .
9i={®arctan(§ni)1fn, >0 (49)

0 ifn; <0

The control law in Equation (49) ensures that the array that produces a negative
feedback SRP torque (n—) is not deflected, but rather left orthogonal to the incoming
sunlight to maximize the resulting SRP torque. In contrast, the array that produces a
positive feedback torque (774 ) is deflected proportionally to the net RW momentum
to reduce the contribution of such a positive feedback, as illustrated in Figure 6. The
arctangent function and the factor ® are used to limit the deflection angle to the
[—®—2n, ®—2ﬂ] domain, where the introduction of 0 < ® < 1 is intended to avoid
edge-on configurations where one array would produce no power. The factor £ is a
control gain, while the exponent #n is introduced because, for n > 1, it is possible
to obtain a deadband in the control law that has the benefit of limiting the chattering
around € = 0, as shown in Figure 7.
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5.2 Stability Analysis

To prove the stability of the control law in Equation (49), it is useful to start from the
Taylor series expansion of cos (6(n)) for small deflection angles. This gives:

@2%-2 2n
cos (6(1)) = cos (O arctan (§1")) ~ 1 — ———

S+ o(n™" . (50)

Plugging this result back into the net SRP torque in Equation (47) allows to compute
a simplified dynamics model, with the SPR torque as that the only torque acting on
the system:

2§2 2n

) o 1 .
H = Lsgppnet = —PA (1 T 1) (rojc x§) = 5PA®2§2;71” (rojc x%).

(S
Considering the positive definite candidate Lyapunov function V (H) = H? and under
the same assumption of fast RW response as in Section 4, for which H = Hpy =
Lsrppet, the Lyapunov derivative is:

V(H) = PAG*E* 0> (rojc x §) - Hrw = —PA@* 2 pT ! (52)

Per hypothesis, the only array to deflect is the one whose SRP torque feeds positively
into the net momentum, i.e. n4 = — (r 0/C,+ X §) - Hrw > 0. Under such a hypoth-
esis, the Lyapunov derivative is negative definite, and the control law asymptotically
stabilizing. The case may exist where the vectors rg/c, §, and HRrw are colinear.
If the net RW is parallel to the Sun direction, for instance, it is n+ = n— = 0, in
which case the Lyapunov derivative becomes identically zero. In this case, analogous
stability considerations can be made as in Section 4: this control method is locally
asymptotically stable for the components of momentum that are not orthogonal to the
cross product r /¢ X §.

6 Center of Mass Estimation

This section is motivated by the need to perform continuous CM estimation over the
extended periods of time during which the electric thruster is firing, without inter-
rupting the nominal course of operations to perform calibration slew maneuvers to
compute the exact location of the CM. Therefore, the aim for this section is to remove
the assumption that the location of the system’s CM is known, and rather estimate the
CM location based on measurements of the system’s states when the hub converges
to the desired reference frame.
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6.1 Traditional approaches

Traditional CM estimation algorithms, such as that described by Bergmann et al. [19],
rely on accelerometers mounted on the spacecraft hub. The measurement model is
given by the relative acceleration theorem:

a=acy +op/N XTr+og/N X (@5/N XT)+ 205/ X T (53)

where a is the measured quantity, and r is the location of the center of mass to be
estimated. Because the CM location does not vary quickly over time ( = 0), and the
system is not subject to external forces (acy = 0), the above equation is simplified
to the linear model:

a = [H(wp/n. /NI (54)

where the angular rates and accelerations of the hub are obtained from IMU measure-
ments. These arguments, however, are not valid in the case of a thrust system such as
the one considered in this paper. Because the external force acting on the system is
not zero, the acceleration of the CM cannot be neglected:

acy =t/m (55)

where ¢ is the thrust vector, and m is the mass of the system, which are both subject
to uncertainty. Moreover, because the thruster must be aligned with a certain inertial
direction, the angular rates and accelerations of the hub are typically zero, except during
transient control responses. This makes it such that the linear model in Equation (54)
reduces to a matrix whose entries are all close to zero, thus making the estimation
problem weakly observable during nominal pointing operations that do not involve
ad-hoc maneuvers to generate a transient response.

6.2 Steady-state reference tracking

It is interesting to take a closer look at the control law Equation (1) when the system
converges to the desired reference frame R. Because the reference is in first approx-
imation static, to ensure inertial pointing of the thruster, it is g /v = @r/N = 0.
Under these assumptions, Equation (1) is reduced to a regulator control law:

t
u=—Kop/n— Pog/ny— PKjz with z= K/ o5/RAt + [Jior,clop N
0]
(56)

where the gyroscopic term wp/ A X ([Jtot,c]wB/N + [GS]hS) is dropped without
affecting the asymptotic stability properties of the control law [3], and the reference
frame R is made coincide with the inertial frame A/, as it remains fixed in time.
Additionally, once convergence to the reference frame is achieved, it holds true that
o5/R ~ @wp/R ~ 0. When this steady-state condition is met, the control torque is
further reduced to:
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t
uSSZ—PKIZZ—PKIK/ op/RAt 7

to

where the control torque effectively coincides with the integral feedback term, and any
dependence on the inertia of the system is lost. This means that, once steady state is
achieved, the control torque required to stabilize the system is not affected by potential
errors in the inertia tensor, which in contrast would only affect the transient response.

6.3 Measurement Model

The dynamics of the system when solar arrays and platform reach steady-state response
are given in Equation (7). With respect to Figure 3, the thruster torque on the system
can be modeled as:

Ly = —rcyr X t = [tlre)r (58)

where point T is the thrust application point, and it is known, and point C is the
location of the CM, which is to be estimated.

Taking into consideration Equation (7) (57) and (58), and considering the steady
state where the system has converged to the reference frame, the following correlation
can be highlighted between the integral feedback term and the thruster torque:

Z=[tlr¢cr (59)

where Z = P K;z. Equation (59) constitutes a linear measurement model for the CM
location, where the thrust direction vector £ is, in first approximation, known, and
the integral term Z is extracted from the flight software code segment that computes
the torque delivered to the system by the reaction wheels at steady state. Because the
platform orientation changes with time, so does the thrust application point 7. For
this reason, the measurement model can be better reformulated introducing point B,
the origin of the body frame 3, whose coordinates are known and do not change over
time. The problem is therefore formulated in terms of the position of the CM with
respect to point B:

Z+[trrp = flrc/p (60)

where r 7, p is the location of point 7" with respect to point B, and itis known accurately
thanks to the reliable knowledge of the gimbal angles of the platform.

The main source of uncertainty is the thrust vector . Although the mapping between
the thruster-platform frame F and the body frame B is accurately known, the knowl-
edge of the thrust vector in B-frame coordinates By ultimately depends on how
accurately the thruster’s performance is known in its own frame F. This means that if
the thruster is misaligned with respect to the nominal direction, or if the magnitude of
the thrust vector is off-nominal, the reliability of the measurement model is degraded.
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6.4 Observability

Based on the considerations made in the previous subsection, it is possible to define
the following system:

y=I[Clx 61

{)& =[Alx
where x = r¢/p is the quantity to be estimated, y = Z + [£]rT /B constitutes the
measurement, and [C] = [f] the linear model. With the CM location only varying
significantly over large time scales, primarily due to propellant depletion, it is [A] =
03x3. Analyzing the observability for a static configuration, i.e., a case in which the
platform is not moving with respect to the hub, gives the following observability matrix
[37]:

[C]
[CI[A]

Il
—
~1
=

62)
[ClrAT-!

Because [£] is the skew-symmetric cross product matrix, it has rank 2. This means that,
in such a static configuration, the CM location is not fully observable. This could be
inferred from thinking about the problem from a physical standpoint: when no torque
is acting on the system, i.e., Z = 0, it means that the thruster is being fired exactly
through the system’s CM. The exact position of the CM remains unknown as it could
lie anywhere along the thrust line.

However, the thrust vector does not remain constant in body-frame coordinates
when the platform is actuated to perform momentum management. As a result, the
measurement model is not static, but rather time-varying. In such case, the general
observability matrix is defined as [38]:

d[C 1)
P [CI@)
(0] = : . (63)

n—1

W[C](t)

What this means in practical terms is that if the platform is held at a constant con-
figuration, the problem is not fully observable. However, articulating the platform
and taking measurements from different thruster-platform configurations makes the
problem fully observable even when the CM location has no dynamics.

6.5 Recursive Least-Squares Algorithm

The recursive least-squares (LS) algorithm implemented to estimate the location of the
CM, effectively, coincides with the correction step of a Kalman filter. In other words,
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the algorithm is equivalent to a Kalman filter where the state has no dynamics, and
therefore there is no prediction.
At every n-th measurement update, the following quantities are given:

o ¢, = \/|05/73|2 + |@p R |? : convergence error
[C,] = [£] : linear model

yo=Z+Iflrr)p

[K,] : optimal gain

x, = rc/p : CM location estimate

[P,] : covariance of the state estimate.

The equations that define how to update each quantity at every step are, once again,
those of the correction step in a regular Kalman filter [37]:

(Kl = [PAICIT (ICIPIC,)T +(R]) (64
Xn+1 = Xp + [Kn] (yn - [Cn]xn) (65)
[Pn+l] = ([I3x3] — [K,][Cyu]) [Pn]. (66)

[R] is the measurement noise covariance, and it is constant for every measurement.
Because the integral feedback torque is not a conventional measurement, defining the
measurement noise is difficult. In this work, it is modeled as the variance of the integral
feedback torque after the system has reached steady state according to the convergence
error threshold. It is also interesting to consider the case where the platform gimbal
angles are themselves affected by measurement noise: this affects the mapping [ F B]
between the platform frame and body frame, which results in an uncertain estimate
of the thrust vector. Because this quantity affects the measurement y,,, its uncertainty
should be combined with the uncertainty of the integral feedback term to produce [R].
Uncertainty in the gimbal angles is not modeled in this work.

The convergence error €, is used as a measure of whether the system has reached
steady state. If €, is large it means that the system has not converged to the reference;
therefore the integral term Z is not representative of the thruster torque acting on
the system. For this reason, measurements are only processed when the convergence
error drops below a user-defined threshold €, < €, which is a tuning parameter for
the algorithm and depends on the gains of the attitude control law and the dynamic
properties of the system.

6.6 Biased Measurement

In the presence of unmodeled external perturbations such as SRP torque, a bias is
implicitly added to the measurement model. This happens because the integral feed-
back control law in Equation (1) drives the spacecraft to the desired attitude regardless
of the nature of the unmodeled perturbations, whether these are due to a thruster offset,
SRP, or both. As a consequence, when a biased external perturbation acts on the sys-
tem, a bias in the estimated CM location is observed even when coherent measurement
noise [R] is added to the LS algorithm. This steady-state bias in the CM estimate can
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be explained by factoring the SRP torque into the model, and introducing point C*,
which is the point whose coordinates are really estimated by the LS algorithm:

Z = [t]rc/r + Lex
Z =1t (rcjcx+ree/p +re/7) + Lext (67)
Z+ 181 (rr/p +rcejc) — Lext = [Elrce)5.

The LS algorithm proceeds by correcting the CM location via subsequent increments
that are orthogonal to the current thrust vector. Convergence is reached when sub-
sequent increments are zero, resulting in an estimated CM location along the thrust
vector itself. Due to the stabilizing nature of the control law that actuates the platform,
the thruster reaches a steady-state configuration in which the external torques acting
on the system are neutralized by the thruster action, to maintain the net momentum
on the wheels near zero. Consequently, at steady state and in the presence of external
disturbances, the thruster is not aligned with the center of mass, but rather with point
C*. This ensures that the resulting thruster torque is opposite to the external torque,
minus the component along the thrust direction, which cannot be compensated by the
thruster:

Lyet = Lext — (Lext : 2) f+ rexjc Xt = 0. (63)

Combining Equation (67) and (68) gives:
Z+[flrr/p — (Lext - 1) = [Flrcep (69)

——
y X

which constitutes the effective measurement model in the presence of external pertur-
bations, where the estimated C* is the location of the effective center of mass, or center
of equilibrium, which constitutes the moment arm for the thrust vector that balances
external torques. In the absence of these, Equation (69) coincides with Equation (60),
and the result of the estimation is the actual CM location. The estimation bias error
can be expressed by taking the cross product between ¢ and Equation (68):

tX(cht_(Lext'i\)i'FrC*/CXt):tXO
tXLext'f‘tX(rc*/cxt):O

t X Lexi + 12rcejc — (t - revje)t =0 (70)

t X Lext ~ ~
rex/c = T + (¢ -reryo)t.

With respect to Figure 8, C* could lie anywhere along the thrust line ¢, resulting in
the same thruster torque with respect to the real CM. From Equation (70) it is possible
to observe that the bias has a component that is orthogonal to the thrust vector and one
that is parallel. The orthogonal component is inversely proportional in magnitude to
the thrust. The parallel component is a product of the low observability of the problem
which, at steady state, causes a loss of accuracy in the CM estimate along the thrust
vector.
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Fig.8 Center of Mass bias

When fired through point C*, the thruster compensates for two of the three compo-
nents of the external torque, so long as this remains smaller or comparable in magnitude
to the torque that the thruster can generate, and Equation (69) does not deviate too
much from linearity.

It is worth mentioning that the stability of the system is reached despite a wrong
CM estimate for the coupled algorithm suite of momentum management and CM esti-
mation via gimbaled thruster presented in this paper. A wrong CM estimate can still
present problems when used in combination with other actuators. For example, using
cold gas thrusters for impulsive momentum dumping to control the residual momen-
tum on the wheels would likely not work as desired, due to the wrong knowledge
of the moment arms of the thruster application points with respect to the real CM.
Similarly with other guidance, navigation and control algorithm that rely on the CM
knowledge to operate properly. Particularly interesting is the case of a SEP thruster
misfire, where the thrust output deviates from nominal expected behavior: in such a
case, the unmodeled perturbation consists of the torque error with respect to nominal
behavior. This error also in a bias in Equation (69), but ultimately does not prevent the
system from converging to a stable configuration with the real thrust vector aligned
with the effective CM. Although stable from an attitude standpoint, the error in thrust
magnitude and/or direction would result in a deviation from the desired trajectory.
Orbit determination in this case is required to estimate the entity of the thruster misfire
and to compute a corrective thrust.

7 Simulation
7.1 Spacecraft properties

The spacecraft hub has a mass mp,, = 2500 kg and the following inertia tensor,
expressed with respect to the principal body frame B:

1725 =5 —12
Bl Il = | =5 5525 43 | kgm®. 1)
—12 43 4810
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The location of the center of mass of the hub is Brchub/g = {0.008, —0.010, 1.214}7
m with respect to the origin B of the body frame. The body frame is centered on the
bottom surface of the spacecraft, modeled as a box of dimensions 1.80 x 1.50 x 2.86
m.

The solar arrays are modeled as discs with a diameter of 7 m, whose center of
mass is located at 3.75 m from the hinges, along the respective rotation axes Bg, =
{£1,0, O}T. The locations of the hinges in the hub are BrA/B = {£0.75, 0, O.45}T
m. The mass of the solar arrays is mg, = 85 kg and the inertia tensor is:

260 0 0
SiJal=1] 0 260 0 | kgm? (72)
0 0 520

with respect to a principal frame S centered at the center of the disc, with the third
axis §3 orthogonal to the surface of the disc.

The four RWs have each amoment of inertia about the spin axis of Jy, = 0.16 kg m?.
The thruster is assumed to fire continuously, with a specific impulse /5, = 1600 s and
a thrust output of + = 0.27 N. Under nominal conditions, the thrust is along the
platform axis © f . = 10,0, 1}7. The thruster output is affected by a parasitic swirl
torque, which is the result of the rotational motion caused by the Lorentz forces acting
on the thruster ejecta as they travel through the magnetic field of the thruster [39]. This
swirl torque is modeled as a torque along the thrust direction vector, whose magnitude
is proportional to the thrust magnitude, scaled by a factor of x = 1073 m:

Lgyini = xt. (73)

In the following simulations the swirl torque is generally neglected (x = 0), unless
otherwise mentioned. In this mission scenario the RWs are the main actuator for
attitude control, while absorbing external torques due to thruster offsets/misfires, and
SRP. While their objective is to maintain the desired pointing, this mission does not
pose strict pointing requirements: the goal is rather to maintain the total spacecraft
momentum within operational limits. For this reason, zero-crossing wheel dynamics
are not modeled in this work, and wheel speeds are allowed to cross zero and switch
signs. This is coherent with the momentum magagement strategy adopted in the EMA
mission, where the inverted swirl torque polarity of the SEP thruster is used ad an
additional control variable to perform momentum managment, and RW zero crossings
happen every 7-day thrust window as a design choice [13]. Other missions scenarions
where finer attitude pointing is the driving requirement should implement lower bounds
on the wheel speeds to avoid non-linearities and reduced wheel performances around
zero-speed crossings.

With respect to Figure 3, the mount frame M coincides with the body frame B.
The origin of the platform-fixed frame F also coincides with the origin B of the body
frame, and for zero tip-and-tilt platform rotation angles vi = v, = 0, the frames F
and B coincide.

Mass depletion is not simulated in this work: because mass flow rate of electric
thrusters is typically small, it is reasonable to assume that significant CM shifts happen
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over time scales that are much bigger than the time window in which the CM needs to
be estimated. The goal for these simulations is to showcase the ability to estimate the
CM location at thruster ignition, when the CM estimate might be inaccurate following
a slew maneuver or a long coasting arc.

The LS algorithm to estimate the CM location is seeded with the initial guess
xo = {0.04, —0.05, 1.25}7 and the initial state covariance Py = 0.0025[13x3], cor-
responding to a standard deviation of 5 cm along each component of the CM location.

7.2 Solar Radiation Pressure Modeling

For the purpose of SRP modeling, the spacecraft is represented as a collection of 10
facets with negligible thickness. Six square facets and four circular facets are used to
model the rigid hub and solar arrays, respectively. The platform and thruster assembly
are not considered for the SRP evaluation due to their relatively small size compared
to the spacecraft hub and solar arrays.

Each facet is characterized by an area A, a vector normal to its surface 72, a position
vector from the spacecraft center of mass to the facet center of pressure, 7 p /¢, and three
optical coefficients representing the interaction of impinging photons with the facet
surface. The fraction of specularly reflected, diffusely scattered, and absorbed photons
are represented using the coefficients p, §, and A, respectively, where p + 6 + A = 1.

The 6 spacecraft hub facets have areas of 2.7 m?, 423 m2, and 5.15 m2. The array
facets have an area of 41.42 m?. The following optical coefficients are used for the
hub:

Anub = 0.525 Phub = 0.336 Shub = 0.139 (74)
and the solar arrays:

1L =0.680 ot =0.160 88 =0.160 (75)
Ay = 0.440 0 = 0.0 85 = 0.560, (76)

where the + and - superscripts indicate the front, power-generating surface, and the
rear surface, respectively.

A faceted force model is used to estimate the SRP force acting on the spacecraft
[35]:

10 10
N 8 .
Fspp =Y Fsrp, = —P(Ire/ol) Y Ajcos(d;) [(1 — p)S +2 (g' + oi cos(en) ”i]

i=1 i=1
(77)
where § is the unit direction vector pointing radially towards the Sun from the spacecraft
body-frame origin, 6 is defined as the incidence angle between each facet normal
vector and the Sun-direction vector, and P(|ry/ol) is the pressure acting on the
spacecraft scaled by the spacecraft heliocentric distance. In this work, the spacecraft is
orbiting at 0.67 Astronomic Units from the Sun, roughly corresponding to the Venusian
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Table 1 Control gains and

parameters used in the variable value unit
simulation K 9 -

P 275 Nms

K 1073 (Nms2)~!

Ksa 1.25 Nm

Psa 50 Nms

KpL 0.5 Nm

Ppr, 3 Nms

€ 1076 /

heliocentric radius. This results in a value of P(|ry/o|) = 1.0205316 x 107> Pa. The
vector quantities in Equation (77) are expressed in spacecraft principal body-frame
components. The total torque acting about the spacecraft center of mass due to SRP
is calculated by summing the torque contributions over all 10 facets:

10 10
Lsgp.c = Y Lsgp.c, = Y rpjc % Fsgp,. (78)

i=1 i=1
7.3 Control Gains and Simulation Parameters

Table 1 contains a list of the control gains mentioned in Equation (1) 5 and (6),
together with the tolerance for the CM Estimator, and the corresponding values used
in the simulation. The control gains were tuned through simulation, with the aim to
guarantee faster convergence of the articulated appendages (thruster platform and solar
arrays) with respect to the convergence of the main hub attitude. Moreover, the gains
of the hub control law K and P were tuned to ensure attitude convergence within
a tolerance € in a time that is inferior to the platform actuation time (1 hour). This
is done to ensure the validity of the equations of motion and controls presented in
Section 2. Gain variations of +15% with respect to the values presented in Table 1 do
not produce appreciable variation in simulation results, highlighting robustness of the
model to gain selection.

7.4 Simulation Framework

The spacecraft is simulated using the Basilisk Astrodynamics Simulation Framework!.
Basilisk is an open-source software framework that can simulate complex spacecraft
systems and behaviors. Its modular structure allows building blocks, named mod-
ules, to simulate individual spacecraft components and/or flight software processes.
Modules exist as standalone segments of code, with minimal interconnections. The

1 https://avslab.github.io/basilisk/
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Fig.9 Simulation block diagram

exchange of minimal information between modules limits the flow of information to
what is strictly essential [40—42].

Figure 9 illustrates the most relevant modules that are used in the simulations
carried out in this paper. The reader is referred to Calaon et al. [43] for a detailed
description of what each code block represents within the simulation. It is noted that
standard navigation filters for attitude and orbit determination are not modeled in this
work, because they were considered out of the scope of this contribution. Instead,
the simpleNav module adds noise to the propagated states to simulate noisy filter
outputs that are fed to the flight software algorithms presented in this work.

The script used to generate these results can be found in the Basilisk Github repos-
itory?. A brief description of the scenario script and how to run it can be found in the
examples folder on the Basilisk website>. In this work, the platformReference
module is run at a slower frequency of 2.8 x 10~* Hz (one update every hour), to
ensure that the attitude is driven to the desired reference within the desired accuracy.
In contrast, every other flight software segment is run at 1 Hz. The dynamics and the
environment are run at a frequency of 10 Hz.

8 Results

This section presents the results obtained by simulating the spacecraft as described
above, with the implementation of the control laws and flight software algorithms

2 https://github.com/AV SLab/basilisk.git
3 https://avslab.github.io/basilisk/examples/scenarioSepMomentumManagement.html
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outlined. The following subsections implement such algorithms incrementally to show
that the results correctly match the expected behavior for each module.

8.1 Perfect CM-thruster Alignment

This subsection aims to show the correct performance of the analysis outlined in
Section 3. In this simulation, the proportional gain k of the platform control law
in Equation (32) is set to zero, to ensure that the thruster is indeed aligned with the
provided system CM location. Moreover, the cmEst imator module is disconnected
from the simulation, whereas the plat formReference module is informed with
the exact location of the system’s CM: while this is not a realistic assumption for
a real onboard computer, it serves the purpose of showing the performance of the
guidance and control algorithms for the thruster platform. Figure 10 shows the most
interesting results for this analysis: Figure 10(a) shows that the spacecraft attitude
correctly tracks the generated reference. In Figure 10(c), the reference angles generated
for the platform are constant throughout the simulation, and correctly tracked by the
control law in Equation (6). This ensures that the thrust is continuously fired through
the system CM, as shown by the thrust-to-CM offset angle in Figure 10(d). Such angle
is the angle between the thrust vector ¢ and the segment r¢,r, connecting the thrust
application point 7' to the real CM location. Figure 10(b) shows that, past the initial
reaction wheel speed transient when the initial slew maneuver is performed, the wheel
speeds grow linearly over time due to constant SRP torque acting on the system, as
shown in Figure 10(e). Running this scenario for longer shows how, in the absence
of any momentum management or momentum dumping maneuver, RW speeds can
grow to almost 3000 rpm in four days exclusively due to SRP action. Lastly, Figure
10(f) shows the net external torques acting on the system, namely the sum of SRP and
thruster torque, minus the SRP component about the thrust direction #, as expressed
by Equation (68). As a consequence of aligning the thruster with the CM, the thruster
torque with respect to the CM is zero, and therefore the only external torque acting on
the system is produced by SRP.

8.2 Continuous SEP Momentum Management with perfect CM knowledge

The results in this subsection aim to show the performance of the momentum manage-
ment strategy outlined in Section 4. The momentum management is delivered setting
a gain k = 2.5 x 10™* Hz for the plat formReference module. As in the previ-
ous subsection, this module receives the exact CM location as input. Figure 11 shows
the results for this case. Figure 11(a) appears unchanged, even though small attitude
reference variations happen at every hour, when the reference angles for the platform
are being updated. This is better visualized in Figure 11(c), where the reference angle
Vg1 undergoes three updates before settling to a steady state value. Figure 11(b) shows
that, in this case, the wheel speeds are driven back to almost zero, showing the effec-
tiveness of the control law in Equation (32) at feeding back on net RW momentum. As
mentioned in in Section 4, the control law is under-actuated, and therefore momentum
can still build up along the uncontrollable axis. However, with continuous momentum
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Fig. 10 Perfect CM-thruster alignment

management, wheel speeds remain within 50 rpm after 4 days. In Figure 11(d) it can be
observed that the thruster settles at a constant angular offset with respect to the system
CM.: this is to ensure that the resulting thruster torque counteracts the SRP torque on
the system. This is verified in Figure 11(f), which shows that the net external torques,
minus the respective components along the thrust vector, are zero.

8.3 SEP- and SRP-based Momentum Management with Thruster Swirl Torque

Figure 12 shows the simulation results obtained when the SEP thruster is simulated
including the effects of the swirl torque (x 7 0). This simulation is run for 3 days
to better appreciate the long-term effects of momentum buildup. After 1.5 days from
ignition, the arrays are switched from power-generating mode to momentum manage-
ment mode, as described in Section 5. Figure 12(b) shows the most evident results
of this simulation: in the first 1.5 days the wheel momentum is building up along

the positive 133 direction, due to the swirl torque. The thruster is still unloading the
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Fig. 11 Continuous momentum management with perfect CM knowledge

momentum building up due to SRP, but because the swirl torque is by definition about
the thrust direction, this component of momentum cannot be unloaded by the thruster.
The change in solar array pointing is shown in Figure 12(g) and 12(h). At = 1.5
days, Figure 12(b) shows that a sharp decrease in the net momentum as a result of the
SRP torque caused by the reorientation of one solar array. Equation (49) is used to
compute the array deflection angle, with the following choice of tuning parameters:
O®=2/3,n=2and& =5-10" N"2m *s~2.

Figure 12(e) and 12(f) show that in the first half of the simulation the thruster
torque is matching the SRP torque along the x and y axis, although the swirl torque is
contributing a component along z. In the second half one array is deflected to counter
the momentum build-up due to the swirl torque. Because of the deadband in the control
law, the array settles at a 30 deg offset with respect to the Sun direction. Figure 12(d)
highlights how, after the array deflection, the thruster is also immediately reoriented
to respond to the variation of SRP torque along l;l and I;Z.
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Fig. 12 SEP- and SRP-based momentum management

8.4 Continuous Momentum Management with CM Uncertainty and Integral
Feedback

This subsection presents the simulation results obtained by implementing an integral
feedback term with gain k; = 3 - 107 Hz? in the platform control law in Equation

(39). The flight software is seeded with the same initial CM estimate x presented
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Fig. 13 Continuous momentum management with CM uncertainty and platform integral feedback

in Section 7.1. The results are presented in Figure 13. Figure 13(c) and 13(d) show
that the platform quickly converges to a steady-state equilibrium, provided that the
platform reference gains « and «; are properly tuned. As in the previous section, this
equilibrium consists of a configuration in which the SRP torque is compensated almost
exactly by the thruster torque, as can be inferred from Figure 13(e) and 13(f). The
main issue is that the introduction of the integral feedback term causes the momentum
management control loop to become significantly underdamped. As a result, Figure
13(b) shows that the reaction wheels grow quickly during the transient response due
to the misalignment between the thruster and CM. At steady state, the wheel speeds
are progressively being reduced by the continuous momentum management action of
the thruster.
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Fig. 14 Continuous momentum management with estimated CM

8.5 Continuous Momentum Management with Estimated CM

This last subsection shows the performance of the momentum management strategy
combined with continuous CM estimation. The robustness of the cmEstimator
module is tested with a relatively inaccurate initial guess on the CM location, as
mentioned in Section 7.1. This has repercussions on all plots in Figure 14, where longer
transients can be observed. Figure 14(a) shows that the reference attitude changes
every hour: this is to ensure that, as the thruster platform is articulated to perform
momentum management, the attitude is also steered to maintain the thruster aligned
inertially. Figure 14(c) shows the more significant updates in the gimbal angles required
to ensure continuous momentum management, while simultaneously updating the
current estimate on the CM location. In Figure 14(b), RWs undergo larger transients
while the CM location is not yet determined accurately: in the first hour the gimbal
is aligned according to the inaccurate initial CM estimate, and this results in a large
thruster torque imparted to the system and compensated by the RWs. With the second
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Fig. 15 State estimation error and covariance without SRP effect

and third measurement updates, occurring att = 2 hours and # = 3 hours, respectively,
the estimate on the CM location improves, and the system’s behavior is dominated by
the action of the momentum management control loop. After + = 4 hours the wheel
speeds settle at a near constant rate, which is higher than the respective plot in Figure
11: this happens because in this scenario the wheels are spun up to absorb the transient
thruster torques, and due to the under-actuated nature of the control law in Equation
(32), the wheel speeds cannot be driven exactly to zero. Figure 14(d), coherently with
Figure 14(c), shows larger oscillations of the thruster about the CM. However, the
same steady state offset angle of A6 = 0.05 deg with respect to the CM location is
reached as in Figure 11. Figure 14(e) shows that the SRP components vary every hour
as attitude is adjusted. Finally, Figure 14(f) shows that, at steady state, the net external
torques are balancing in the plane orthogonal to the thrust direction vector.

It is interesting to observe the results of the CM estimation algorithm used in
this subsection, in comparison with the true CM location used in Section 8.1 to 8.3.
Specifically, itis interesting to compare the performance of the algorithm when external
perturbations (SRP) are present, and when they are not. When SRP effect is removed,
the plots in Figure 14 do not change substantially. However, an impact can be seen
when analyzing the errors of the estimated CM location compared to the truth.

8.5.1 CM Estimation without SRP Influence

The contribution of SRP is removed to generate the following results. The only source
of error to the measurement model in Section 6 is due to the convergence error between
actual attitude and reference attitude. The measurement noise covariance is set to
[R] = 10710[15,3] Nm?. Figure 15 shows the estimated state errors and respective
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30 bounds. The two subfigures show the same results, in different scales. Figure
15(a) highlights the macroscopic behavior of the estimation algorithm in the first
two hours of operation. It can be observed that the CM updates happens before the
end hour, as soon as the convergence error € drops below the threshold that triggers
the measurement update. Beyond the initial measurement update, even though the
algorithm keeps processing measurements, no significant updates happen, because
the measurements are substantially identical until the requested gimbal angles are
also updated at the hour mark. It is possible to observe that the second measurement
update, happening just before + = 2 hours, is enough to drive the estimated state to a
negligible error: this is consistent with the expectation that two linearly-independent
torque measurements are enough to resolve the location of the CM. Beyond the second
update, the estimate state barely varies. Figure 15(b) is interesting because it provides
insight on the accuracy within which each state component can be estimated: it is
possible to observe that, despite the fact that the initial state covariance is the same
for all three CM coordinates, the 30 bounds on the first two states in the end are
an order of magnitude smaller than the bounds on the third component. This result is
expected in this application in which the thrust vector is primarily aligned along the I;3
axis, because the thrust direction vector coincides with the non-observable direction.
Regardless, the gimbaling of the thruster makes the problem globally observable, and
the third coordinate of the CM location can be estimated with an accuracy of fractions
of a millimeter.

8.5.2 CM Estimation with SRP Influence

SRPis added back to the simulation and the measurement noise covariance is increased
to [R] = 4 x 1073[I353] Nm? to be consistent with the SRP torques observed in Fig-
ure 10, 11 and 14. The goal is to have the algorithm absorb the SRP contribution as
measurement noise. From a macroscopic level the results are similar to Figure 15 (a),
where after two measurement updates the estimate converges to the steady state value.
However, Figure 16(a) shows that a steady state bias is present in the estimated state,
particularly evident along the second and third CM coordinates. This happens despite
the fact that the post-fit residuals in Figure 16(b) are well within the 30 measurement
noise covariance. This is a consequence of having a biased measurement model as
described in Equation (69). As a result, the estimated state is not the real CM location,
but rather the location of point C* that drives the system to a steady state equilibrium.
This is further validated by the fact that, despite the estimate being incorrect, the algo-
rithm still drives the net external torques to zero as shown in Figure 14(f). In terms of
the combined action of the cmEst imator module and the plat formReference
module, the first estimates the location of the “effective” CM that ensures the smallest
amount of momentum build-up over time. The latter, on the other hand, receives the
effective CM location C* as an input, and consequently drives the thruster to a zero
offset with respect to C*.
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Table 2 Table of dispersed
properties and initial conditions
for MC runs

8.6 Monte Carlo Results

variable distribution bounds / std

Mhub uniform [2375, 2625] kg
TChub/B normal Scm- 30

[Jhubl normal 5% - 30

Bii; normal 2 deg - 30

2;(0) uniform [-1000, 1000] rpm
Jwg i uniform [0.1512, 0.1671] kg m?
Mga i uniform [80.75, 89.25] kg m?
[Jsa.il normal 5% - 30

1]l uniform [0.513,0.567] N

¢ normal 0.5 deg - 30

X( uniform S5cm- 30

This final set of results is provided to show the robustness of the simulation to dispersed
initial conditions and with variations in mass and inertia properties not modeled in
the flight software. The following initial conditions are dispersed in 500 Monte Carlo
runs, with respect to the nominal values already presented in Section 7 (Table 2):
Figure 17(a) and 17(b) display the simulated behavior of reaction wheels and solar
arrays for a scenario where concurrent SEP thruster and solar array momentum man-
agement are performed. At 1.5 days of simulation time, the arrays are switched from
power generation mode to momentum management mode. The SEP thruster’s swirl
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Fig. 17 Monte Carlo Runs

torque disturbance is being modeled. The uncertainty on the CM is twofold, because
dispersions are added to both the real CM location and the initial CM guess x¢. The
CM estimation algorithm is used to drive the system to a stable configuration. Figure
17(a) displays large initial RW transients: this is explained by the large number of
dispersions injected into the Monte Carlo runs: when the algorithm starts on loaded
wheels and a poor initial CM guess, the first iterations can cause the wheels speeds to
grow. Such an undesirable situation is simulated here to test the strength of the pro-
posed approach: it can be observed that, in a matter of a few hours, the wheels recover
the linear trend due to the continuous injection of momentum from the SEP swirl
torque. The spread in the RW speeds is due to different initial conditions, which result
in different amounts of momentum along the uncontrollable thrust direction vector at
steady state. At ¢ = 1.5 days the RW momentum is reduced due to the momentum-
offloading action of one of the arrays. Coherently, Figure 17(b) shows the actuation of
one solar array to perform momentum management about the thrust direction vector.

9 Conclusions

This paper presents a general analytical solution on how to use a solar electric propul-
sion thruster mounted on a gimbaled platform and single-hinge rotating solar arrays
attached to the spacecraft hub to perform continuous momentum management for a
spacecraft on an interplanetary trajectory. This work starts from modeling the dual-
gimbaled thruster platform assembly in a general manner, and delivering a closed-form
solution to compute a guidance law for the reference tip and tilt angles required to
control the platform. This is done to ensure the desired thruster torque performance.
Subsequently, this paper presents a control law to offset the thrust vector with respect
to the system center of mass, whose location is assumed known until this point. The
control law feeds back on reaction wheel net momentum to deliver a thruster torque
that counters momentum build-up. As a result, reaction wheel speeds barely grow over
time, as opposed to noticeable linear growth without active momentum management.
Similarly, a control law is derived to off-point the solar arrays from the incoming
sunlight to leverage the differential solar radiation pressure torque to also perform
momentum management on the spacecraft. The stability of both these control laws
is proved using nonlinear control theory, and it is guaranteed under the satisfaction
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of a set of reasonable assumptions presented along the derivation of the control laws.
Lastly, this paper investigates the problem of center of mass estimation, necessary
in order for the feedback control law to operate properly. It is shown that under the
assumptions that the attitude reference frame does not vary significantly over a time
window of a few hours, it is possible to exploit stabilizing integral feedback torque
measurements to triangulate the location of the center of mass of the system. While
this problem is, in principle, not fully observable, it becomes observable when mul-
tiple linearly-independent torque measurements are obtained orienting the thruster in
different directions. For this measurement model to work, enough time needs to be
allowed to the attitude control system to drive the spacecraft hub to the desired ref-
erence. Moreover, the integral feedback term is accurately linearly correlated to the
thruster torque only under the assumption that the spacecraft reference attitude remains
approximately constant. Lastly, results show that a bias appears in the estimated cen-
ter of mass location when unmodeled external perturbations are acting on the system.
Interestingly, this does not affect the steady-state performance of the system because
the combined action of the estimation algorithm and the control law drive the thruster
to the same CM offset as in the case in which perfect CM knowledge is assumed.
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