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Since the successful rendezvous of the Gemini VI and VII spacecraft in 1965, spacecraft
formation flying has attracted the interest of many researchers in the field. Yet, existing method-
ologies do not currently account for the oblateness of a central body when the distance between
the satellites exceeds the reach of standard analytical techniques such as Brouwer-Lyddane theory
and thereof.

In this dissertation, the problem of designing bounded relative orbits is approached with a
dynamical systems theory perspective in order to overcome the limitations imposed by mean-to-
osculating orbit element mappings and linearization errors. We find that the dynamics of satellites
in the Earth zonal problem can be fundamentally described by three periods, whose averaged
values can be accurately computed through numerical integration. To ensure long-term bounded
relative motion between the satellites in a formation, at least two of their fundamental periods
need to be matched on average. This condition is enforced by including additional constraints into
existing techniques for calculating families of quasi-periodic invariant tori. The result is a numerical
procedure that searches for the invariant curves of a stroboscopic mapping while changing the polar
component of the angular momentum vector for each of the quasi-periodic tori within the family.
Upon convergence, the algorithm outputs several curves that can be interpolated to obtain an
entire surface of bounded relative motion. That is, by selecting arbitrary initial conditions on this
surface, bounded relative motion can be established, regardless of the number of zonal harmonics
terms that are included in the geopotential.

Given this encouraging result, we move beyond Earth’s orbit and investigate the problem
of designing bounded relative orbits about small irregular bodies. First, we consider the case of

asteroid (4179) Toutatis, and build on previous research to identify periodic and quasi-periodic



iv
orbits that ensure boundedness in spite of the complex shape and rotational state of the target
asteroid. Next, we move to the Martian system and design spacecraft formations near Phobos.
Once again, we aim at improving the realism of previous simulations found in the literature by
modeling the nonspherical shape and nonzero eccentricity of the Martian moon. The resulting
higher fidelity model causes entire families of periodic orbits to become quasi-periodic invariant
tori that eventually serve as initial conditions for bounded spacecraft formations.

The last part of this thesis is dedicated to assessing the robustness of the relative trajectories
computed throughout the manuscript. Although atmospheric drag and solar radiation pressure have
catastrophic effects on the relative dynamics of satellites in LEO and near Toutatis, it is found that
spacecraft formations in MEO, GEO, and about Phobos are quite resilient to mismodeled dynamics,
making quasi-periodic invariant tori a robust option for flying satellite clusters in these complex

dynamical environments.
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Chapter 1

Introduction

1.1 Spacecraft Formation Flying

Groups of satellites that cooperate in space to fulfill their mission requirements are usually
referred to as Distributed Space Systems (DSS) . This architecture is a relatively new concept in
space mission design that offers several advantages over single satellite missions [1]. First, DSS
can be designed to be cheaper and more practical than large monolithic spacecraft, as the tasks
required for the mission are usually spread among a flock of smaller cost-effective satellites that
can be manufactured with standard components and techniques. Accordingly, DSS are commonly
acknowledged to be more robust than single-satellite missions due to the possibility of replacing
faulty units with new pieces of technology that can be launched in space if needed. Even when unit
replacement is prohibited by costs and engineering constraints, the geometry of the formation can
sometimes be reconfigured to proceed with the mission objectives in spite of the loss of one or more
vehicles. Finally, DSS enable space-based scientific investigations that cannot be performed with
single satellites due to launch, budget, and physical restrictions. Examples of the latter include
space-borne telescopes with long focal lengths or large-baseline Synthetic Aperture Radars (SAR)
like the DLR’s TanDEM-X, a SAR mission that started as soon as TerraSAR-X was joined by
its twin satellite in order to deliver the most accurate and detailed digital elevation models of the
Earth up to date [60].

The example of TanDEM-X is just one of several cases in which distributed space systems have

contributed to improve our understanding and monitoring capabilities of the Earth environment.



Currently, NASA’s GRACE is still measuring the inter-satellite distance between two twin satellites
separated by a few hundreds of kilometers in order to capture the tiniest variations of the Earth’s
gravity field [I06]. At much higher altitudes, the Magnetospheric Multiscale Mission (MMS) is
studying the phenomenon of magnetic reconnection between the Sun’s and Earth’s magnetic fields
based on the measurements of four identical satellites flying in a tetrahedral formation [54]. GRAIL
just recently terminated its mission to the Moon after measuring the gravity field of our satellite
with unprecedented accuracy [119], whereas PRISMA successfully tested new key technologies for
upcoming DSS missions [26]. In the future, there is hope that ESA will commit to build the first
space-based gravitational waves observatory by placing three satellites in a triangular configuration
with separation distances on the order of millions of kilometers [I0]. By then, the Asteroid Impact
Mission (AIM) might have been the first spacecraft to ever establish an inter-satellite network
about an asteroid with a mothercraft and two 3U Cubesats to be deployed upon arrival at (65803)
Didymos [110].

A prerequisite for all of these ambitious missions to be successful is guaranteeing that the
vehicles within the formations do not fly apart from each other. Yet, ensuing bounded relative
motion is a nontrivial task considering all of the forces and sources of error that typically affect the
motion of space vehicles. Fortunately, techniques from Dynamical Systems Theory (DST) can be
leveraged to identify trajectories that mitigate the effects of perturbations and the need for correc-
tive maneuvers. This search is hereby referred to as the Bounded Relative Motion Problem and is
one of several focuses of Spacecraft Formation Flying (SFF), which is defined by NASA’s Goddard
Space Flight Center as “the tracking or maintenance of a desired relative separation, orientation,
or position between or among spacecraft” [1]. In this thesis, we are primarily concerned with the
maintenance aspect of a formation, as we will recurrently seek for initial conditions that guarantee

bounded relative motion in spite of the complex dynamical environments being investigated.



1.2 The Bounded Relative Motion Problem

Since the pioneering work of Clohessy and Wiltshire [23], research on relative motion has
addressed the reduction of the fuel requirements of a distributed spacecraft mission by identifying
trajectories that minimize the relative drift between a reference spacecraft (the chief) and its
companions (deputies). In the validity regime of the Clohessy-Wiltshire equations, such drift can
be nullified if the initial relative velocity of the deputy in the along-track direction is equal to twice
the initial displacement in the radial direction multiplied by the mean motion of the chief [95] [T01].
This relationship between the component of the initial state vector ensures that the semi-major
axes of the chief and deputy spacecraft are equivalent, a condition that guarantees bounded relative
motion in the Keplerian case even when the trajectory of the chief is non-circular [46].

Unfortunately, straightforward analytical relationships between the initial conditions of the
spacecraft are no longer valid when perturbations to the two-body dynamics are incorporated in the
equations of motion. For spacecraft formations about the Earth, the main challenges are associated
with the differential rates in the Right Ascension of the Ascending Node (RAAN), argument of
perigee, and mean anomaly at epoch induced by the oblateness of the planet. Schaub and Alfriend
realized this fact and developed first-order differential mean orbit element initial conditions that
nullify the difference in RAAN and mean argument of latitude rates between two neighbouring orbits
[94]. Specifically, the authors showed how differences in the mean semi-major axes, eccentricity, and
inclination of two satellites can be applied to establish bounded relative motion over a few orbital
revolutions. Similar results were also obtained by other authors using different orbit element rates
[35, [107] and/or numerically corrected initial conditions [13], 93] [115] that ensure bounded relative
motion over a few days in spite of the linearization and mean-to-osculating orbit element mapping
errors that limit the size and accuracy of the computed relative orbits.

An alternate approach developed by Koon et al. studies the problem of the relative mo-
tion in a Js-perturbed environment via Poincaré mappings, surfaces of section, and other tools

imported from DST [64]. Their approach was based on the pioneering work of Broucke, who first



demonstrated that the majority of trajectories about an axisymmetric body are either periodic or
quasi-periodic in the 2 DOF Routh Reduced System (RRS) derived from the Lagrangian of the
Earth zonal problem [I7]. There, satellites can be initialized on periodic and quasi-periodic orbits
to achieve bounded relative motion over indefinite time spans. Although the strategy proposed
by Koon and co-authors does not rely on either linearization or mean-to-osculating orbit element
mappings, it no longer works as soon as the same initial conditions are translated to the full six-
dimensional problem. Here, differences in the nodal periods and RAAN drifts per nodal period
between the different satellites cause a natural drift that destroys the formation within a few days.
Xu et al. [114] noted this fact and combined the dynamical system theory approach with a nu-
merical searching method based on ergodic maps and contour plots to enforce a weaker version of
the constraints originally derived by Martinusi and Gurfil [71]. This resulted in bounded relative
trajectories that last for more than a year.

A similar searching method has also been adopted by Chu et al., who studied the Js bounded
relative motion problem from a completely analytical point of view [22]. Albeit subject to some
limiting assumptions, their method succeeds in generating bounded relative trajectories using
Hamilton-Jacobi theory to calculate the natural frequencies of motion and matching the aver-
age of the nodal and sidereal periods of two satellites in different orbits. Unfortunately, the lack of
numerical simulations that test the boundedness of their relative trajectories for extended periods
of time prevents a rigorous comparison with previously discussed techniques, thereby leaving the

Bounded Relative Motion Problem still open to debate.

1.3 A Dynamical Systems Theory Approach

In this thesis, the work of Koon and coauthors is leveraged to study the problem of bounded
relative motion from a dynamical systems theory point of view. Differently from the majority of
previous research, we design trajectories for spacecraft formations using the surface of quasi-periodic
invariant tori that are explicitly calculated with numerical procedures imported from DST. This

approach enables the investigation of the deployment of spacecraft formations in complex nonlinear



dynamical environments such as the Earth zonal problem or the vicinity of small irregular bodies
without the need of the expensive grid searches proposed in Ref. [22] & [114].

The idea of using quasi-periodic invariant tori for spacecraft formation flying is not novel and
was originally proposed by Barden & Howell in 1998 [5]. In their paper, the authors leveraged the
knowledge of the center subspace of an unstable halo orbit to initialize a multitude of spacecraft and
study their relative dynamics for planet-finding applications. Since then, many other authors have
studied the possibility of using quasi-periodic tori to guarantee bounded relative motion between
multiple vehicles, including [42] and [83]. However, it was not until recently that powerful numerical
techniques to extend the computation of these dynamical structures beyond the center subspace
became available.

Currently, numerical procedures for computing quasi-periodic invariant tori can be classified
into two main categories: methods that compute invariant tori of flows, and methods that calculate
invariant curves of maps (Fig. [L.1). Both strategies aim at calculating diffeomorphisms whose
images are invariant for the considered dynamics. However, differences between these classes of
methodologies arise when comparing the performance and limitations of these two approaches.

In the first case, invariant tori of flows are usually computed by translating the conditions for
quasi-periodic motion into a set of Partial Differential Equations (PDE) that can be solved with
standard procedures available in the literature. For instance, Schilder et al. propose to approximate
the solution over an equally spaced grid of points while using Central Differences (CD) to replace
partial derivatives with linear combinations of neighboring points [99]. This approach is hereby
referred to as the PDE(CD) algorithm and produces a large system of nonlinear algebraic equations
that can be solved via Newton’s method to get a full parametrization of the torus whose accuracy
depends on the spacing between consecutive mesh points. A finer mesh recovers a more accurate
result at the expense of a higher computational cost. This increase in the computational time is
particularly problematic for alternative formulations of the PDE approach, where central differences

are substituted by more performing methods such as the Discrete Fourier Transform (DFT) (see

PDE(DFT), Section |3.1.2)).



In contrast with the previous strategies, methods that compute invariant curves of maps are
less susceptible to the curse of dimensionality because they deal with objects of dimension one
less. Gémez and Mondelo derived a numerical method for calculating the Fourier coefficients of
Lissajous and halo orbits in the Circular Restricted Three-Body Problem (CRTBP) based upon
the invarinat curves of a stroboscopic mapping [44]. Olikara and Scheeres modified this approach
to operate directly on orbit states and to incorporate general-purpose constraints that generalize
the algorithm to other systems and orbit families [86]. The resulting procedure, hereby referred
to as GMOS, calculates families of quasi-periodic invariant tori by solving a Two-Point Boundary
Value Problems (TPBVP) for the invariant curves of a stroboscopic mapping, and represents an
alternative with respect to the methodology of Kolemen, Kasdin, and Gurfil (KKG), who built on
similar ideas to calculate invariant curves of Poincaré maps [62].

Although both map strategies have been successfully tested in astrodynamics (see, e.g., [8,
151, 36]), it is unclear whether KKG or GMOS should be preferred for extensive studies as well as

to establish bounded relative motion in complex dynamical environments. Furthermore, neither

Numerical Computation of
Quasi-periodic Invariant Tori

VAN

Invariant Invariant
Tori of Flows Curves of Maps

TPBVP:

PDE:

Figure 1.1: Methods for calculating quasi-periodic invariant tori. From left to right: Partial Dif-
ferential Equation (PDE) solver based on Central Differences (CD), PDE solver based on Discrete
Fourier Transform (DFT), Two-Point Boundary Value Problem (TPBVP) for invariant curves of
Poincaré maps (KKG), and TPBVP for invariant curves of stroboscopic maps (GMOS).




of these methods has ever been compared with PDE approaches, which also succeed in generating
families of quasi-periodic invariant tori in relevant astrodynamics problems [85].

For all these reasons, a comparison between different numerical procedures is first offered
in this thesis. This will help us identify which of the proposed methodology should be preferred
for formation flying purposes as well as to identify key features that proved to be useful for the
remainder of this research. Next, we focus on the design of spacecraft formations starting from the
zonal problem about axisymmetric bodies. This and other applications of quasi-periodic invariant

tori are further discussed in the following research summary.

1.4 Organization

This thesis begins with a brief overview of dynamical systems theory techniques that are used
for calculating low-dimensional invariant sets, i.e., fixed points and periodic orbits. This discussion
allows us to introduce some of the notation and terminology used throughout the remainder of
this work. For example, we review the predictor-corrector approach proposed by Seydel [100] to
continue along family branches of periodic orbits, noting that a similar procedure can be also
applied in the quasi-periodic case. We also discuss different approaches for solving Boundary Value
Problem (BVP) as this may affect the implementation of some of the numerical procedures adopted
for this research. Lastly, we introduce the definition of quasi-periodic invariant tori and highlight
some of the fundamental features that may be relevant for our future analyses.

Chapter 3| of this thesis deals with the numerical procedures available in the literature for
continuing families of quasi-periodic invariant tori. After reviewing the different methodologies, we
propose a simple accuracy test so as to determine which of the candidate procedures should be
preferred for practical studies of astrodynamics problems, including the establishment of bounded
relative motion in complex dynamical environments. It is found that GMOS gives the most accurate
results in the shortest amount of time, making it our preferred choice for our dynamical investiga-
tions. Additional benefits offered by this methodology are the possibility of carrying out stability

analyses of quasi-periodic trajectories as well as the opportunity to calculate three-dimensional



invarinat tori.

Using these results, the GMOS algorithm is applied in the fourth chapter of this research to
calculate quasi-periodic invariant tori in the zonal problem. It is demonstrated that modifications
of the numerical procedure are necessary in order to mitigate the issues encountered by Koon et al.
when trying to establish bounded relative motion about an axisymmetric model of the Earth [64].
Consequently, we adapt the GMOS algorithm for the numerical computation of entire families of
bounded relative trajectories about stable periodic orbits of the RRS.

Moving beyond Earth orbit, Chapter 5 of this thesis explores the computation of bounded
relative trajectories in highly perturbed dynamical environments such as the vicinity of asteroids
and small planetary satellites. To start off, we consider the asymmetric case of a uniformly rotat-
ing tri-axial ellipsoid shaped as the slowly rotating asteroid (4179) Toutatis. The realism of our
simulation is further enhanced in second part of this chapter by adding the irregular shape and
tumbling motion of the chosen asteroid into our analysis. Lastly, we investigate the possibility of
deploying spacecraft formations in the vicinity of Phobos, as this is probably one of the most chal-
lenging dynamical environments that are of interest to the astrodynamics community nowadays. It
is found that quasi-periodic invariant tori may be extremely useful in understanding the dynamics
in the proximity of the Martian moon, as quasi-periodic solutions are much more dominant in the
system than resonant periodic orbits considered thus far in the literature.

Finally, Chapter 6 of this thesis deals with dynamical perturbations that have the potential
to impact on the bounded relative trajectories identified throughout this thesis. We begin by
demonstrating how satellites in LEO, MEO, and GEO formations tend to drift apart due to luni-
solar attraction and radiation pressure (SRP). For spacecraft formations at low altitudes, we also
model the nonconservative action of atmospheric drag and study the disruptive effects of this
dynamical perturbation on the relative motion between two satellites. Lastly, we move beyond
Earth’s orbit and continue our robustness analysis for spacecraft formations about (4179) Toutatis
and Phobos. It is found that countering the effects of SRP would be mandatory for distributed space

systems near the complex rotator due to the impact of radiation pressure on the general dynamics
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of massless spacecraft. In contrast, spacecraft formations about Phobos seem to be resilient to the
oblateness of the Red planet and the eccentricity of the Martian moon, thereby suggesting that

DSS could be flown in the vicinity of the small planetary satellite.

1.5 Contributions

The main contributions of this reaserch are divided by topic and summarized in the following

list.
e Numerical computation of quasi-periodic tnvariant tori:

* Comparison between several numerical procedures for computing quasi-periodic invariant
tori;
x Identify which of the existing methodologies should be preferred for practical studies of as-

trodynamics problems;

*x Adapt the GMOS algorithm for the calculation of three-dimensional tori;
e Bounded relative motion about axisymmetric bodies:

* Understand the dynamics near rotationally symmetric bodies;
x Modify existing procedures for QP tori to ensure bounded relative motion;

*x Design of spacecraft formations in the Earth’s zonal problem;
o Spacecraft Formation Flying in extreme dynamical environments:

x Studying quasi-periodic motion near small bodies;

*x Use quasi-periodic tori to establish bounded relative motion about uniformly rotating tri-axial

ellipsoids, complex rotators, and small planetary satellites;
e Robustness Analysis

* Include perturbations to evaluate the impact of unmodeled dynamics on the relative motion;
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Chapter 2

Preliminaries

In order to better understand the methodologies implemented to calculate quasi-periodic
invariant tori in this research, it is useful to briefly review standard techniques available in the
literature to compute low-dimensional invariant sets, i.e., fixed points and periodic orbits. To
support the discussion, examples of fixed points and periodic orbits in the Hill approximation of
the CRTBP (also known as the Hill Problem (HP)) are shown. Accordingly, the chapter begins
with a short discussion of the HP equations of motion along with key properties that are useful
to interpret the plots displayed in the following pages. It is important to note, however, that the
procedures hereby presented are general in nature and can be applied to a variety of astrodynamics
problems with minor adjustments. Because of this, we will try to keep the discussion as more general
as possible and without referring to the explicit form of the HP equations for the calculation of its
equilibrium points and periodic orbits (Section f . Section finally introduces some of the
key aspects of quasi-periodic invariant tori that prepare the ground for the numerical procedures of
Chapter 3] A more rigorous discussion of tori in several classes of dynamical systems can be found

in [14].
2.1 The Hill Problem

Let © € R™ be the state vector of a massless spacecraft with a dynamical evolution that is
modeled by the smooth Hamiltonian vector field f(x,p,t) : R” x RP x R — R"™. Although f may

depend explicitly on the independent variable t, it is assumed that f is actually autonomous and
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does not depend on any external parameters p. In this case, the system of first-order ordinary

differential equations reduces to
& = f(z), (2.1)

where (—) denotes differentiation with respect to time.

A classical example in astrodynamics that falls into the category of problems represented by
is offered by the Hill approximation of the CRTBP. This approximation applies when the
spacecraft is orbiting in the vicinity of a secondary body whose mass is significantly smaller than
the mass of the primary, i.e., (Ms/M,) << 1 [49,50, 98]. In this case, the equations of the CRTBP
can be conveniently rewritten in a rotating frame centered on the secondary and simplified in the
dimensional formulae of the HP:

Hs

r = 2nsy+3n§x—r—3x,

j o= —2nsi—2y, (2.2)
r

z = —n%z—'u—sz,
r3

where r = /22 + y2 + 22 is the distance from the origin of the coordinate frame, pg is the gravi-
tational parameter of the secondary body, and ng is its mean motion. By scaling the length and
time units of the problem such that both ng and (us/ n%)(l/ 3) are equal to 1, Eq. (2.2)) eventually

reduces to the classical form of Hill’s equations:

i o= 2§43z =,
.
j o= 28— 2, (2.3)
T
. z
zZ = —Z— —G.
7~3

As it can be seen, Eq. (2.3)) does not depend on any external parameter and can be easily



15

rewritten in the form (2.1 via

r = Uy,
Yy = Uy,
zZ = v,
&= fla) = i (2.4)
Uy = 2vy,+3x i
Yy
Uy = —2; 5
. z
Vv, = —zZ— —,
z 7‘3

T
where x = z, Y, =z, Ug, Uy, Uy

It is worth noting that the system (2.4)) admits one integral of motion known as the Jacobi

constant:

1 1
C:T—V:f(v§+v2+v§)—§(3x2—zz)—f (2.5)

where T' = % (v3+v;40v?2) represents the kinetic energy of the spacecraft and V = % (322 —22) —I—% is
referred to as the effective potential. Since kinetic energy is a positive-definite quantity, C'+V must
also be positive, i.e., V' > —(C'. This inequality defines zones of admissible motion for each specified
value of the Jacobi constant. In particular, we are interested in the boundaries of these regions, i.e.,
the zero-velocity curves, as their study can immediately reveal the existence of trapping regions
where the motion of massless particles is confined. For the HP, these trapping regions are typically
found in the close proximity of the secondary body for low values of C' (Fig. . As soon as the
Jacobi constant is allowed to increase, the area and ellipticity of the zero-velocity curves tend to
increment until the boundary is no longer close and the spacecraft is allowed to escape from the
vicinity of the secondary body. The gates open up as soon as the Jacobi constant reach the “energy”
value of the Lagrangian equilibrium points depicted in Fig. thereby indicating that the study
and analysis of these particular solutions may be beneficial for the understanding of the system
dynamics. This situation is encountered in many other classes of dynamical problems, including the

infamous CRTBP as well as the motion of spacecraft in the vicinity of uniformly rotating asteroids

[96]. Accordingly, a brief overview of fixed points and their stability is first offered in the following
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Figure 2.1: The two collinar points of the Hill problem in normalized units. The figure also shows
zero-velocity curves defining zones of admissible motion and forbidden regions.

pages.
2.2 Fixed Points

By definition, fixed points «* are states of the phase space where the dynamics is constantly
equal to zero, i.e., f(x*) = 0 [76]. Looking at the equations of the Hill problem, it is apparent
that—in order for f(x*) = 0 to be satisfied—y, 2, v, vy, and v, must be equal to zero. The remaining

equation for x reads as 3x — = 0 and gives the final expressions for the HP Lagrangian points:

o
|z
T T
L = |=(1/3)Y3, 0, 0, 0, 0, 0] P, = [(1/3>1/37 0, 0, 0, 0, 0] :
Next, we can address the stability of these equilibrium points by studying the dynamics of

small perturbations about x*. If x = * + w is in a small neighborhood about x*, then



17

Since &* = f(a*) = 0, neglecting the high order terms yields the linear system

: [af
W=

= 8:2} w=Aw, (2.7)

which can be solved using the State Transition Matrix (STM) ® € R™*" given by the numerical
integration of

D(t,tg) = A(I)(t,to), D(tg, to) = I, (2.8)

where t and tg denote the current and initial times, respectively.

Using the STM, one can prove that * is stable whenever the real part of all the eigenvalues
of A is negative. Conversely, if at least one of the eigenvalues of A has positive real part, the
system is unstable as solutions along its associated eigenvector tend to escape from the vicinity of
the equilibrium points. Both of these behaviors hold in the original nonlinear system too for as
long as all of the eigenvalues of A have nonzero real part. Then, «* is hyperbolic and Hartman-
Grobman theorem can be applied to guarantee that the dynamics in the neighborhood of x* is
well represented by the linearization [72]. A third option would be if some of the eigenvalues
of A are purely imaginary, e.g., +iv. If that is the case, linear analysis is inconclusive because
linear centers have seen to become nonlinear center, stable spiral, or unstable spiral depending on
the nonlinear terms appearing in the equations of motion . One could use nonlinear stability
analysis to prove the true nature of the fixed point x* [72] [70, [95]. However, if a system admits a
non-degenerate integral of motion like and the purely imaginary eigenvalues are not multiple
of the other eigenvalues, then Lyapunov Center Theorem assures that there exists a one-parameter
family of periodic orbits emanating from a* with initial period T' ~ 27 /v [(7]. This is indeed
observed for the collinear libration points of the Hill problem, as these turn out to be of the saddle
X center x center type. In this case, for each pair of purely imaginary eigenvalues, there exist a
one-parameter family of periodic orbits known as the Lyapunov and vertical periodic orbit families.
These and other periodic orbit families may be calculated using the numerical procedures outlined

in the next section.
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2.3 Periodic Orbits

Periodic orbits are defined as those trajectories that repeat after a minimal period T'. Defining
the flow of the dynamical system (12.1)) to be (o) for a generic time ¢ and a generic initial condition

xo, then periodic orbits must satisfy the relationship
¢r(x0) — 0 = 0. (2.9)

Together with (2.1), Eq. (2.9) defines a BVP that is better tackled as follows. To start off,
let us define a new time variable 7 such that ¢ = T'7 [33]. With this new independent variable, the
dynamical system ([2.1)) reads as

' =T f(x), (2.10)

where (—)’ denotes differentiation with respect to the nondimensional time 7. Since t = T when

7 =1, it is also easy to recast (2.9)) as the boundary constraint
g(xo, 1) :=x1 — X =0 (2.11)

where 1 = x(r7 = 1). This normalization limits the time domain of possible solutions on the
interval [0, 1], thus enhancing the numerical robustness of the methodologies described in this
thesis. Unfortunately, this change in the time scale of the problem still does not prevent the BVP
to be ill-posed for a number of reasons.

First, note that, for autonomous systems such as , any point along the periodic orbit
could be a solution of the BVP. Because of this, standard shooting techniques are prone to fail
until extra constraints are included in the formulation of the problem. Doedel et al. [32] refer to

these constraints as phase conditions and propose
p(ao) == f(&0)" (o — &o) = 0, (2.12)

to anchor the initial conditions x in the plane perpendicular to f(2g)”. The same author refers to
o as a previously known solution of the BVP, and, for the purpose of this dissertation, it can either

be a linear approximation of the researched periodic orbit or a nearby periodic orbit previously
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computed. Although other forms exist, this is also the equation that we generally refer to when
talking about phase conditioning. Differences in the implementation of p(xg) will be noted when
opportune.

Second, observe that the period of the periodic orbit is generally not known a-priori and
needs to be solved for by our numerical procedure. To find values of T, we leverage the family
structure in which periodic orbits of autonomous systems are generally organized in. Consequently,
instead of fixing the period directly, we allow for changes in gy and 1" along the curve representing
the periodic orbit family in the (x,7T) plane, and that satisfy the pseudo-arclength continuation
constraint:

s(xo,T) == & (g — &) +T' (T —T) — 65 = 0, (2.13)

where 2/ = [536 jﬂ'}T denotes the family tangent computed in (Zo,T"), and ds represents the
continuation step-length [34]. The constraint has been advocated by many authors including
[32] 61] for robustness and because local extrema such as the one portrayed in Fig. are easily
handled and overcome. Thus, it also represents our preferred choice moving forward.

Ultimately, the computation of several members of a periodic orbit family can be formulated

as a BVP such that

¥ = Tf@), (2.14)
T = 0,
subject to the boundary constraints
g(xo, 1)
F(zo,T)=| p(xy) | =0 (2.15)
s(xo, T)

To find a unique solution of (2.14)—(2.15), consider the predictor-corrector scheme proposed by

Seydel (Fig. [100]) and outlined in the following subsections.
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Figure 2.2: Predictor-corrector scheme for computing families of periodic orbits.

2.3.1 Predictor

First, assume a nearby periodic orbit (.'Iéo,T) of a one-parameter family is either given or
initialized in the center subspace of an equilibrium point with 7' ~ 27 /v as specified by Lyapunov
Center Theorem. In this case, one has that the periodicity constraint and the phase condition

(2.12)) must be approximately equal to zero:

(&, T) = ~ 0. (2.16)

Now consider h(Zy(s),T(s)) to be a function of the arclength s, so that, by differentiation,

@
ox

Z( + Oh
L
(&0.T) or

T = [hm({ﬁo,f) hr(&0,T)| 2 = [Dh]z' = 0. (2.17)

(wo 7T)

Eq. (2.17) shows that the family tangent 2’ € ker([Dh]) with dim[ker([Dh])] = 1. Therefore, 2’
can be computed using, for instance, the single value decomposition of [Dh]. Accordingly, an initial

guess for a new periodic orbit inside the family can be simply generated via

Ty = To+0s :ﬁa,
(2.18)
T = T+6sT,
where Js is again the continuation step-length introduced in Eq. These approximations give

a reliable initial guess for the second part of the algorithm, which aims at refining the values of

(o, T') until all of the boundary constraints (2.15) are met with satisfactory accuracy.
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2.3.2 Corrector

Since (@, T) are only predicted values, it is unlikely that all of the constraints in Eq.
are immediately satisfied. Nevertheless, provided that (xo,T) is sufficiently close to the true so-
lution, Newton’s method can be applied to update the initial guess until the L2-norm of is
zero within some tolerated margin: ||F(xo,T)|| < Tol. To that end, consider expanding F'(xo,T)

to the first order in the vicinity of (¢, 7’) such that

ox
F(xo+ dx, T+ 0T) ~ F(xo,T) + [DF] + H.O.T., (2.19)
oT
where ~ _
oz, I oz i T
ozg " T M —1, f(z1)
Op(xo) B
DF] = = T , 2.20
[DF] D0 0 £ (&) 0 (2.20)
88(:130, T) 88(2170, T) CE‘6T T/
L 8:130 oT ] - -

and I, is the n x n identity matrix. Also notice that gz; corresponds to the state transition
matrix integrated over one orbital period. Such a matrix is known as the monodromy matric M
and turns out to be extremely useful in analyzing the stability of the periodic orbit (see Section
2.5). Similarly, 8;;1 describes variations of the terminal state with respect to 1" and is equivalent
to f(x1).

Now assume that F(Zo + 0z, T + 6T) ~ 0, so that equation can be rearranged and
solved for in terms of [&BT 5T] ! via

ox _
= —[DF]' F(x,T), (2.21)

0T

where [DF]' is the left pseudo-inverse of the jacobian matrix [DF] € R(t2)X("+1)  Tterating this
process yields a recursive formula that shall be repeated until the norm of F(:c(()k),T(k)) is below

the chosen tolerance:
(k+1) (k)
T T
=77 | = DFW] P, T®). (2.22)
T(k+1) (k)
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Upon convergence, the algorithm produces a solution to the BVP that can be used to reini-
tialize the predictor-corrector scheme and march along the branch of the considered periodic orbit
family. For continuing along the family, one needs to update the values of (&, T) with the newly
found solution and recompute the family tangent as discussed in Sec. From there, predicted
states can be generated and feed into the corrector part of the numerical procedure until a new pe-
riodic orbit is found. This solution can be given in input to the predictor part of the algorithm once
again, and the process repeated until the entire family branch is calculated or the corrector stops
converging. Fig. 2.3]shows an example of a periodic orbit family computed in the HP. Specifically,

the plot displays several members of the L1 southern Halo family obtained with one single iteration

0.5
N 0t
>
-0.5 ¢
-1
0.2 ¢ 0.2
Planet
or Svii of
+-0.2 - -0.2
N N
0.4 r 0.4
-0.6 -0.6
0.8 -0.8

Figure 2.3: Examples of Southern Halo orbits about the first libration point of the Hill problem.
The trajectories in red are unstable, whereas the trajectory in blue is stable. See for details.
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Figure 2.4: Continuation of the Southern Halo family branch.

of the algorithm. The same periodic orbits are finally organized in terms of orbital period and
Jacobi integral to demonstrate the effectiveness of the proposed methodology in handling turning

points and local extrema such as the one of Fig.

2.4 Shooting vs Collocation techniques

Although representative of the numerical procedure considered in this thesis for computing
periodic orbits, the algorithm outlined in the previous section is just one of several approaches that
can be applied in order to solve BVPs. In that case, the equations of motion are integrated from

xo, 790 = 0 until 7 = 1 along with the variational equations

O(r,70) = A7) ®(7,70),  ®(70,70) = In, (2.23)

so that @1 and M can be generated and plugged into F(x(,T) and DF(xo,T), respectively. Such
a procedure is usually referred to as single-shooting (Figure[2.5(a))), and despite being attractive for
its simplicity, it also suffers from stability issues when integrating trajectories near highly unstable

regions.



24
or(x0)

o

(a) Single-shooting (b) Multiple-shooting

(c¢) Collocation

Figure 2.5: Shooting VS collocation techniques. The red arrows illustrate the direction of the
force field at different points along the trajectory, showing that the equations of motion are readily
satisfied in shooting approaches. Conversely, the vector field may not be necessarily tangent to
collocation iterations until convergence.

A straightforward solution to this problem is to split the integration interval into N segments
so as to limit the growth of the round-off error below some acceptable threshold. This approach
is usually referred to as multiple-shooting (Figure and fall into the same category of Initial
Value Problems (IVP) where trajectories need to be integrated by means of standard numerical

integrators like Runge-Kutta or multistep methods [4].
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Differently from the previous two approaches, collocation does not rely on any numerical
integrator. Rather, the solution is approximated with a piece-wise continuous polynomial using a
two-level discretization procedure (Figure . First, the time domain is split in IV subintervals
[Ti, Tix1], 2 = 0,..., N —1 for robustness and accuracy reasons. Second, the solution is evaluated in
correspondence of the roots of a m-th degree Legendre polynomial over each of the IV subintervals.
Accordingly, let z; j, j = 0,...,m—1 be the collocation points for the i-th interval [, 7;41], so that

the solution over this entire subdomain may be approximated via Lagrange interpolation using

:IZ(T) = E i j Lj(T), Vre [Ti,Ti+1] (2.24)
Jj=0
with
m o
— Tk
L) =[] =2 (2.25)
LT — Ty
k=0
[y

From ([2.24)), it also follows that

/(1) =) xi; Lj(7), (2.26)
j=0

where
m—1

1

T—T

L;-(T) = L;(7) (2.27)

]

k=

K]
However, there is no guarantee that the interpolating polynomial is actually satisfying the equations
of motion ([2.1). To that end, one has to enforce the collocation constraints

o/ (1) =T f(x) (2.28)

for all of the N x m collocation points x; j, i =0,--- ,N —1, j = 1,...,m. Furthermore, in order

for the solution to be continuous, the following must be true:
m
x(Tiv1) = szg Li(Tiv1)- (2.29)
§=0

Eq. (2.26)), (2.28), and (2.29) form the total set of [N (m + 1)]n continuity and collocation
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constraints that need to be appended to the error vector (2.15)):

ce(X) = @iy10 — X i iy Lj(Tiv1) = 0, i=0,---,N—1
ca(X,T) = T f(zij)— Y o®i;Lj(1j) =0, i=0,-- ,N—1; j=1,---,m.
(2.30)
T
where X = |20, o1, ..., TN_1m_1, Tno| 15 the collection of all of the collocation points

of a given periodic orbit, and n is the dimension of the state vector.

Typical values of N and m are between 50— 100 and 6 — 9, respectively, illustrating the major
drawback of collocation: Newton’s method must be used to solve for [N (m + 1)]n + 1 variables,
rather than either n + 1 or n N 4 1 as in the single-shooting and multiple-shooting cases.

Despite this increase in complexity, collocation techniques are still very attractive because
of their stability and large basin of attraction. This follows from the fact that the solution is
represented globally rather than through a set of a few discretized points, making it possible to
consider integral constraints such as

Peon(2(7)) = ; f(@(r)" (2(r) — &(r)) dr =0, (2.31)

1
Seon(x(1),T) = /0 :i(T)'T (x(1) —Z(1))dT + T (T — T) —0s=0 (2.32)

that are found to be more robust than (2.12)) and (2.13)), respectively [33]. The reason for this being

that both of the phase condition and pseudo-arclength continuation constraints are now evaluated
over the entire trajectory rather than at a single point of the periodic orbit as in the single-shooting
technique.

Following these improvements, one has the total set of constraints for the collocation method
is given by i i
9(x0,0,TN0)

ce(X)

Feou(X,T) = | cy(X,T) |- (2.33)
Peolt(X)

L scoll(X7 T) ]
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From , the monodromy matrix associated with the researched periodic orbit can be
also inferred as a byproduct of the proposed methodology [83]. Specifically, if F.;(X,T) = 0, the
same must be true for the periodicity, continuation, and collocation constraints only. Let G(X,T')
be the collection of and , such that G(X,T) = 0. By differentiation of this, one has
that

Gx (X, T)6X +Gr(X,T)0T =0, (2.34)

which is also equivalent to

T

Gwo,o (X, T) 5:]20,0 + GCCO,L---,QJN,O (X, T) 5;30’1, - &UN,O + GT<X, T) 0T =0 (235)

according to our previous definition of X.

Since dxg, = I, 0o o, the latter may be also rewritten in matrix form as

I?’L O?’L
0X = (5:1307() + oT, (2.36)
—-BtA —-BfC

which supplies a relationship between perturbations in dx o and §7" and state deviations at future
instances of time. Of course, A = Gg,, € R*WV(m+DHbn p— g, o e RV (miDFixnN (m+1)]
C=Gr(X,T) e R" (N (m+D)+] - whereas I,,, O, denote the n x n identity and zero matrices, re-
spectively. Following this convention, one sees that the last n-th rows of —BT A are responsible for
mapping deviations in the initial state dxg o into deviations in the final state dxy o, thus proving
that the monodromy matrix of the periodic orbit can be also calculated without integrating the
variational equations of the system. Such a matrix is fundamental in analyzing the stability of
periodic solutions, which is why the fundamental properties of M are further discussed in the next

section.

2.5 Stability of Periodic Orbits

The stability of periodic orbits is typically studied via the monodromy matrix M, i.e., the

STM integrated over one orbital period. To prove this, consider small perturbations about the
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initial state of the computed periodic orbit x¢: w(ty) = dxg. Since the STM maps initial deviations

forward in time, after k orbital periods
w(TF) = &(TF, to) w(ty) = ®(T*, TF 1) ... ®(T,to) w(ty) = M* w(ty) (2.37)

Therefore, in order for the periodic orbit to be stable, all of the eigenvalues A;, i = 1,...,n of M

should have magnitude less than one, i.e.,
Al <1, Vi=1,...,n. (2.38)

Unfortunately, although applicable to different classes of dynamical systems, the latter con-
dition turns out to be weak when dealing with the Hamiltonian systems that are often encountered
in astrodynamics. In fact, according to the theory of Hamiltonian Dynamical Systems [98], for each
A € R, 1/) is also an eigenvalue of M. Similarly, if A € C, then X and 1/X are both eigenvalues of
M. This means that for any eigenvalue \; such that |\;| < 1, there exist a reciprocal eigenvalue
with [1/A;| > 1, leaving us with the only possible conclusion that periodic orbits are stable if and
only if all of the eigenvalues of M have unity magnitude.

To calculate these eigenvalues, it is worth noting that autonomous Hamiltonian systems like
the HP offer additional advantages that can significantly reduce the computational burden of this

procedure. For instance, if o7 (x¢) = x¢ is a periodic solution of ({2.1]), then
or(xg +w) ~ op(xg) + Mw+ HO.T. = 2y + w. (2.39)

Neglecting the high-order terms finally yields (M — I,,) w = 0, thus proving that 1 is always an
eigenvalue of M. If that is the case, a second eigenvalue must also be equal to unity, meaning that

the characteristic polynomial of a 6-by-6 monodromy matrix can be further simplified in
det(M = AL) = (A= 1A= A1) (A= 1/A1) (A= Aa) (A — 1/2),

= A=1D2\2+pA+1) (A2 +qgr+1), (2.40)

where A1, 1/A1, A2, 1/A\9 are the remaining non trivial eigenvalues, p = —(\; + 1/A1), and ¢ =

—(A2 + 1/X2). Accordingly, in order for a periodic orbit to be stable, p and ¢ must be real with
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k = max(|Re(p)|, |Re(q)|) < 2. The latter is referred to as the stability inder and will be used
throughout this thesis to assess the stability of periodic orbits [51].

Following Bray and Goumas [12], the value of p and ¢ can be calculated via

at/a2—-48+8 (2.41)

2 )

p,q=

a? — trace(M?)
2

—pt/p?—4 —qt P24
1M\ = 2= VP2 1/dg, Ng = 2= VT 72 (2.42)

2 2 ’

where o« = 2 — trace(M ), and 8 = + 1. Furthermore,

which provide the system dynamicist with a fast and reliable way to compute the eigenvalues of
the monodromy matrix of any periodic orbit of a six-dimensional autonomous Hamiltonian system.

Of course, once the eigenvalues of M have been determined, one can also look at the corre-
sponding eigenvectors to compute the invariant manifolds associated with the periodic orbit. For
instance, except for the stable blue trajectory of Fig. all of Southern Halo orbits about the HP
L1 point have one pair of real reciprocal eigenvalues and one pair of complex conjugate eigenvalues
with unitary magnitude (plus, of course, the unitary pair, which is usually neglected for stability
analyses). By integrating perturbations along the stable or unstable eigenvectors for different loca-
tions along the periodic orbit backward and forward in time, one can trace out the two-dimensional
stable and unstable manifolds emanating from each of the Southern Halo orbits (Fig. [2.6]).

As for the eigenvectors associated with the complex conjugate eigenvalue pair, one can also
integrate perturbations in this center subspace, thereby obtaining trajectories that not only never
depart from the neighborhood of the periodic orbit, but also never repeat exactly after one orbital
periodﬂ As it turns out, these trajectories are only quasi-periodic and tend to cover the surface
of a two-dimensional invariant torus as t — oo (Fig. . These invariant manifolds are the real

subject of this thesis and are formally introduced in the next section.

! In practice, this is difficult to see because of the numerical integration errors that build up exponentially, causing
the integrated trajectory to leave along the unstable manifold
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Figure 2.6: Top view of the Unstable and Stable Invariant Manifolds emanating from a Southern
Halo orbit about the L1 point of the Hill problem.
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Figure 2.7: Quasi-periodic invariant tori in the center manifold of a periodic orbit

2.6 Quasi-periodic Invariant Tori

As observed in Section [2.5] quasi-periodic trajectories tend to cover the surface of a man-

ifold whose topology resembles the one of a torus. Accordingly, in order to study quasi-periodic

motion, consider the general case of a d-dimensional torus parametrized by d angular variables

T
0 =10y, 61, ... 641

T = {u(0)|0 € T4} if there exist a diffeomorphism (@) : TY — 7 € R" such that the restriction

€ T¢. By definition, the vector field f induces parallel motion on
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of the vector field to the set 7, namely f|7, is mapped by the inverse of the differential map Du~!

into a constant vector field on the torus [14]:
0=w. (2.43)

If that is the case, trajectories initialized on the surface of the torus never depart from it, and the
manifold is invariant for the dynamical system . u is sometimes referred to as the torus function
(Fig. , whereas w = [w(h . ’wd_l] ! € R% is known as the frequency vector and, depending on
its form, it determines the nature of the torus. For instance, if k is a vector of d integer numbers
€ 7% then T is a quasi-periodic or non-resonant torus if and only if k - w # 0,Vk # 0. Conversely,
if k- w = 0 for some k # 0, the torus is resonant and foliated by subtori of smaller dimension.
For the remaining of this thesis, we are going to tacitly assume that all of our invariant tori are
actually non-resonant, i.e., they meet the non-resonant condition discussed above. Note that this
is weaker than the Diophantine condition required by KAM theory for proving the existence and
persistence of quasi-periodic invariant tori of integrable systems under small nonlinear perturbations

[3,28]. As such, we will not pursue the direct application of KAM theory to the classes of dynamical

Quasi-periodic trajectory

g

Figure 2.8: Illustration of a torus function for a two-dimensional quasi-periodic invariant torus.
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problems being investigated in this manuscript. Nevertheless, some of the key results of KAM theory
remain applicable to our discussion. For example, it is relevant for us that quasi-periodic invariant
tori are generally organized in families that may be parametrized by Cantor sets of parameters. It is
also found that the gaps in these Cantor sets are usually very small and do not prevent continuation
scheme such as the predictor-corrector of Section [2.3|to be valid [42] & [83].

As for the number of parameters required to uniquely identify quasi-periodic tori within
their families, Jorba and Villanueva [59] propose the following rule of thumb: generally speaking, d-
dimensional quasi-periodic invariant tori of n-dimensional Hamiltonian systems that do not depend
on any external parameters are organized in d-parameter families. Therefore, two-dimensional
tori in the HP are organized in two-parameter families, three-dimensional tori in three-parameter
families, and so on until d = n, where 7 are the problem’s degrees of freedom. The authors also
discuss the non-autonomous case, which is relevant for some of the applications that are going
to be investigated within this research. Specifically, if the vector field change periodically with
time, it can be shown that one of the torus frequencies must be resonant with the forcing term
of f. This effectively reduces the number of external parameters by one, thereby implying that
two-dimensional tori of time-periodic Hamiltonian systems are actually organized in 1-parameter
families, three-dimensional tori in 2-parameter families, and so forth.

In the next chapter, we shall see how these external parameters can be identified by different
numerical procedures without making any assumptions on the internal frequencies of the torus.
After that, the application of quasi-periodic invariant tori to spacecraft formation flight is studied
with the goal of developing systematic approaches for establishing bounded relative motion in

practical astrodynamics problems.



Chapter 3

Numerical Computation of Quasi-periodic Invariant Tori

In this chapter, we review some of the methodologies developed throughout the last decades
to compute quasi-periodic invariant tori in astrodynamics. Even though there exist analytical and
semi-analytical methods [39, [43], 47, 57, 58, 92], we focus on fully numerical procedures that have
been successfully tested in restricted three-body contexts [7), [62], [85] 86]. The algorithms were in-
troduced in Section and are more rigorously discussed in the following pages (Section .
Furthermore, PDE solvers based on either CD or DFT are hereby compared with the KKG and
GMOS algorithms in order to determine which of the different procedures should be preferred for
the remainder of this thesis. As a case study, we consider the motion of a planar satellite in the
co-rotating frame of the Earth (ECEF). Here, planar eccentric orbits wind around the surface
of two-dimensional tori that can be explicitly calculated with the four different strategies (Sec.
. Trajectories on the surface of these manifolds are generated and compared with the analyt-
ical solution of the two-body problem to assess the performance of the numerical approaches and
evaluate their advantages and drawbacks. In the end, two of the considered methodologies turn
out to significantly outperform the remaining strategies, thereby requiring for additional investiga-
tions. Because of this, Section [3.4] of this Chapter introduces the equations of motion of the Planar
Circular Restricted Three-Body Problem (PCRTBP) and apply the most promising approaches in
a more practical example. The results of this analysis show that GMOS should be our preferred
choice moving forward because of accuracy and runtime considerations. Consequently, the last

part of this chapter focuses on this procedure with the goal of highlighting some of the additional
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advantages offered by this strategy. In particular, we review how the stability of quasi-periodic
trajectories can be inferred as a byproduct of the method, and show how the numerical procedure
can be adapted to calculate families of three-dimensional tori. These and other features appear
consistently in the remainder of this research, making the flexibility and robustness of the GMOS
algorithm part of the enabling factors in designing bounded relative trajectories about a variety of

celestial bodies.

3.1 Partial Differential Equation Solvers

In this section, two methodologies that aim at calculating invariant tori of flows by solv-
ing a nonlinear system of PDE are summarized. Accordingly, let T? be a two-dimensional torus
parametrized by the two angular variables 8 = [907 QI]T € [0,27)?%, and let w : T?> — T C R"™ be
a torus function satisfying the properties outlined in Sec. [2.6] If this is the case, one can replace
x with u(0) into the equations of motion , obtaining a system of partial differential equations

T
for the unknown torus function u and frequencies w = [wo, wl] :

1
S b = g+ ot w1 = f(u(®)) (3.1

=0

subject to the boundary conditions

w(f0,0) = w(fo,27), Vb€ [0,27), (3.2)

U(O,Ql) = u(27r,91), V91€[0,27T).

There exist several techniques for solving nonlinear systems of PDE such as the one of .
However, only few of these techniques have been successfully applied for the numerical continuation
of quasi-periodic invariant tori in astrodynamics. For instance, Schielder et al. [99] propose to
solve the nonlinear system arising from the evaluation of over an evenly distributed grid of
points using central differences. This approach is hereby referred to as the PDE(CD) technique,
and is further discussed in Sec. Alternatively, one can approximate the partial derivatives

appearing in (3.1) using the DFT. This seems particularly suitable for our problem given the
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periodic boundary conditions . As such, the PDE(DFT) approach is also included in our
analysis and further discussed in Sec. To the best of our knowledge, such a procedure is yet
to be applied for the numerical continuation of quasi-periodic invariant tori in orbital mechanics
applications.

With this goal in mind, observe that both the PDE(CD) and PDE(DFT) approaches require
a reliable initial guess to be initialized. Hence, let &g be the initial state of a periodic orbit whose
monodromy matrix M admits one pair of unitary magnitude complex conjugate eigenvalues as in

Sec. A = ¢ 1/\ = e 7. Given M e = e’ e, one can construct the one-dimensional curve
@(01) = K [cos (01) Re(e) — sin(f;) Im(e)], (3.3)

where K is an arbitrary small scalar << 1. It is easy to demonstrate that M ¢(01) = (61 — p),
thereby proving that is indeed invariant under the application of the monodromy matrix M.
Because of this, the circle ¢(61) is also known as invariant circle of the monodromy map and
considered as a good initial guess for initializing the grid of points utilized by the PDE methods
(Fig. 13.1)).

Specifically, for each ¢/ = ¢(6; ;) with 61 ; = 27 j/Ny, j =0,...,N; — 1, one can map the

perturbations forward in time using the state transition matrix, i.e.,
o =0T (ti, o) (34)

where t; = iT /Ny, i =0,...,Ng — 1, and T is the orbital period of the underlying periodic orbit.
The factor e P%/T is introduced to undo the effects of the winding frequency wq, which acts in
the latitudinal direction of the torus and shall not be confused with the longitudinal frequency of
the torus wy (Fig. . By adding each of these perturbations to the value of the periodic orbit at
time t;, namely ¢y, () + gog, where ¢, is the solution flow of up to time t, the skeleton of
the manifold, i.e., its initial approximation, can be finally generated. Fig. shows an example of

this skeleton for a HP southern halo orbit with Ny = 25, N} = 25.
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Figure 3.1: Mesh of discretization points utilized by PDE solvers. The blue and green lines illustrate
the periodic boundary conditions ((3.2)).
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Figure 3.2: Skeleton of a two-dimensional quasi-periodic invariant torus. The black dots are used
to initialized the numerical continuation scheme.
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In order to be precisely on the surface of a quasi-periodic invariant torus, each of the mesh
points uf needs to satisfy 1) Accordingly, one has a set of Ny x Ny vectorial relationships that
can be used to update the initial approximations uf ~ ¢ (xo) + cpg, wo ~27/T, w1 ~ p/T via

T
Newton’s method. That is, given z = [uj 7 w] and

[

F(z) = f(u]) — 892 wo — 892 wi =0, (3.5)
0 ! j=0,...,Ny —1,

then

2+ — () _ R0t pe®), (3.6)

where DF(z®))1 is the left pseudo-inverse of the Jacobian matrix of F.

The system is made of (Ny x Ni) vectorial equations in (Ng X Ni + 2) unknowns that
requires additional equations to be solved uniquely. This is very similar to what happens for periodic
orbits, where one phase condition and pseudo-arclength continuation constraints are added to the
list . In the quasi-periodic case, however, the choice of the mesh points is not unique in
both the 6y and 61 directions. Thus, two phase conditions are attached to the error vector in
order to avoid these indeterminacies: one for each angular direction. Secondly, we now know that
two-dimensional tori of Hamiltonian autonomous systems that do not depend on any parameter
belong to two-parameter families. Therefore, differently from one-parameter families of periodic
orbits, two parametrizing equations are actually needed. This implies that a total of four extra
constraints are to be included in .

Schielder et al. [99] identify two of these equations with the phase conditions

. . O
po(ul) == <l —al, Ui 0, (3.7a)
00
. O
pi(ul) = <ul, T >=0, (3.7b)

00,

J is available. For the first

which help anchor the solution points once a previously found solution

family member, the latter is approximated with the skeleton of the torus itself. Also notice that

o 1 . 4
7 . No—1 Ni—1/ _J\T
the operator < al,b] > denotes the inner product No > i D 0 (a))''bl.
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As for the parametrizing equations, different choices are available. For instance, if the system
(2.1) admits an integral of motion such as the Jacobi integral in the HP or CRTBP problems, one

can require the quasi-periodic invariant torus to have the same energy level via

1 No—1 Ni—1

where C (uf ) is the Jacobi integral evaluated at the mesh point uf . Alternatively, one could also fix

the value of a torus frequency, e.g.,
so(wo) :=wo —2m/T =0, (3.9)

and obtain synchronous tori, i.e., tori of the same period.

Finally, the last equation s1(u],w) may be covered by pseudo-arclength continuation as in

Section 2.3

s1(z) =< uf —al, @l > +(w - W — s =0, (3.10)

where [ﬁ’g w’] ! is the family tangent evaluated at a previously known solution (&Z ,w), and 0s
is again the continuation step-length.

The latter completes the set of constraints to be considered along with . Next, Newton’s
method can be applied to update the initial approximation of uf and w until all of the constraints
are satisfied within some small tolerance of choice. If desired, the computed solution can be used
to replace the values of ﬁg, @, u f , @', and rerun the code to continue through different members
of the quasi-periodic invariant tori family. Following a predictor-corrector scheme such as the one

of Chapter [2], the initial guess of the new family member would be given by

u! = @l +dsal,

~

3.11
w = O+Is. ( )
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3.1.1 The PDE(CD) algorithm

In the examples shown in the original paper by [99], the partial derivatives of uf are approx-

imated via second-order central differences [73]. In this case,

Ou _ ul y —8ul | +8ul, —ul,
Ouj wl? -8l 8wl — (3.12)
00, 12 A6y ’

where Ay = 27/Ny, and Af; = 27/N;. Note that the truncation error of such a local approxi-
mation is on the order of O(A#%), and decrease with the fourth power of 1/N.
3.1.2 The PDE(DFT) algorithm

Differently from the PDE(CD) method, in PDE(DFT) the partial derivatives appearing in

(3.1) are approximated via the DFT. That is, given

4 No—1 o )
Ai _ Z uz 6127rk1/N07 (3133)
i=0
Nlil . .
Bl= 3 ufel27li/N, (3.13b)
§=0
then
| (No-1)/2
w(l)=— > At (3.14a)
0 k= (No—1)/2
(N1—1)/2
- 1il6
u;(6h) = N > Bl (3.14b)
I=—(N1—1)/2
so that
j (No—1)/2
ou; _ 1 A ik (27/ND)
260 = N, Z ikAje , (3.15a)
k=—(No—1)/2
j (N1—1)/2
ou] 1 1l il(2mi/No)
0= N Z ilBje . (3.15b)
I=—(N1—1)/2

Numerical experiments show that the approximation error using the information from the global

distribution of the mesh point is two-to-three orders of magnitude smaller than the truncation error

of (12
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3.2 Two-Point Boundary Value Problem Solvers

Differently from the PDE approach, TPBVP occur whenever a solution of a system of ordi-
nary differential equations (ODE) needs to satisfy boundary conditions at two different points in
time. We have already seen an example of BVP when computing periodic orbits as in Sec. The
main idea of this Section is that both of the map strategies considered in this thesis, namely the
KKG and GMOS algorithms, can be recast into this framework. Then, similar techniques to the
ones illustrated in Chapter [2l may be applied to calculate entire families of quasi-periodic invariant
tori.

First, let us recall the form of the system dynamics as a function of the dimensionless time
T=t/T:

' =T f(x), (3.16)

where x’ denotes the first derivative of & with respect to the nondimensional time 7, and T is
hereby referred to as the reference time.
Next, observe that the KKG and GMOS algorithms aim at calculating invariant curves of a

T
Poincaré and stroboscopic mapping, respectively. Therefore, let X = ona a:{, B T

.y :chfl
be the collection of N; evenly distributed points along one of these curves. Of course, X € R*M
where n is the dimension of the original Hamiltonian system (3.16)). Furthermore, let F(X) be the

n Ni-dimensional vector field given by

To f(zo)

FX.T) = | flo) (3.17)

| Tny—1 f(®n, 1) ]

T
where T'= T, Ty, ..., Tn,_1| 18 a vector of constant reference times 7;, ¢ = 0,..., Ny — 1.

Depending on the map strategy being considered, T; is either the first return time of the i-th
trajectory, or the stroboscopic time 7. In the latter case, T; = T Vi, and the constant vector T

may be reduced to a scalar parameter for the vector field (3.17)).
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Nevertheless, the augmented system
X' =F(X,T) (3.18)

describes the dynamical evolution of a curve with respect to the non-dimensional time 7. In this
case, a QP torus can be seen as a trajectory X (7), 7 € [0, 1] satisfying quasi-periodic boundary
conditions g(Xo, X1) = 0, where Xg = X (7 =0), and X; = X (7 =1).

Depending on the particular methodology being considered, different choices of boundary
conditions emerge. Furthermore, phase conditions such as f may or may not be required
in order to correctly identify quasi-periodic invariant tori within their families. To that end, two
parametrizing equations are typically appended to the list of constraints that need to be satisfied
by the BVP solver. The first of these equations is either provided by an integral of motion or by
fixing one of the torus frequencies as in . Similarly, pseudo-arclength continuation may be
used to complete the list of constraints and allow the user to step through different members of a
quasi-peirodic invariant tori family as in Sec. [2.3]and These and other implementation tips for

both of the map strategies are further discussed in the next subsections.

3.2.1 The KKG algorithm

In their paper, Kolemen et al. [62] derive a numerical procedure to compute families of
quasi-periodic invariant tori via invariant curves of a Poincaré map. Accordingly, consider the
intersection of the quasi-periodic invariant torus of Fig. with the equatorial plane z = 0 where
the underlying periodic orbit is crossing from south to north. As described in Ref. [98], a Poincaré
map takes a point y, on the chosen surface of section and gives the corresponding state y; at the
next surface of section crossing. If y; = g(y,) represents such mapping, one can linearize in the

neighborhood of a periodic orbit y* = g(y*), obtaining the linearized Poincaré mapping:
8 *
Sy, = [az] 510 = ®10 0y, (3.19)

T
where 0y = |5z, by, o6&, oy, O Zﬂ] represents deviations of the reduced state vector y, and ®1¢

is hereby referred to as the reduced monodromy matrix.
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As soon as ®qg is calculated, a linear approximation of an invariant curve of the Poincaré map-
ping g may be found. Specifically, if ®19 admits at least one pair of complex conjugate eigenvalues,

e.g., (1)10 €10 = eip €10, then

P(¢) = K [cos (¢) Re(eqg) — sin(¢) Im(eqp)] , (3.20)

is invariant with respect to ®1g.

Now consider the N perturbations dxg; = ¥ (¢;) found in correspondence of the N; angular
values ¢; =27 (i —1)/Ny,i=1,...,N;. Fig. shows how this initial guess appears in different
coordinate spaces for the example torus of Fig. It can be seen that the projection of this
curve in the x—y coordinate plane is actually the most circular and therefore the most suited to
parametrize the intersection between the torus and the considered surface of section {(x) := z =0,

% > 0 via Fourier analysis. Let R = /022 + dy?, and consider a DFT such that

(5:13071

Xo-X*=06Xo=| : |=A4060Q, (3.21)

5:1307]\[1

where X is the representation of the considered periodic orbit in the augmented system (3.17)),
T

T
0%0; = |dx04, OY0i, 020: =0, OZ0i, O%0s, 520,2'] ;and Q = [QE Q: Q; QY| s the
vector of Fourier coefficients obtained from 1) . Furthermore, A(#) is the matrix defined by

COS (90,2‘) S(@o,z) 0 0 0
B T sin (90’1') 5(9071) 0 0 0
A1)
0 0 0 0
A(bo) = : ; A(o;) = . (3.22)
0 S(6;) O 0
A(‘go,]\h)
- - 0 0 5(9071) 0
0 0 0 S(6o.)
where
S(9o,i) =11, cos (9071‘), sin (9071'), ..., COS (Nl 9071‘), sin (Nl 9071') ) (3'23)

! since z = 0 on the surface of section, there is no need to compute the corresponding Fourier coefficients
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and

Sun
6o,; = arctan <y0’z>, i=1,...,Ny. (3.24)
Zo,i

It is now possible to propagate each of the N points till the next surface of section crossing
via (3.17)), and obtain the corresponding angles in terms of the chosen coordinate variables at the

next surface of section crossing;:

Su +
61, = arctan (yll> (3.25)
T

If the § X points were initialized exactly on the surface of a QP invariant torus, the points obtained

after one revolution, namely 6 X1 = X1 — X*, should satisfy the boundary conditions

9(Xo, X1) = 0X1 — A(61) Q(0X0) = 0 (3.26)

That is, the propagated points should end up on the same curve of the Poincaré map. Since this
is not the case—at least for the very first iteration of the algorithm—consider updating the Fourier

coefficients of X via Newton’s method. The vectorial quantity to be nullified corresponds to
F(Q)=0X:—-A(01)Q =0, (3.27)
so that a Newton’s update reads as
QMY = QW -~ DPQW) F(QW), (3.28)

where DFT is the left pseudo-inverse of the Jacobian matrix of F(Q) (see [62] for details).

Also recall that phase conditions and parametrizing equations may or may not be needed
in order to have a unique solution of the BVP. As it turns out, the KKG algorithms only needs
two parametrizing equations to be appended to the error vector (3.27)). This is because working
with surfaces of section and projections in coordinate planes as in f effectively avoid
the indeterminacies that would otherwise affect the Fourier representation of Xy. Consequently,
no phase constraints are needed, whereas the remaining two parametrizing equations are given by

either

N1
50(Q) == — (Z C(A(os) Q)) - C, (Jacobi) (3.29)
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Ny
50(Q) = ]\171 (Z (A(6o,) Q)) ~ T, (Period) (3.30)
=1

where 7(x) is the first return time for point «, and
510Q) =< Q - Q, Q > —ss. (Pseudo-arclength) (3.31)

By appending Eq, and either Eq. or to the error vector , Newton’s
method can be correctly applied until convergence to the desired quasi-periodic torus. Specifically,
the numerical procedure outputs invariant curves of the Poincaré mapping such as the one of Fig.
3.4(b)l, which proves the good agreement between the propagated points and their projection on the
final estimate of the invariant curve. If desired, the KKG solution points can be finally integrated
with the full nonlinear system of equations of motion to obtain a representation of the corresponding

quasi-periodic invariant torus in the phase space.

KKG, First Iteration

KKG, Final Iteration

S p

g | ‘ ‘ Xu‘
p . 1 r ¢
| I - AB)Q

)

| Periodi¢ Orbit

Figure 3.4: First (a) and last iteration (b) of the KKG algorithm. The propagated points are shown

in blue, whereas the points projected on the current estimate of the invariant circle of the Poincaré
map are shown in black.
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3.2.2 The GMOS algorithm

In contrast to the KKG method, Gémez, Mondelo [44], Olikara, and Scheeres [86] (GMOS)
compute families of QP tori via invariant curves of a stroboscopic map. To illustrate this method-
ology, recall that a torus function defines a diffeomorphism between the phase space and a torus
space T¢. Accordingly, one can integrate trajectories in T¢ and use the conjugacy illustrated in Fig.
to obtain the final state vector in the original phase space. The advantage of this approach is
that the dynamics in torus coordinates is indeed trivial and can be solved analytically without the
need of numerical methods. For instance, the image of a T-stroboscopic mapping on a torus reads
as Gr(0) = 0 = 0 + wT, where Gr : T — T%, and w is the frequency vector introduced in Sec.

In the case of a two-dimensional torus with 7' = 27 /wy, this corresponds to

_ O+ 2m 0o,
0= (3.32)

w
01 +271 L = 0, +p,
wo

u(6) ©r u(f)

i .

0 Gr 0

Figure 3.5: Conjugacy between G and ¢r
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where p = 27wy /wp is known as the rotation number and is an intrinsic property of the manifold[60].
Furthermore, since u o G = ¢ o u, the following must be true for the images of a stroboscopic

mapping (7 in phase space:

pr(u@)) = u(Gr(0)), (3.33a)

— ulfon. o, +p]T>. (3.33b)

T
Following Eq. (3.33)), it is clear that for any given value of 6y, v(0) = u( [90’ 9] ) must be
an invariant curve of pp. To calculate this curve, observe that

pr(v(0)) =v(0 + p) = v(0). (3.34)

Therefore, by defining an operator R_, that acts on the space of the diffeomorphisms V = {v(-) |v :
T! — 7 C R%} such that

(R—pov)(0) =v(0 —p), (3.35)

one has the invariance relationship
R_pler(v(0))] —v(0) = 0. (3.36)

Eq. establish a relationship between the unknowns v(6), T and p that may be used to refine
these quantities via Newton’s method once a reliable initial guess is provided.

It turns out that such an initial approximation can be provided by the invariant circle of
the monodromy map as in Sec. Consequently, assume a periodic orbit is given along with its
monodromy matrix M admitting at least one pair of complex conjugate eigenvalues, i.e., M e =
e?e. Tt is easy to demonstrate that, after one orbital period T, the rotation number p should
approximately be equal to the phase of the complex conjugate eigenvalue pair. This follows from

the fact that M @(0) = (0 — p) as in Eq. (3.3)).

Next, consider Ny points v(6;), 7 =0,..., N; — 1 along ¢(6) such that

T
Xo=|v(0)T, v(0)T, ..., v@n_1)T]| - (3.37)
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After propagating each of these points for one orbital period 7', one obtains the image of the

T
stroboscopic map X1 = |:’U((90)T = or(v(0)T, v(@)T, ..., vy _1)T| - Furthermore, by
means of the DFT of Xy, i.e.,
N1
ek =Y v(0;)e? kUM (3.38)
j=1
a realization of R_, immediately follows: since
1 (N1-1)/2
TN ik(2m(5—1)/Ny1)
v(0;) = N Z cre J v, (3.39)
k=—(N1—1)/2
then
1 (N1—-1)/2
()] = — ik (27 (j—1)/N1—p)
R p['U( ])] Nl . Z Ci € )
=—(N1-1)/2
1 (N1-1)/2
_ I ik2m(j—1)/N
- > e J L, (3.40)
k=—(Ny—1)/2

The invariance relationship (3.36) can be now translated into a set of n N1 boundary condi-

tions in the (n Ny 4 2) unknowns X, T', p:

9(Xo, X1) = [D]"! [R(—p)] [D] X1 — X = 0, (3.41)

where [D] and [D]~! are the DFT and inverse DFT operators rewritten in matrix form, and [R(—p)]
is the diagonal matrix that rotates the Fourier coefficients from ¢ to c% = ¢ e ik,

It is worth noting that the boundary conditions would still be satisfied for all the
possible choices of 8y = ¢ € [0, 27|. Besides, for each value of « € [0, 2], v(6 + «) would also be a
solution of . To prevent these indeterminations to occur, two phase conditions are appended
to the error vector (3.41)). In particular, Olikara and Scheeres [36] define the phase condition for

01 by minimizing the distance between the researched curve v(f) and a previously found solution

v(#). The distance between two solutions is defined as

1 27 )
— — v .42
5= [ IO —50) . (3.42)

yielding
<> N1 ~
6X0 1 T(%(Hj)

X0) =< X0, 55— >= 7 ) : = 4
pl( 0) < Xy, 90, > N, ’U(ej) 0, 0, (3 3)
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with
- (N1—1)/2
9v(0;) _ 1 : k@27 (—1)/N1)
- ik(2m 44
26, N, Z ikcpe (3.44)
k=—(N1—1)/2
as it follows from ([3.39)).
A similar formula, i.e.,
X 1 & 99(0;)
X0) =< X0 — X0, 2 >= — ) —o(0;)" =L = 4
po(Xo) =< X B0 " M ;[U(HJ) v(6;)] 90, 0, (3.45)
is also found for the phase condition of 6y recalling that, from (3.1)),
ov 1 0v
— = = v(0)) — 01 — 3.46
= 2 [ 60) @ a7 | (3.46)

As for the parametrizing equations, one can either use the value of the Jacobi integral of the

underlying periodic orbit C' and seek for invariant tori that satisfy the relationship

N1
1
s0(X ) = N > c(w(8;) - C =0, (3.47)
j=1
or fix the stroboscopic time via
so(T) =T —P, (3.48)

where P is a user-defined value (usually corresponding to the period of the underlying periodic

orbit). Lastly, pseudo-arclength continuation can be used to step through different family members:

s1(2) =< Xo— X0, Xy > +T —T)T' + (p—p) p — 65 =0, (3.49)

T T
where 3 = [Xvi)’ T, p’] is the family tangent evaluated in zZ = [X(), T, ﬁ]

In the end, the numerical calculation of a quasi-periodic invariant torus can be formulated

as a BVP defined by
X' = TF(X),

T = 0, (3.50)



and subject to the boundary constraints

9(Xo, X 1)
po(Xo)
F(z) = p1(Xo)

So (Xo) or S0 (T)

s1(2)

50

(3.51)

The combination of (3.50)—(3.51) forms a well posed BVP that can be solved with shooting

techniques and Newton’s method:

2 = 20 _ DRz F(z(#),

(3.52)

where DF(z)" denotes the left pseudo-inverse of the Jacobian of (3.51)) (see Ref. [86] for details).

Upon convergence, the GMOS algorithm outputs invariant curves of the stroboscopic map such as

the one illustrated in Fig. [3.6(b)l This curve can be used to reinitialize the algorithm and step

through entire family branches by following the standard predictor-corrector scheme of Sec.

GMOS, First Iteration GMOS, Final Iteration
or(v(6)) pr(v(®)
©ir i R ler(v(®)) ;

Periodic Orbit Periodic Orbit

(a)

Figure 3.6: First (a) and last iteration (b) of GMOS.

v(0)
er(v(6))
R_[er(v(9))]
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3.3 Accuracy Test

In order to test the numerical procedures outlined in the previous sections, consider the

equations of motion of the planar Earth problem in the co-rotating frame of the planet:

F-2wey = —22atulu,
r (3.53)
j2wed = —Zy+ady,

where & = [1;7 y, i, y} ! is the state of a satellite with respect to the ECEF frame, r = \/aﬁy2
is the norm of the spacecraft position vector, g = 398600.4418 km?/s? is the Earth gravitational
parameter, and wg = 7.2921 x 107° rad/s is the Earth’s spin rate . In what follows, we normalize
the units of the problem such that the length and time units correspond to LU = Rg = 6378.137
km and TU = W/R% /pe = 806.8111 s, respectively. Following this convention, pg = 1, whereas
wg = 0.05883.

Next, consider a Planar Circular Orbit (PCO) with semi-major axis @ = 10000 km = 1.5679
LU. As shown in Fig. the trajectory is also periodic in the co-rotating frame of the Earth
with period T = 27/(n — wg) = 13.9457 TU, where n = \/ug/a® is the mean motion of the

satellite. Moreover, computing the monodromy matrix and corresponding eigenvalues indicate that

Figure 3.7: Planar Circular Orbit (PCO) in both the ECEF and ECI frames.
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the periodic orbit is stable and surrounded by a family of two-dimensional tori.

Several members of the quasi-periodic invariant tori family can be then computed via the nu-
merical procedures outlined in the previous sections. During this procedure, we fix the longitudinal
frequency of the torus to match the period of the PCO via , , and , respectively.
This selection ensures that the quasi-periodic trajectories initialized on the surface of the computed
tori have, in principle, the same orbital period/semi-major axis of the planar circular trajectory. If
differences occur, these are due to the approximations and accuracy limitations of the numerical
procedures.

To estimate the accuracy of each method, we proceed in the following fashion. First, we
rotate each of the solution points in the ECI frame and compute the corresponding Keplerian orbit
elements. Next, we accumulate the differences between the semi-major axes and the nominal value
before averaging over the number of points used by the considered methodology. For instance, if
a quasi-periodic invariant torus has been computed with GMOS using N; points, the final error
is given by Zf\;l(; Y'|a; — a|/N1, where a; are the semi-major axes obtained from each of the Nj
solution points. The outcome of our numerical investigation is illustrated in Fig. 3.8

As it can be seen, the errors are shown as a function of the eccentricity e. This is possible
because quasi-periodic trajectories in the ECEF frame are actually eccentric periodic orbits in the
Earth-centered inertial frame (Fig. [3.9). What differs between trajectories on the surface of the
same QP torus is just the phasing of the perigee with respect to the body-fixed frame of the Earth
at epoch. Therefore, each QP torus can be related to a unique value of e and eventually compared
with similar solutions produced with different algorithm. The inspection of the results indicates
that GMOS and the PDE solver based on DFT (PDE(DFT)) significantly outperform the KKG
and PDE(CD) algorithms.

Given that the DFT uses the full representation of either the torus or a curve on its surface, it
is not surprising that the accuracy of PDE(DFT) and GMOS is considerably better than PDE(CD),
which is rather based on the local approximation of the partial derivatives appearing in . That

being said, it is still worth noting that the Jacobian matrix of F(z) in the PDE(CD) algorithm is
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PDE(CD)
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e(-)

Figure 3.8: Accuracy test for several QP tori computed with the numerical procedures outlined in
this Chapter. GMOS uses N1 = 25 solution points, KKG uses N1 = 25 with N4 = 12, whereas
PDE(DFT) and PDE(CD) use an evenly distributed grid of (N1 = 25) x (Ny = 25) points.

2t QP Torus . 27
11 11
= =
0 1© 0
Q
£ mﬁ
< >
-1t 1t
Sample
20 Trajectory 1 2
-2 -1 0 1 2 -2 -1 0 1 2
z, ECEF (-) z, ECI (-)

(a) (b)

Figure 3.9: (a) Quasi-periodic invariant torus and sample trajectory in the ECEF frame of the
Earth. (b) Sample trajectory as seen in the ECI frame. e = 0.2334.
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still much sparser than the Jacobian matrix for the PDE(DFT) case (Fig. [3.10). With the proper
implementation, this can save computational time when the number of solution points becomes

significantly larger than the 25 x 25 grid used for the accuracy test.

0 0
500 | 500
1000 | {1000
1500 {1500
2000 | {2000
2500 2500 k\
0 1000 2000 0 1000 2000
nz = 37501 nz = 139997

(a) (b)

Figure 3.10: Sparsity of the Jacobian matrix for the PDE algorithms using central differences (a)
and DFT (b). Both the matrices consist of (n Ng N1 +4) x (n Ng N1 + 2) =~ 6.26 x 10° entries.

As for the KKG method, it is fairly clear that the algorithm suffers from the lack of explicit
dependency on the frequencies of the torus. Indeed, KKG is probably the least suitable method
for computing families of QP tori with the same longitudinal frequency as the constraint is
certainly weaker than and . A second disadvantage is that the algorithm works with
the Fourier representation of the invariant curves of a Poincaré map rather than a finite set of
satellite states. As it can be seen, this tends to decrease the accuracy of the solution points when
the intersection of the torus with the surface of section becomes larger. Notably, such a trend is not
observed in GMOS, probably because the DFT is applied to a set of n-dimensional states rather
than on the projection of this curve onto a suitable coordinate plane. Speaking of this projection,

it is also worth noting that the final choice of coordinates in the KKG algorithm is not unique
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and ultimately depends on the topology of the QP tori family to be computed with the algorithm.
Even different families of the same problem may require different coordinate choices, making the
implementation of the KKG algorithm certainly more complicated and case dependent.

As far as GMOS and PDE(DFT) are concerned, it is difficult to distinguish between the per-
formances of the two algorithms. Both of these strategies are well below the satisfactory tolerance
used to check the convergence of Newton’s method and none of them seem to decrease in accuracy
when the eccentricity of the torus becomes larger. For all these reasons, we propose to further
assess the accuracy and runtime of these methodology in a more practical astrodynamics problem
such as the PCRTBP. The result of this analysis are summarized in the next sections, along with

additional techniques that are relevant for the remainder of this thesis.

3.4 Further Remarks on GMOS and PDE(DFT)

Following the results of Fig. it appears as GMOS and PDE(DFT) are the most accurate
methodologies currently available in the astrodynamics literature. Therefore, it is interesting to
further investigate these strategies in order to establish which of the candidate procedures should
be preferred for practical studies of astrodynamics problems.

With this goal in mind, we now switch to the equations of motion of the PCRTBP with

Earth-Moon masses [104}, T03]:

.. . T+ p r—1+p
-2y = x—(l—u)( 3 )—,u( 3 )7

gy 2 (3.54)
jr2¢ = y=(0-p)3—n3

Ty L

As usual, the mass, length, and time units of the problem are normalized such that total mass of the
system, the mean motion of the secondary about the primary, and the total distance between the
two are all equal to one. Furthermore, & = [% y, &, y} ! is the state of a massless spacecraft
in the co-rotating frame of the two primaries, r1 is the distance from the larger body, 79 is the
distance from the secondary body, and g = 0.01215 is the mass ratio parameter.

Next, consider a distant retrograde orbit (DRO) such as the one of Fig. As it is well
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established in the literature [50], DROs are stable and surrounded by a family of two-dimensional
quasi-periodic invariant tori. Therefore, fifty members of the family are computed using different
combination of points with both the GMOS and PDE(DFT) algorithms (Figure [3.12)).

Specifically, GMOS implementations based on multiple-shooting are hereby considered and
compared with the single-shooting algorithm used for the results of Sec. This should make the
comparison more fair with the PDE(DFT) approach in terms of the size of the Jacobian matrix
to be inverted via Newton’s method. As for the PDE(DFT) methodology, the number of points
in both the longitudinal and latitudinal directions is changed between Ny = 25, 51, and Ny = 25,
51, so as to verify the implications of using a finer mesh on the performance of the algorithm. For
similar reasons, the number of GMOS points is also changed between 25 and 51.

The performance of the numerical procedures is assessed in terms of accuracy and runtime.
For GMOS, the former is obtained by propagating a set of midpoints for one stroboscopic time
and checking the invariant relationship . That is, once an invariant circle is calculated with

the algorithm, a set of new initial conditions is obtained from the rotation of the solution points

[ ]
> Earth

Moon

Figure 3.11: Example of DRO for the Earth-Moon system.
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Figure 3.12: (a) Fiftieth member of the quasi-DRO family of invariant tori computed with GMOS
and PDE(DFT). (b) Fifty invariant circles of the stroboscopic mapping generated with the algo-
rithms.

by an angle & = w/N7, where Nj is the number of points used for the discretization of the curve.
These midpoints are subsequently propagated forward in time using the equations of motion
until 7' = 27/wp, and eventually rotated backwards by an angle p = w; T via DFT. In theory,
the rotated states should match the initial conditions generated for the accuracy test, whereas, in
practice, discretization and numerical errors eventually start to degrade the quality of the computed
solutions. This can be seen in the plot of Fig. which illustrates the norm of the GMOS error

vector normalized by the number of points for each of the different cases, i.e.,

Ecumos(z) = (3.55)

where §; = [[R—, [pr(v(0i + )] — v(0; + o).

Differently from the previous algorithm, PDE(DFT) does not compute invariant curves of
stroboscopic maps. Therefore, the accuracy test proposed for GMOS cannot be applied to the
PDE(DFT) approach. Instead, consider generating a set of midpoints along the first circle output
by the algorithm, namely w(6y = 0,0; + ), where 5 = m/Nj, and evaluate the force field in

correspondence of this new set of points. Following the definition of quasi-periodic invariant tori
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Figure 3.13: Norm of the error vector (3.55) computed from fifty GMOS solutions. It is worth
noting that multiple-shooting trajectories have been generated using 5 segments.

(3.1)), the force field should match the linear combination given by the partial derivatives of u(6y =

0,6; + B) with respect to the parametrizing angles 6y, 61, scaled by the torus frequencies wy and

wi.
Thus, let us define the error of the PDE(DFT) method as
€2

E = -+ 3.56
PDE(Z) N, (3.56)

where

ou ou
€ = || f(u(0,01 + o)) — wo ETN — w1 oo (3.57)
0 00=0,01=0;+« 1 600=0,01=0;+«

The values of Eppg(z) are plotted in Fig. for all of the fifty members of the quasi-DRO family
obtained with different combinations of points, namely (Ny = 25) x (N7 = 25), 25 x 51, 51 x 25,
and 51 x 51.

It turns out that GMOS is slightly more accurate than PDE(DFT). Not surprisingly, quasi-

periodic trajectories obtained via multiple-shooting are also found to be more accurate than single-
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Figure 3.14: Norm of the PDE(DFT) error vector computed for fifty members of the quasi-DRO
family with (Ng = 25) x (N7 = 25), 25 x 51, 51 x 25, and 51 x 51, respectively.

Table 3.1: Analysis of the runtime for the numerical computation of fifty quasi-DRO tori via
GMOS and PDE(DFT). The data were collected for different combinations of N1, N, and m using
MATLAB?’s profiler on a System76 laptop running Ubuntu 15.04 with a quad-core i7-6700K CPU.

Runtime
Total ODE Integration Newton’s Update

GMOS, N, =25 72.765 s 70.661 s 0.050 s
GMOS, N, = 51 135.263 s 132.958 s 0.189 s
GMOS(MS), N = 25 138.493 s 137.284 s 0.615 s
GMOS(MS), Ny = 51 647.153 s 642.978 s 3.027 s
PDE(DFT), Ny =25, Ny =25 67.682s N/A 49.671 s
PDE(DFT), Ny =51, N =25 453.530 s N/A 405.130 s
PDE(DFT), Ny =25, Ny =51  459.413 s N/A 411.188 s
PDE(DFT), Ny =51, Ny =51 3429.504 s N/A 3324.771 s

shooting ones. Finally, doubling the number of discretization points significantly reduce the error
up to the fortieth member of the family. Unfortunately, this also affects the runtime of the consider
algorithms as observed in Table

In Table runtimes measured with MATLAB’s profiler are summarized and compared
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among each other. As it can be seen, PDE(DFT) turns out to be not only less accurate but
also appreciably less efficient than GMOS. In particular, the algorithm spends ~ 90 % of its time
solving Newton’s equation as no numerical integration is needed between different mesh points.
Yet, the algorithm still comes out short as the total runtime is either comparable or greater than
GMOS. In partial defense of the PDE(DFT) approach, it is worth noting that Newton’s update is
performed via MATLAB’s backslash operator. For non-square matrices such as the Jacobians of
the error vectors and , this corresponds to a sparse QR-factorization based on Givens
rotations that becomes particularly slow for large nonsparse matrices. Following [27], the speed of
the algorithm could be significantly improved by making the Jacobian matrix square as in [83]. In
the meantime, it should also be mentioned that the numerical integration of trajectories for the
single-shooting and multiple-shooting GMOS cases has been performed using MATLAB’s odel135.
Appreciable speed-up is also expected by replacing this function with a pre-compiled numerical
integrator, meaning that different implementations of the algorithms could hardly overthrow the
outcome of our comparative analysis.

For all these reasons, it appears as the GMOS algorithm should be the method of investigation
for the remainder of this thesis. Such a decision is also motivated by the possibility to carry
out stability analyses on quasi-periodic trajectories and investigate novel design opportunities like
ballistic lunar transfers [90] or formation deployment via quasi-periodic invariant manifolds. In
addition to that, the algorithm is found to be applicable for calculating three-dimensional quasi-
periodic invariant tori [7], as well as to be recast in collocation form for situations in which the
instability of shooting techniques may become problematic. These and other advantages are further

discussed in the following sections.

3.5 Collocation

As for all of the boundary value problems of the form (3.50)—(3.51), the GMOS algorithm
can be also implemented with collocation. The benefit of this technique is that families of quasi-

periodic invariant tori may be calculated even when poor initial guesses are available. This situation
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is not uncommon and often occurs when dealing with time-periodic systems such as the Bicircular
Problem (BCP) [24, 20}, 42}, [102] or the Elliptical Hill Problem (EHP) [40], [109] that is later discussed
in this thesis. In addition to this, it is found that this particular implementation of GMOS allows
for a very efficient solution of the system of algebraic equations arising from Newton’s method.
This makes the collocation version of GMOS particularly attractive and a valid alternative to the
PDE(DFT) approach even when the global representation of a quasi-periodic invariant torus is
needed.

To further investigate into this comparison, consider the boundary value problem given by

(3.50) and subject to the boundary constraints

9(Xo, X1)
ce(Xo)
ci(Xo,T)
F(z)= po(Xo) =0, (3.58)
p1(Xo)

s0(Xo) or so(T)

O

where ¢.(Xy), ci(Xo,T) are the continuity and collocation constraints defined in Eq. (2.30)

adapted for the quasi-periodic case:

CC(X(]) = XiJrl,O*Z;‘n:OXi,ij(TiJrl) :0, l:O, ,N*l

Cd(Xo,T) = TF(XZ'J)*Z‘;n:OXZ"jL;-(Tj):O, i:O,"-,Nfl; jzl,---,m.
(3.59)

As it can be seen, the only difference with respect to is that the states X; ; € R" N1 are now
representative of a whole curve on the torus at the V x (m+1) collocation points defined in Sec.
rather than single samples of a periodic orbits at these instants. For the four-dimensional problem
of Sec. this means that the Jacobian matrix of consists of, at least, 1 x 10° entries.
This number assumes that an invariant curve of a stroboscopic mapping would be represented by

N7 = 25 discretization points, that the time domain would be split in N = 50 segments, and that
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the solution X (7) would be evaluated in m = 6 collocation points on each of these subintervals.
These are generally accepted as the minimum values for which the global error of the collocation
method would be reasonable. However, depending on the application and accuracy requirements,
it may be possible that the Jacobian matrix to be inverted via Eq. could be even larger than
this.

Fortunately, the sparsity of the Jacobian matrix portrayed in Fig. [3.15]is significantly better
than the sparsity derived from the PDE(DFT) approach shown in Fig. The consequences
of this appear explictly in the numerical results of Table where MATLAB’s profiler has been
applied to measure the performance of the collocation version of GMOS (GMOS(C)) with exactly
the same setup of the previous section. In spite of the larger number of unknowns, GMOS(C)
turns out to be quite efficient and fast, not only with respect to the PDE(DFT) approach, but

also with respect to shooting versions of the same algorithm. The latter follows from the fact

%104

0 1 2 3
nz = 518106 <104

Figure 3.15: Jacobian matrix for the collocation version of GMOS. In this case, the GMOS(C)
algorithm was launched with N7 = 25 discretization points, N = 51 segments, and m = 6.
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that the Jacobian matrix of can be made squared by unfolding the parameters of a quasi-
periodic invariant torus as advocated in Ref. [83]. Although a detailed discussion of this technique
is beyond the scope of this manuscript, it is interesting to note that, in this case, MATLAB’s
backslash operator proceeds with a very efficient LU factorization that reduces the runtime of
Newton’s update by several factors [27]. For comparison, the application of Newton’s method on a
non-square Jacobian matrix in the GMOS(C) case with N; = 25, N = 50, m = 6 would take more
than 3600 seconds to compute the same fifty members of the quasi-DRO family of Tables 3.2
Considering this appreciable speed-up, it goes without saying that the implementation strategy
outlined in Ref. [83] should be preferred for thorough investigations of astrodynamics problems.
Moving forward, it is interesting to note that the accuracy of the GMOS(C) algorithm with
Ny =25, N =50, m = 7 remains within the tolerance of Newton’s method (10712) for only several
members of the quasi-DRO family. This is evident in the plot of Fig. [3.16] which displays the
GMOS error of the collocation method in a similar fashion to Fig. [3:13] For future use of the
GMOS(C), we will tacitly assume that the order of the Legendre polynomials used to interpolate
the solution over each of the subintervals [7;, 7;4+1] is m = 7. It also seems as N = 50 segments are
enough to accurately represent a quasi-periodic solution in a class of dynamical problems that are
as nonlinear as the PCRTBP. In particular, this configuration appears to be the best compromise
between runtime and accuracy, even though the latter strongly depends on the number of solution

points utilized for the discretization of the invariant curves. In this case, the plot of Fig. [3.16]

Table 3.2: Analysis of the runtime for the numerical computation of fifty quasi-DRO tori via the
collocation version of GMOS. The data were collected using MATLAB’s profiler on a System?76
laptop running Ubuntu 15.04 with a quad-core i7-6700K CPU.

Runtime
Total ODE Integration Newton’s Update

GMOS(C), Ny =25, N =50, m =7 104.038 s N/A 66.758 s
GMOS(C), Ny =35, N =50, m=7 166.558 s N/A 117.331 s
GMOS(C), Ny =51, N=50, m=7 311413 s N/A 232.662 s
GMOS(C), Ny =51, N =50, m=9  394.937 s N/A 269.256 s

GMOS(C), Ny =51, N =100, m =6 650.574 s N/A 527.149 s
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Figure 3.16: GMOS(C) error computed for fifty members of the quasi-DRO family with several
combination of Ny, N, and m values.

suggests that more than N; = 35 points should be considered for accurate representations of
several QP tori family members. Therefore, a value of N; = 51 is typically assumed for the

numerical investigations presented in Sec.

3.6 Stability of Quasi-periodic Invariant Tori

A second advantage offered by the GMOS algorithm is that the stability of quasi-periodic
invariant tori can be calculated as a byproduct of the method. To support this claim, observe that
if a solution of the BVP f is found, one has that the invariance relationship (3.36]) is
readily satisfied. Therefore, all of the GMOS solution points must be fixed points for the mapping
S_, = R_, 0 ¢p. Following the latter, one might be tempted to infer the stability of a quasi-
periodic torus from the differential map of S_, evaluated in v(6;). However, if N solution points
are used to approximate an invariant curve of the stroboscopic map ¢, the Jacobian of S_,,

namely DS_,(v(0;)) = R—, o Depp(v(;)), becomes a n N x n N matrix with n N eigenvalues. In
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order to identify which of the eigenvalues of DS_, are representative of the stability of torus, a
criterion of selection needs to be established.

As explained in Ref. [56], such a criterion exists if the torus is reducible, i.e, if there is a
coordinate transformation such that the differential of the stroboscopic map does not depend on
the value of 6. To illustrate this statement, consider the linearization of in the neighborhood
of v(0), i.e.,

dv(0 + p) = Dprp(v(0)) dv(6), (3.60)

and let Jv(0) = L(0) v(0) be a general coordinate transformation such that

LO+p)v(O+p) = Dep(v(d)) L)~ (9),
YO +p) = L0+ p)~" Der(v(6)) L(6)~v(6),

YO +p) = J(O)7(0). (3.61)
As it can be seen, if L(0) is such that
J = L(6 + p)~! Depr(v(6)) L(6) (3.62)

no longer depends on 6, then J would be the same for all of the possible solution points v(6;).
This is of course ideal and in good agreement with the fact that the stability properties of the
torus should be independent from the particular invariant curve being considered. This property
is guaranteed by coordinate transformations based on the eigenfunctions L;(€) of the generalized
eigenvalue problem

Deor(v(0)) L;j(0) = Aj Rp[L;(0)). (3.63)

In this case, one also finds that the n N eigenvalues ji;;, of DS_, can be immediately related to the
n eigenvalues \; of J via

fjg = \je kP (3.64)

where k = 0,--- , N — 1. Consequently, the eigenvalues of DS_, lie on concentric circles of the

complex plane, and each of these circles is representative of one eigenvalue A;, j = 1,---n of J.
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It is worth noting that, due to the Hamiltonian structure of typical astrodynamics problems,

concentric circles always come in pairs. That is, if one of the concentric circles has radius greater

than one, say R,,, a second circle must exist with magnitude less than one, i.e., Rs = 1/R,,. Such a

situation occurs when quasi-periodic invariant tori are hyperbolic. Then, global unstable and stable

manifolds emanating from the torus can be generated via integration of quasi-periodic trajectories

along any of the unstable and stable eigendirections found with this method. An example of these

manifolds is disclosed in Fig. [3:17] along with the eigenvalues of a quasi-periodic invariant torus

computed in the center manifold of HP L1 Halo orbit (Fig. |3.18|). The interested reader may find

additional applications of quasi-periodic invariant manifolds in Olikara’s thesis [83] and [84].

Stable Manifold of a L1 Quasi-Halo Torus

Planetary
Satellite

Stable
Manifold

Unstable Manifold of a L1 Quasi-Halo Torus

Unstable
Manifold
Planetary
Satellite

Figure 3.17: Stable (a) and Unstable manifolds (b) emanating from a L1 quasi-Halo invariant torus

of the Hill problem.
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Figure 3.18: Eigenvalues of DS_,.
3.7 Three-Dimensional Tori

As a final remark on the GMOS algorithm, it is worth mentioning that the numerical pro-
cedure can be easily adapted to compute quasi-periodic invariant tori of dimension three. These
manifolds are usually found about stable periodic orbits of six-dimensional systems such as the
HP or CRTBP problems, or in time-periodic systems such as the EHP discussed in Chapter
Therefore, it is relevant to briefly overview the changes in the GMOS algorithms needed to account
for a third dimension. For instance, one finds that the output of the stroboscopic map after time

T in torus coordinates corresponds to
- T
0:|:90+W0T7 01 +w T, 92+W2T] )

= |:90, 01 + P, 0o + V:| ) (365)

T
where v = 27wy /wy. Accordingly, let p = [M 1/} be the rotation vector and consider the

T
diffeomorphism v : T? — R" given by v(v) = u(fy, ), where 1) = [917 92} .
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From it follows that
v(Y) = v(P + p) = pr(v()), (3.66)

so that a new set of algebraic equations can be found from the invariance relationships

R_pleor(v(®))] —v(¥) =0, (3.67)
where R_, is a new rotation operator, now acting on the space of the diffeomorphisms V = {v(-) | v :
T? — T C R6}.

Given the images of the stroboscopic map v(q_pj’k) = v(01; + p, b2 + v) for the N1 x Ny

solution points v(t; ), one can apply the two-dimensional DFT [91]

Clm = Z Z v({ijk) el b0s glm Oz (3.68)
ik

and obtain a realization of R_, via

11 1l9 1m0
Roplv(61:020)] = -3 El:; relme, (3.69)

. . T
where cf}m = e ilpe—imv Ci,m- Furthermore, if X = [’U(ﬂbo,o)a v('zpm), ooy v()10, - v(’lel’NQ) )
and X1 = U(io o), U(i/_’o Dy ol U(1ZN1 NQ)] , the quasi-periodic boundary constraints become

9(Xo, X1) == [D] ! [R(—p, —1)] [D] X1 — X = 0 (3.70)

where D is now the two-dimensional DFT operator written in matrix form, and [R(—p, —v)] is the
matrix that rotates the Fourier coefficients from ¢, to C;,m'

Of course, in order to find solution of the BVP given by —, one has to update
via Newton’s method. However, solutions are not unique until phase conditions and parametrization
equations are added to the system of algebraic equations derived from . For three-dimensional
tori of autonomous Hamiltonian system, it turns out that two phase conditions of the form

need to be included, namely

0X
pl(XO) =< XO) 8710 )
1 T o 0v(a,
— g TR otausy 2 dads, (371)
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and -
0X
p2(Xo) =< Xo,aTO >,
. 2 . Io(ap. ) (3.72)
~ . . 7‘77 =
— Nl ]\]2 ZJ Zkv(’lpj,k) 892 0.
Then, the last of the phase conditions can be given by
- 09X
po(Xo) =< Xo — X0, or’ >, (3.73)
00y
where
0v 1 0v 0v
— = — v -0 = — Wy —| . .74
= o [P o~y (3:74)

As for the parametrization equations, recall that three-dimensional tori of autonomous Hamiltonian
systems generally live in three-parameter families. Therefore, to identify unique members within
a 3D tori family, three additional equations are needed, namely so(Xo, T, p), s1(Xo, 7, p), and
s2(Xo, T, p).

In the end, one has the BVP given by

;

X' = TF(X),

T = 0,
(3.75)

and subject to the boundary constraints

po(Xo)
p1(Xo)
F(z)= p2(Xo) =0, (3.76)
s0(Xo, T, p)

51(X07Ta p)

_82(X07 Ta p)_

T
where z now corresponds to [ Xo, T, p] .
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As usual, sg(X g, T, p) may be used to specify either the energy level of the torus, i.e.,

s0(Xo) i= N11N2 S 3 Clwj) —C =0 (3.77)
i k

or its period:

so(T) =T —-P =0. (3.78)

To find an expression for s1(Xo, T, p) and s2(Xy, T, p), consider the following generalized

pseudo-arclength continuation approach [48]. First, assume 2 is a previously known solution of the

BVP (3.75)—(3.76| such that

g(XOaxl)

hzy= | X0 (3.79)

p1(Xo)

p2(Xo)

is also equal to 0. Also assume that such a solution is found in correspondence of the unfolding
parameters 7* and s*, i.e., h(Z) = h(z(r*, s*)) = 0. Looking for nearby solutions in correspondence

of r* 4+ dr and s* + ds, one finds that
0 ~ h(z(r* 4 or,s* + ds)),

~ h(z(r*,s*)) + Dh(z(r*,s%)) [zL.(r*, s*) 6r + 2L (r*, s) ds],

= Dh(z) [z, 0r + 2 5], (3.80)
where 2z, and z/, denote the family tangent with respect to r and s, respectively, evaluated in (r*, s*).
From Eq. (3.80), it follows that z!. and 2/, form a basis for the kernel of Dh(Z). Therefore, z/. and
z'. can be easily computed via the singular value decomposition of Dh(z) or similar methods. In
addition to that, observe that

2(r* +6r, 8" +0s) = 2+ 2. or + z. 65, (3.81)

so that

(z—2) = [z;, z/] i (3.82)
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also needs to be satisfied. Specifically,

3'T 2 3T 5
z 1z11°, 2, 2 or
"lz-—2)=| o , (3.83)
= SUERN PACI PR
yielding
s1(z) == <zZ.,z—2>-0r—2" 2 65s=0, (3.84a)
so(z) = <z,,z—2>—-21%06r—6s=0, (3.84b)
when |22 = [|2(]* = L.

Eq. completes the list of boundary constraints to be satisfied with Newton’s
method once a reliable initial guess is provided. The latter is found via the eigenvalue and eigen-
vector pairs obtained from the monodromy matrix M of a periodic orbit such as the blue trajectory
of Fig. If e12 and e3y are the eigenvectors associated with Ajg = etP and A3y = eii”, one can

construct an invariant torus of the monodromy map:

(,0(01, 92) =Ko [COS (91) Re(612) — sin(01) Im(elg)] —+ ...

K3y [cos (02) Re(ess) — sin(f2) Im(esq)], (3.85)

where Ko and K34 are two arbitrary small scalars << 1. Indeed, the torus (3.85)) is invariant

under the application of the monodromy matrix M as
Mcp(ﬁl, 92) = 30(91 + p, 02 + I/). (3.86)

Therefore, consider taking Ni X No points along the invariant torus of the monodromy map in
correspondence of the N1 x Ny angular values (61; =27 j/N1)x (62 =27 k/N2), j=0,1,...,Ni—
1,k=0,1,...,No—1. Eq. also suggests that the phases of the complex conjugate eigenvalues,
namely p and v, may be used to approximate the components of the rotation vector p. For this to
be true, the stroboscopic time T' should be also initialized as the period of the underlying periodic
orbit. This completes the initial guess 2 = (X, T, p) since the points w(0; ;,021) =~ @ (01 j,02%)

can be also integrated and rotated to generate a reliable approximation of the family tangents 2;,
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and 2; via the singular value decomposition of Dh(z). Then, Newton’s method can be applied
and embedded into a predictor-corrector scheme that allows to march along entire family branches.
An example of this is shown in Fig. which illustrates a three-dimensional quasi-halo torus

belonging to the center manifold of the aforementioned stable periodic orbit.

GMOS, 3D Quasi-Halo Torus GMOS, 3D Tori - Point Cloud
-0.216 - & ()
; er(v(0, 9))
\ -0.218 - R,oler(v(6,9))]
0
Planetary
~ -0.2 o Satellite -0.222
0.4 <
N w -0.224
-0.226 Periodic Orbit
-0.228
-0.23
0444 1 4ug

o e v 0 v ()

Figure 3.19: Quasi-Halo 3D torus(a) obtained by numerical integration of the invariant torus of
the stroboscopic mapping shown in (b). The 3D version of GMOS was launched with N; = 31 and
Ny = 21 points, respectively.

Finally, observe that stability analysis can be also carried out as a byproduct of the algorithm
in the three-dimensional case. The only difference with respect to the analysis of Sec. is that

the n N1 Na eigenvalues 5 of DS_, are now related to the n eigenvalues A; of J via
figs = \je kP ety (3.87)

where kK =0,...,N; — 1, and [ = 0,..., Ny — 1. As it can be seen, this does not change the fact
that eigenvalues of DS_, are still distributed along concentric circles of the complex plane, thereby

proving the validity of the results of Sec. for tori of arbitrary dimension.
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3.8 Conclusions

This chapter has presented some of the numerical procedures involved with the astrodynam-
ics applications of quasi-periodic invariant tori explored in the next chapters. Specifically, after
reviewing the different methodologies available in the literature (Section 3.2]), we have identified
GMOS as our preferred approach for future studies. Such a conclusion was drawn after comparing
the output of the code with the analytical solution of the Two-Body Problem (TBP) (Section ,
as well as by numerically investigating the accuracy of fifty quasi-DRO tori generated with the algo-
rithm in the PCRTBP (Section . Remarkably, the strategy was also found to be solvable using
collocation techniques, as well as to enable stability analysis and handle quasi-periodic invariant
tori of dimension three (Section [3.53.7)).

Starting from Chapter [4 we will see how the GMOS algorithm can be useful in space mission
design contexts. This begins by studying how the stroboscopic mapping approach can be slightly

modified to compute entire families of bounded relative trajectories about axisymmetric bodies.



Chapter 4

Bounded Relative Trajectories about Axisymmetric Bodies

In this chapter, we shall see how the GMOS algorithm can be adjusted to compute entire
families of bounded relative orbits without the need for the numerically expensive grid searches
proposed in Ref. [114] & [22]. We begin by reviewing the equation of motion for a mass particle
subject to the gravitational attraction of an axisymmetric body and demonstrate how Routh re-
duction can be applied to lower the dimensionality of the problem (Sec. . Next, we discuss the
dynamics of satellites in this force field and introduce three fundamental periods whose averaged
values can be accurately computed through numerical integration. First is the nodal period, which
is commonly defined as the time elapsed between two consecutive equatorial plane crossings at the
ascending node. Next is the sidereal period, which is a function of the drift in the right ascension of
the ascending node per nodal period. Lastly, there is the anomalistic period, which depends on the
difference between the argument of pericenter of a satellite at consecutive equatorial plane crossings.
To ensure bounded relative motion over long periods of time, at least two of these fundamental
quantities need to be matched on average.

Based on this observation, we consider a formation of two satellites—a chief and a deputy
spacecraft—and introduce a numerical procedure to ensure that the nodal and sidereal periods of
the deputy match, on average, the values of the chief. The so-called revised GMOS algorithm is
illustrated in Sec. along with simulations showing that families of bounded relative trajectories
can be generated once a stable periodic orbit of the Routh-reduced system is found. This holds

at a range of altitude and inclination values, including MEO and geostationary orbits, as well as
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beyond Earth orbit (Sec. 4.5). These and other remarks on the proposed numerical approach are

finally summarized in Sec.

4.1 Equations of Motion

Consider a spacecraft subject to the gravitational attraction of an axisymmetric body. As

illustrated in Ref. [78], the zonal part of the gravitational potential is given by

ZJI (EB)l P(sin©)

where pg denotes the gravitational parameter of the body, Rg is its reference radius, J; are the

U(R,0) (4.1)

_ He
R

zonal harmonics coefficients, and P, are the Legendre’s polynomials (Table . Furthermore, if
T = [% Y, 2, &, 7, 2‘} ! represents the six-dimensional state of the satellite in a body-centered inertial
frame (BCI) where £ is parallel to the body’s spin axis, & is directed towards the vernal equinox,
and § = 2 X &, then R = \/W is the distance from the gravity center to the spacecraft,
O = arcsin (%) is its latitude, and ¢ = arctan™! (y/x) is its longitude.

Following the latter convention, the Lagrangian of the system can be rewritten in spherical

coordinates as

L(R,0,R,0,¢) = = (R*+ R*6? + R? $* cos ©?) + U(R, ©), (4.2)

N

thereby showing that £ does not depend on the spacecraft longitude, i.e., ¢ is a cyclic variable. It

is then possible to apply Routh reduction and simplify the dynamics in the four-dimensional RRS

Table 4.1: Legendre polynomials used for the simulations.

Legendre Polynomials

Py(x) 5 (322 1)
Py(x) % (52 —3x)
Py(x) é (352% — 1522 + 3)
Ps(x) % (632° — 7023 4+ 15)
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discussed in Ref. [17]:

T
where y = [r, z, T, z} is the reduced state vector, and (r,z) = (R cos©, R sin©) are the
rectangular coordinates of the spacecraft.

Observe that the equations of motion (4.3) conserve the energy integral

1HZQ 1 -2 22

which is later used to distinguish between zones of admissible motion and forbidden regions as in
Sec. Furthermore, H, = % = R? cos2© ¢ = r? ¢ =const is also conserved and corresponds

to the third component of the angular momentum vector. Since H, is constant, the quadrature

t
o(t) = do + H. /to Mdt’ (4.5)
can be utilized to find the instantaneous longitude of the satellite at arbitrary times ¢, and generate
a trajectory in BCI via
a(t) = r(t) coso(t),
t) = r(t)sing(),
@) = =z(t),
i(t) = 7(t) cosp(t) — Ho sing(t)/r(t)
j(t) = 7(t) sing(t) + H, coso(t)/r(t)
(

) = ().

<

I

8

<

¢o is the initial longitude of the spacecraft and its value does not affect the solution (r(t), z(¢)) of
the reduced system nor the possibility of generating bounded relative trajectories in the full
six-dimensional space. On the contrary, even though H, is only a parameter for , its choice has
remarkable impacts on the relative motion between two neighboring trajectories as demonstrated

in the following sections.
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4.2 Spacecraft Dynamics

As demonstrated by Chu et al. [22], the motion of a mass particle subject to the gravitational
attraction of an axisymmetric body is characterized by three fundamental frequencies or periods:
the nodal period, the sidereal period, and the anomalistic period. First is the nodal period Ty,
which is conventionally defined as the time between two consecutive crossings of the equatorial
plane from south to north [I1]. If we define ((y) := z = 0, 2 > 0 as the surface of section and ¢,
as the solution flow of , then Ty is defined as the first return time such that y3 = ¢, (y7),
where y] and yj are the spacecraft reduced state vectors at the first and second intersection with
((y). By converting these states into osculating orbit elements, one can also infer the values of the

sidereal and anomalistic periods as follow:
Ts=2nwTy/(2m+ AQy), and T, =271T;/(27 — Awy), (4.7)

where AQy = Qo — Q1 and Awy = wy — w; are the differences in RAAN and argument of perigee
at consecutive ((y) crossings. Consequently, the sidereal period is related to the RAAN drift per

nodal period caused by the non-spherical shape of the central body, whereas the anomalistic period

Figure 4.1: AQy and Awy drifts due to zonal harmonics perturbations.
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T, is related to the pericenter drift per nodal period due to the same perturbations. Knowing this
fact, one can numerically integrate any arbitrary trajectory and obtain the time histories of the
fundamental periods over multiple revolutions about the central body. In particular, we will focus
on the time histories of Ay, Awy as these are directly related to T and T, through .

Fig. shows the described methodology for a spacecraft in orbit about an Earth-like
spheroid. In this case and aside from orbits at critical inclinationsﬂ [65],the periods are either
constants of motion or exhibit oscillations about their time averaged value. The first case is typical
of trajectories that are periodic in the Routh-reduced system , whereas the second case is
representative of quasi-periodic trajectories that populate the center manifolds about RRS periodic
orbits. Following the nomenclature of Broucke [I7], the latter are referred to as pseudo-elliptic
trajectories, whereas the former are referred to as pseudo-circular orbits and can be calculated as

illustrated in the following subsection.

4.2.1 Pseudo-circular Orbits

For the sake of illustration, consider the motion of a mass particle about an Earth-like ax-
isymmetric body. In this case, ug = 398600.4418 km?/s?, Rg = 6378.1374 km, and the zonal
harmonics coefficients up to the fifth order are given as in Table [4.2] It is also possible to normal-
ized the length and time units of the problem such that the reference radius Rg and 4 /R% /g are
equal to 1. For an Earth-like planet, this corresponds to LU = 6378.137 km and TU = 806.11 s,

respectively.

Table 4.2: Earth’s zonal harmonics coefficients up to the fifth order.

Zonal Coefficients

Jo 1.08263 x 1073
J3  —2.53241 x 1076
Ji  —1.6198976 x 1076
Js —0.22775359 x 1076

Next, observe that by fixing the value of H,, the system (4.3)) becomes an autonomous

! The inclination of a satellite is considered critical when cos®i ~ 1/5
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Hamiltonian system that does not depend on any external parameter. In this case, one can proceed
to specify a phase condition and a parametrizing constraint as in Sec. and formulate a well-
posed boundary value problem to look for periodic solutions of the RRS, i.e., pseudo-circular

trajectories. The BVP reads as
y/ = Tf(y, Hz)a

(4.8)
7 = 0,
subject to the boundary constraints
9(Y0, Y1)
F(yo,T) = | plyy) | =0 (4.9)
i s(yo,T) ]

T
where y, = [7«07 20, To, Z'o] , Y7 is the terminal state of the satellite, and T is the period of the
pseudo-circular orbit.
Because of ([4.7), we are interested in finding periodic orbits on the surface of section ¢(y).

This constraint is enforced by replacing (2.12)) with the phase condition:

p(Yo) =20 =0, (4.10)

which guarantees that the initial state of our periodic orbit would lie on the equatorial plane of
the central body. Furthermore, as no information on the family tangent is currently available, it is

better to initially replace the pseudo-arclength continuation constraint with

s(yg) =E(y)—E=0, (4.11)

where £(y) is defined as in (4.4). In this case, one can initialize the predictor-corrector scheme of
Sec. by picking any arbitrary circular two-body trajectory defining the constant values of H,
and E and using Newton’s method to converge on the first family member.

Figure shows an example of a pseudo-circular orbit obtained after initializing the BVP
solver with a two-body trajectory defined by the Keplerian orbit elements a = 1.1 LU, e = 0.0,

i = 285 deg, 2 = w = M = 0 deg, and providing the constant values of H, = 0.9217,
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E = 0.4549. After a few iterations, the algorithm converges on a periodic-orbit with y, =
1.0987, 0 —4.4411 x 1074, 0.4554 T, T = 7.2252 TU, and characterized by the constant nodal,
sidereal, and anomalistic periods disclosed in Fig.

First, observe that Aw, is expected to be zero such that T, = Ty. If this was not the
case, then y(t) would cease to be periodic even in the RRS and violate the boundary constraint
9(Yp,y1) == y; — Yo = 0. Such a constraint does not prevent the longitude of the satellites to
change in the full six-dimensional problem, which is why the RAAN drift per nodal period are
allowed to be nonzero (Fig. [4.3).

A second thing to note is that, upon convergence, the family tangent can be evaluated in
(yo,T) to produce a reliable initial guess for a different pseudo-circular trajectory at the same H,
level. By iterating this process, one obtains entire family branches such as the ones of Fig. [£.4] The
figure shows several family members obtained with the algorithm after replacing the parametrizing
equations with . The colors correspond to the different values of energy calculated
in correspondence of the different periodic orbits, whereas the lines represent different families of
pseudo-circular trajectories obtained after repeating the whole procedure for different values of H,.

Differently from the previous chart, Fig. shows the nodal and sidereal periods found for a
range of F and H, values. This is a useful plot for the purpose of designing pseudo-circular orbits
with specified input values of T; and Ts-namely T, and AQg—even though arbitrary combinations
of these quantities may not admit valid pseudo-circular trajectories. This is evident from the figure
as not all of the different contours of Ty and A, overlap in one point.

Finally, Fig. shows the evolution of the stability indexE| of several pseudo-circular families
with changes in r and third component of the angular momentum vector. As it can be seen, the
closer we are to critical inclinations, the closer we get to the instability limit of £k = 2. Nevertheless,
all of the computed pseudo-circular trajectories are stable and surrounded by a two-parameter
family of quasi-periodic invariant tori [I7]. These tori are filled by pseudo-elliptical trajectories,

which are further discussed in the next subsection.

2 see Section for details
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Figure 4.2: Pseudo-circular orbit about the Earth for the case ' = —0.4549, H, = 0.9217. Starting
from the equatorial plane, the spacecraft moves upwards until it touches the zero-velocity curves.
Then, it turns around and move downwards passing through the equatorial plane from north to
south, and finally completes its revolution around the planet in 7' = 7.2252 TU.
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Figure 4.3: Nodal, sidereal, and anomalistic Periods for a pseudo-circular orbit about the Earth for
the case F = —0.4549, H, = 0.9217.
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Figure 4.5: Nodal period and RAAN drift per nodal period computed for the families of pseudo-

circular orbits displayed above.
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Figure 4.6: Evolution of the stability index with changes in » and H,.

4.2.2 Pseudo-elliptic Trajectories

As predicted by Broucke, periodic orbits of the RRS are stable everywhere except at crit-
ical inclinations [17]. Since this is not the case for the periodic orbit of Fig. consider the
monodromy matrix M obtained from the numerical integration of the variational equations of
(4.3). As expected, the monodromy matrix admits one pair of complex conjugate eigenvalues with
unitary magnitude, meaning that the periodic orbit is surrounded by a two-parameter family of
two-dimensional invariant tori.

To compute these manifolds, consider the BVP developed in Sec.

Y' = TF(Y,H,),
T = 0, (4.12)

po= 0,
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and subject to the terminal constraints

9(Yo, Y1)
po(Yo)
F(z) = p1(Yo) =0, (4.13)

S0 (Yo) or So (T)

S1 (Z)

T T
where z = [Yo, T, ,0] , Y = [y(C)F’ y’iﬂ o y]’{h_l is the n Ni-dimensional vector derived

from the discretization of the invariant curve of the stroboscopic mapping ¢, : R* — R* in Vy

solution points, and F(Y,T) is the n Ni-dimensional vector field given by

f(yO’ HZ)

F(Y,T)=T flys, He) : (4.14)

f(lefl’ Hz)

with f(y, H.) as in (T3). po(Yo), p1(Y5), and s1(2) are given as in (343), (3.43), and (3-19),

respectively. However, depending on the choice of sy, the numerical procedure produces quasi-
periodic invariant tori of either the same energy (E Tori) or the same “period” (P Tori). As
described in Sec. this leads to different relative motion behaviors when a formation of two
satellite with a chief on the pseudo-circular trajectory of Fig. and a deputy on one of these
quasi-periodic trajectories is considered. Therefore, it is important to distinguish between the two

different cases as follows.

4.2.2.1 E Tori

In the first case, one has that

Ni—1

so(Yo):= Y E(y,) —E=0, (4.15)
i=0

which ensures that all of the computed quasi-periodic invariant tori have the same value of energy

E of the underlying pseudo-circular trajectory (E Tori). This leads to the invariant curves of the
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stroboscopic map ¢, shown in Fig. and obtained with the GMOS algorithm of Sec.
Each of these solutions can be propagated till the first surface of section crossing to produce the
meaningful plot of Fig. where pairs (r,7) completely specify the states of the satellites. The
bold curve correspond to the quasi-periodic invariant torus of Fig. illustrating a collection of
N1 = 51 pseudo-elliptical trajectories being initialized on the surface of this manifold. Finally, the

nodal, sidereal, and anomalistic periods change periodically over time as disclosed in Fig.

4.2.2.2 P Tori

Alternatively, one can compute tori of the same period by setting the stroboscopic time to
so(T)=T—-P=0. (4.16)

P is the desired periodicity and may be conveniently set to the nodal period of the underlying
pseudo-circular trajectory, i.e., P =Ty .. Fig. displays the invariant curves of the strobo-
scopic mapping obtained with the former selection, whereas Fig. 4.10(b)| shows the same invariant
curves after propagating each of the GMOS solutions points till the first crossing with the surface

of section ((y). Perhaps, the most evident difference with respect to the E tori case is that we are

H. = 09217, E — —0.4549

0.06 E Tori 0.06 |

004 B 0.04 | E Tori ]
002 | oo
) Equat E
= o L=auanor _ _ S0
© =2

-0.02 o ] ~ -0.02 |

£
-0.04 3 1 -0.04 |
-0.06 . - 1 . _ ]
J Pseudo—mlrcular Orl?lt \ 0.06 Pseudo-circular Orbit ¢(y)
0.95 1 1.05 1.1 1.15 1.05 1.1 1.15
r (LU) r (LU)

(a) (b)

Figure 4.7: GMOS invariant curves as seen in configuration space (a) and on the surface of section
((y) (b). The bold curve corresponds to the quasi-periodic invariant torus shown below.
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Figure 4.8: Pseudo-elliptical trajectories about the Earth being initialized on the surface of a
quasi-periodic E Torus with £ = —0.4549, H, = 0.9217.
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Figure 4.9: Nodal, sideral, and anomalistic Periods for a pseudo-ellitpical trajectory on the surface
of a E torus about the Earth with £ = —0.4549, H, = 0.9217.
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no longer allowed to represent the entire state of a spacecraft on a two-dimensional plot like Fig.
4.7(b)l The reason for this being that the energy of the pseudo-elliptical trajectories is no longer
conserved throughout the family, but slowly increases the farther we move from the pseudo-circular

orbit. Next is an example of a quasi-periodic invariant P torus corresponding to the bold curve of

Fig. 4.10(a){and 4.10(b)l By selecting a pseudo-elliptical trajectory on the surface of this manifold,

it is found that the nodal, sidereal, and anomalistic periods vary over time as disclosed in Fig.
This matches the observations of Xu et al. [I14], who also noted that the time averages of
T, and Ay do not necessarily match with the nodal and sidereal periods of the pseudo-circular

orbit. This may lead to unbounded relative motion as observed in the next section.

4.3 Formation Flying

The goal of this section is to study the relative motion between two or more spacecraft being
initialized on either pseudo-circular or pseudo-elliptical trajectories. To that end, we integrate the
equations of motion for all of the satellites, convert into BCI coordinates via & ,
and rotate the relative states in the LVLH frame of the reference spacecraft, i.e., the chief.

As a first example, we consider the relative motion between a chief and a deputy being

initialized on the surface of the same quasi-periodic invariant E torus. Fig. displays the

0.06 Pseudo-circular
0.04 H, —0.9217 trajectory
0.02 =)
= 4
S o 4= 046 P Tori
=
.02 S 044
<
-0.04 = 0.05
3 1.15
-0.06 ] . B
‘ Pseudo—cllrcular Ort‘nt ‘
0.95 1 1.05 1.1 1.15

(a) (b)

Figure 4.10: GMOS invariant curves as seen in configuration space (a) and on the surface of section
((y) (b). The bold red curve corresponds to the quasi-periodic invariant torus shown below.
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Figure 4.11: Pseudo-elliptical trajectories about the Earth being initialized on the surface of a
quasi-periodic P Torus with H, = 0.9217.
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of a P torus about the Earth with H, = 0.9217.
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relative motion in the LVLH frame of the chief, as well as the inter-satellite distance between the
two vehicles. Despite some oscillations in the relative distance, the deputy remains within 350
km from the chief for more than a year, thus proving that quasi-periodic invariant tori can be
successfully utilized for establishing bounded relative motion over long intervals of time. Indeed,
the same occurs whenever the two satellites are initialized on the surface of the same P torus, which
leaves us with the more interesting question of what happens whenever the deputy and the chief

are no longer placed on the surface of the same manifolds.

0.06 Y¢ Chief E Tori |
0.04 ¥ _Deputy
. 0.02
=}
= 0 =
®.0.02
-0.04
-0.06 ‘ Pseudo—c'}rcular Orbit ‘
0.95 1 1.05 1.1 1.15
r (LU)
(a)
350
é Deputy Ef/ 300
§ 10@ g 250
-10 <
& Z 200
2100 b
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O 0 o
= 100
-100 .
100 < 50
-200 =
_ 0 ' ‘ '
Along-Track (km) 300 100 . 0 100 200 300
400 Radial (km) Time (days)
(b) (c)

Figure 4.13: Relative motion between a chief and a deputy spacecraft on the surface of the same
E torus. a) Initial conditions in configuration space. b) Relative trajectory in the LVLH frame of
the chief. c¢) Inter-satellite distance over one year.
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Fig. portrays the relative motion between a chief on the pseudo-circular orbit of Fig.
[4.2] and a deputy on the cyan pseudo-elliptical trajectory of Fig. [4.8 The initial conditions of
the two satellites correspond to r. = 1.09874650952774, z. = 0, 7. = —0.000441104004566637,
. = 0.455473605978406, and i) = 1.15685184543499, 2\ = 0.0137239525985908, (") =
0.00588501453123112, ng) = 0.429734647361727 respectively, and yield the inter-satellite distance
of Fig. As it can be seen, the satellites seem to be no longer bounded to each other, and

tend to slowly drift apart mostly in the along-track and cross-track directions.
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Figure 4.14: Relative motion between a satellite on the surface of a E torus and a pseudo-circular
chief. a) Initial conditions in configuration space. b) Relative trajectory in the LVLH frame of the
chief. c) Inter-satellite distance over one year.
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Similarly, Fig. shows the relative motion between the same chief and a deputy on

the green pseudo-elliptic orbit of Fig. In this case, rgp) = 1.15686604307968, zflp) =

0.0137242998088076, ") = 0.00588468477904195, 2\ = 0.420741583983593, and the relative

motion exhibits less drift in the along-track direction, but still fails to remain bounded over time.
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Figure 4.15: Relative motion between a satellite on the surface of a P torus and a pseudo-circular
chief. a) Initial conditions in configuration space. b) Relative trajectory in the LVLH frame of the
chief. c) Inter-satellite distance over one year.

Considering that the evolution of any spacecraft subject to the gravitational attraction of an
axisymmetric bodies can be characterized by the three fundamental periods identified in Section [4.2]
the cause for this drifting has to be researched in the time averaged value of these quantities. From
this point of view, it is straightforward to demonstrate that if the satellites within the formation
have the same values of Ty, Ts, and T,, then bounded relative motion is achieved. This is indeed

the situation of Fig. as the frequencies of a torus (and therefore its periods) are fundamentally
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defined for each state on the manifold and do not vary with the location of the satellites on its
surface.

Conversely, if the chief and the deputy satellites are placed on different quasi-periodic invari-
ant tori, it is no longer guaranteed that the values of the nodal, sidereal, and anomalistic periods are
actually conserved within the formation. In order to establish bounded relative motion, however, at
least two of the three fundamental frequencies need to be shared on average. The final choice falls
on the nodal and sidereal periods as this is the only combination where the inter-satellite distance
remains within reasonable ranges. In fact, bounded relative motion is technically achieved even
when two satellites share either the nodal and anomalistic periods or the sidereal and anomalistic
ones. However, in these cases, the inter-satellite distance can grow as large as twice the mean semi-
major axis of the formation, thereby nullifying the utility of these relative trajectories for formation
flying applications. It is also worth noting that the average values of the nodal and sidereal periods

roughly correspond to

oo 2m_ 2T Ay = OTy =272 (4.17)
O w+M w+ M

where 6); = w + M is the mean argument of latitude, and €2, @, and M are the secular drift in
the mean RAAN, argument of perigee, and mean anomaly due to the zonal perturbations [I8], 95].
Accordingly, requiring that T; and AQ are shared among the chief and deputy vehicles essentially
implies that the secular rates in 6, and €2 must be the same for all of the satellites in the formation.
Such a condition is not novel and can be considered as a stronger version of the Jo-invariant relative
orbit constraints [94], which successfully yield bounded relative motion in the linear regime about
the chief.

Moving beyond this validity region, let us focus on the time average of T; and A€, as
these are the actual key parameters that yield bounded relative motion over long intervals of time

[6, 22, 114]. By definition, the averaged values of T;(k) and AQ4(k) would be given by

N—oo N—oo

N N
] _ o1
Ty = lim — ,;0 Ty(k), AQg = li