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Spacecraft design is inherently limited and dictated by available launch vehicle capabilities,

motivating the development of a wide variety of deployable spacecraft structures. These structures

are developed to meet the communication, operation, and scientific objectives of the spacecraft

mission, and therefore the successful deployment of the structure is required for overall mission

success. Typical analysis of deployable spacecraft structures spans questions of structural stiffness

and stability, vibration modes, thermal stability, and deployment dynamics. In this thesis, only

the deployment dynamics are of interest. Validation and verification of deployment for deployable

structures is primarily achieved through rigorous testing, and this is sometimes presented in tandem

with complex finite element simulation or a simplified model approximation. The key questions of

this validation typically regard what the deployment motion looks like and are answered through

analysis of the deployment dynamics states. Therefore, deployment dynamics analysis plays a key

role while also providing a central challenge for deployable structures development.

An emerging area in the deployable structures field is referred to as origami structures and

takes primary inspiration from origami folding techniques. These are developed to stow flat struc-

tures with large area to size ratio relative to the spacecraft bus, such as solar and phase arrays,

star occulters, and reflector antennas. A central challenge for origami structures is the deploy-

ment dynamics and deployment actuation of the folded structure and spacecraft system. A novel

lightweight solution for deployment actuation is to integrate strain energy hinges that can also

facilitate folding. Deployment dynamics of such a system would typically be studied through finite

element analysis (FEA). However, for a structure with multiple high strain hinges, FEA modeling

would require significant computational time and skill, as these hinges exhibit large deformations

of shell structures with non-linear behavior. This limits the ability to explore parameter design
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spaces and iterate towards more optimal solutions. An alternative method for studying the system

dynamics that uses multi-body dynamics and a simplified hinge representation is the focus of this

thesis. In this approach, fold panels are treated as rigid bodies and the flexible joints are represented

by internal forcing functions. In this thesis, a model to represent the hinge mechanics is designed

as a function of the hinge’s multiple degrees of freedom, as defined by the relative position and

orientation states. This model is designed to be implemented in a multibody dynamics algorithm

customized for origami-folded deployable spacecraft structures. The methodology aims to provide

an approximation that enables sufficient deployment dynamics simulation accuracy without a full

FEA simulation of the system.

The multibody dynamics modeling approach for this thesis implements the Articulated Body

Forward Dynamics algorithm and Spatial Operator Algebra for free-flying spacecraft systems with

closed-chain constraint enforcements and the applications of this approach for deployable structures

is demonstrated. Constraint stabilization is discovered to be the primary challenge for scaling this

approach to systems of many folding panels. An approach for modeling high strain tape spring

hinges for simulation of free deployment dynamics is presented and applied to a high strain com-

posite hinge sample. This study includes both an FEA database and experimental measurements,

and concludes that the high strain composite materials contain a level of variability that makes

repeatability and behavior prediction challenging. An additional study of a folding hinge with two

spring steel tape springs is developed and implemented in prototype structure validation efforts. A

novel folded deployable structure is designed and constructed with a segmented, multi-DOF hinge,

and a rigorous suite of deployment tests are conducted using videogrammetry for deployment data

measurement. A full simulation of the prototype is constructed from the multibody dynamics model

and the multi-DOF hinge model, and the predicted deployment behavior is evaluated against the

testing. Additionally, the prototype deployment is replicated using an explicit dynamic FEA analy-

sis for a performance comparison. The models demonstrate strong correlation for deployment time

predictions across the states.
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Chapter 1

Introduction

1.1 Motivation

Deployable structures have played critical roles for spacecraft missions since the beginning of

the space age, and can be traced back to the spin-tensioned whip antenna of Explorer 1. Space-

craft design is inherently limited and dictated by available launch vehicle capabilities, motivating

the development of a wide variety of deployable spacecraft structures. These structures are devel-

oped to meet the communication, operation, and scientific objectives of the spacecraft mission, and

therefore the successful deployment of the structure is required for overall mission success.1 Design

development of deployable structures is primarily achieved through iterative prototyping and test-

ing, a process that often yields novel research products that are shared through the community.

Many examples of successful design efforts and flight projects are found in the literature,2,3, 4, 5, 6

and a comprehensive review of deployable structures will not be provided here as it encompasses a

broad library of work. Typical analysis of deployable spacecraft structures spans questions of struc-

tural stiffness and stability, vibration modes, thermal stability, and deployment dynamics.7 In this

thesis, only the deployment dynamics are of interest. Validation and verification of deployment for

deployable structures is primarily achieved through rigorous testing, and this is sometimes presented

in tandem with finite element simulation or a simplified model approximation.8 The key questions

of this validation typically regard what the deployment motion looks like and are answered through

analysis of the deployment dynamics states. Therefore, deployment dynamics analysis plays a key

role while also providing a central challenge for deployable structures development.
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(a) ATK MegaFlex9 (b) BYU design10

Figure 1.1: Folded deployable spacecraft structure solar array concept art.

There are several classifications of deployable space structure architectures that have been

studied and developed in the literature, such as membranes, shells, booms, and trusses, and several

broad reviews of these have been published over time, as the field has developed.11,12,13,14,15 An

emerging area in the deployable structures field, that is discussed in these reviews, is referred to

as origami structures and takes primary inspiration from origami folding techniques. These are

developed to stow flat structures with large area to size ratio relative to the spacecraft bus, such as

solar16,17,18 and phase19,20 arrays, star occulters,21 and reflector antennas.22,23 Concept imagery

is shown for two solar array designs in Figure 1.1, where the ATK design uses a cable and motor

system to actuate deployment and the BYU design uses an external perimeter truss and cable

system.24

A central challenge for origami structures is the deployment dynamics and deployment ac-

tuation of the folded structure and spacecraft system. A novel lightweight solution for deployment

actuation is to integrate strain energy hinges that can also facilitate folding.25 Tape spring hinges

are an intriguing innovation in hinge technology for deployable space structures. Compared to

standard piano hinges, tape spring hinges are lightweight, eliminate rotational mechanical contact

surfaces, and are self-actuating. An example of how this concept could be implemented physically

with the Miura origami pattern is illustrated in Figure 1.2, and it is noted that even with minimal
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hinge actuation, 10 hinges are used to actuate the 12 panel assembly. Deployment dynamics of

such a system would typically be studied through finite element analysis (FEA).12 However, for a

structure with multiple high strain hinges, FEA modeling would require significant computational

time and skill, as these hinges exhibit large deformations of shell structures with non-linear behav-

ior. This limits the ability to explore parameter design spaces and iterate towards more optimal

solutions. An alternative method for studying the system dynamics that uses multi-body dynamics

and a simplified hinge representation would provide significant gains in computation time, and is

the focus of this thesis. In this approach, fold panels are treated as rigid bodies and the flexible

joints are represented by internal forcing functions. In this thesis, a model to represent the hinge

mechanics is designed as a function of the hinge’s multiple degrees of freedom, as defined by the

relative position and orientation states. This model is designed to be implemented in a multibody

dynamics algorithm developed specifically for origami-folded deployable spacecraft structures. The

methodology aims to provide an approximation that enables sufficient deployment dynamics sim-

ulation accuracy without a full FEA simulation of the system. The theory of this approach will

be covered in Chapters 2 and 3, a deployment test campaign of the system will be presented in

Chapter 4, and a final model demonstration and evaluation is presented in Chapter 5.

fold gap
<latexit sha1_base64="I9uXpiH31oWINuIHoGx5ssZYhRk="></latexit><latexit sha1_base64="I9uXpiH31oWINuIHoGx5ssZYhRk="></latexit><latexit sha1_base64="I9uXpiH31oWINuIHoGx5ssZYhRk="></latexit><latexit sha1_base64="+wmAblO+wyOBqnNuoN4qZdC/QQg="></latexit>

rigid panel
<latexit sha1_base64="5jn2wkJThOGkiFFQSVhv9bMdLj0="></latexit><latexit sha1_base64="5jn2wkJThOGkiFFQSVhv9bMdLj0="></latexit><latexit sha1_base64="5jn2wkJThOGkiFFQSVhv9bMdLj0="></latexit><latexit sha1_base64="3SbDAjYBfP/MSjQikdn1FcFLoOg="></latexit>

hinge
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Figure 1.2: Example of a closed-chain origami-folded structure with tape spring hinge integration.
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1.2 Background

1.2.1 Rigid Body Dynamics Analysis

Rigid body dynamics analysis theory traditionally begins with the classic and fundamental

Newton’s equation,

F = ma (1.1)

Where F is the force applied to a body, m is the body’s mass, and a is the linear acceleration of

the body, as expressed in three dimensional Euclidean space, R3. Newtonian mechanics represents

a first approach to understanding the motion of a single body or particle due to the forces acting

on that body, and mathematically represents Newton’s Second Law.26 However for a general rigid

body in three dimensional space, rotational motion and torques may also be applied to a body.

This motion is described by the equally classic Euler’s equation,

Ḣ = L (1.2)

Where Ḣ is the change in angular momentum, and L is the torque or moment acting on the

body.27 For a single rigid body, the Eulerian and Newtonian equations are sufficient for describing

the dynamics of a single rigid body. As additional rigid bodies are included in a model, the efficiency

of the Newtonian and Eulerian approaches must be evaluated on a case-by-case basis. For example,

the Eulerian approach is used extensively in the field of attitude dynamics and is appropriate for

the development of models for momentum control devices, where compact and elegant solutions are

often available.28 However for multiple rigid bodies connected at several nodes, these approaches

would require significant book keeping and are not ideal or feasible for implementation.

Generalized methods of analytical mechanics provide a suitable tool for larger systems of

rigid bodies and provide the bases for many branches of dynamics analysis, where the coupling of

rotational and translational motions across multiple rigid bodies are intrinsically captured in the

expressions. For this reason, early analysis of the origami-folded system concepts were completed

using Lagrangian mechanics,29 and this work can be reviewed in Appendix A. Additionally, the
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author has applied this method to tethered deployable spacecraft systems analysis with good re-

sults.30,31,32 Lagrange’s equation provides an energy based approach to deriving the equations of

motions by stating

∂

∂t

∂T

∂q̇i
− ∂T

∂qi
= Qi (1.3)

where t is time, T is the kinetic energy, qi are the generalized coordinates, and Qi are the generalized

forces and can represent conservative or non-conservative forces in the system.28 While Lagrange’s

Equation is an elegant generalization of mechanics principles and is capable of generating equations

of motion for any system by following this formula, in practice it is difficult to apply to large degree

of freedom systems, or systems with a large number of generalized coordinates. This is due to

the analytical challenges of deriving the partial derivatives of the kinetic energy and reorganizing

the results into a numerically integrable format. Therefore, a significant area of dynamics research

focuses on how to generate equations of motion in a manageable format and how to implement

these equations in numerical integrators. A notable development from this research is Kane’s

Equations.33 Kane’s method develops equations of motion by first constructing a partial velocity

table from the generalized coordinates and speeds, and then enforcing the equation

Fr + F ∗r = 0 (1.4)

Where Fr are the external forces and F ∗r are the inertia forces with respect to the generalized

coordinates qr. This method is effective at generating analytical expressions of the equations of

motion for mid-size systems where explicitly writing the equations of motion for each body is still

manageable, for example in the case of robotic arms34 or common spacecraft configurations.35

An alternative approach to generating equations of motion is to calculate the state derivatives

numerically using a universal algorithm. In this approach, explicit analytical expressions of each

body’s equations of motion is not generated. This is acceptable because these expressions are not

required where the solution for the state time histories are to be numerically integrated. Only

descriptions of the rigid body mass properties, geometric configurations, relative hinge properties,

and force conditions in terms of the generalized coordinates are required. The fundamental building
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block algorithm of this approach is known in the literature as the Articulated Body Forward

Dynamics (ABFD) Algorithm, an O(N ) algorithm for serial chain systems where N is the total

number of velocity degrees of freedom in the system. This algorithm was developed independently

by Featherstone36 and Rodriguez,37 and detailed in a unified manner by Jain.38 The approach

begins by considering the system equation of motion in the form

M(q)q̈ + C(q, q̇) = T (1.5)

where M(q) is the system mass matrix, C(q, q̇) is the Coriolis acceleration term, and T is the

generalized forces. Then the generalized accelerations are solved for with advanced linear algebra,

where all quantities are expressed in a mathematical format described by Spatial Operator Algebra

(SOA). Where the direct inverse of M(q) ∈ RN×N would be an O(N 3) computation, this algorithm

implements the Innovations Factorization Method to compute the mass matrix inverse recursively

at computational cost O(N ). This is a critical improvement for greater order systems, and as a

result has produced the computationally fastest serial-chain algorithm for any system with greater

than 6-8 rigid bodies.39,40 Where an origami-folded spacecraft structure could conceivably have

tens to hundreds of panels, this computational advantage is critical. Additional algorithms have

been developed from the ABFD framework using SOA to expand the approach beyond single

serial chain topographies, providing the tools necessary to implement this approach to origami-

folded structures. An in-depth discussion of these and how the can be adapted to origami folded

deployable space structures is provided in Chapter 2.

1.2.2 Tape Spring Hinges

Adapting origami folding techniques to space structures requires either creasing or segmen-

tation of the structure surface. Creasing primarily applies to pliable membrane structures, and

the challenges of membrane creasing have been41 and continue to be42 researched in the literature.

The scope of this thesis will focus on rigid or semi-rigid segmented structures, meaning the indi-

vidual segmented panels of the structure can be treated as rigid or semi-rigid with respect to the
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unfolded 6 DOF foldideal 1D fold

Figure 1.3: Tape spring hinge geometry and potential folding configurations.

mobility of the folds. For a structure that is segmented, these segmentations must be joined with

physical hinges. Elastic, flexible hinges are ideal for this application because they provide an intu-

itive lightweight solution to traditional mechanical hinges. Traditional hinges such as the pin-clevis

rotation joints are mechanically complex and massive. An elastic hinge, such as a composite or

metallic shell, has the potential to reduce mass, eliminate friction loss, and increase compaction.

Additionally, elastically folding materials will store strain energy in the system, providing a built-in

deployment actuator, and can be designed to behave in desirable patterns.

1.2.3 High Strain Composite Tape Spring Hinges

Several research studies characterize the moment-curvature behavior of tape spring hinges

for various materials assuming the hinge folds symmetrically, meaning through only one rotational

degree of freedom (DOF). Typically, the equal-sense and opposite-sense bending moment is char-

acterized through theoretical analysis and experimental testing.43,44 Here, equal-sense refers to a

fold where the open cross sections face each other and opposite-sense is a fold where the open cross

sections face away, as is consistent with the tape spring literature. There has been further interest

in characterizing the behavior of a diagonally folded hinge.45 These studies provide fundamental

understanding of a hinge’s structural mechanics behavior, focusing on failure and stiffness, and

demonstrate their correlation with mechanics theory.46 However, here, the objective is to re-frame

the hinge as a dynamic actuator and capture the deployment behavior of a system as actuated by

the hinge. The tape spring introduces unique challenges from this perspective. A typical fold joint
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is treated as a single DOF revolute joint where the attachment points on each connected body are

coincident and have one relative rotation. Under certain assumptions, the symmetric behavior of

the tape spring hinge can be modeled as a single rotation where the moment-curvature behavior

describes the internal torque due to the hinge. However, the connection points are separated by the

length of the hinge and will be displaced from each other over the deployment. The actual force and

torque response of the hinge will depend on the loading of either side of the hinge, and small dis-

placements from the nominal configuration may introduce significant force and torque responses.

Therefore, the established moment-curvature approach is not sufficient for the modeling fidelity

desired, and a study of force and torque responses due to non-symmetric behavior is conducted.

The phenomenon of undesirable non-symmetric configurations in the tape spring hinge fold is not

well studied. Here, non-symmetric behavior refers to any change in position and orientation that

does not follow the nominal single DOF fold rotation, as is illustrated in Figure 1.3. To guarantee

symmetric behavior, additional components must be included in a hinge assembly to constrain the

hinge, which can add mass and complexity where lightweight simplicity is desired. Such solutions

are not addressed here. Inclusion of multiple independent state variables in this study makes it

difficult to approach the problem with classical theory, therefore, to study this phenomenon, nu-

merical and experimental techniques are employed. Additionally, high strain composites are a novel

class of flexible material that are not fully understood, presenting challenges to implementing these

materials. Modeling and predicting the behavior is difficult due to nonlinearity, manufacturing

variability, and complex geometry. For these reasons, an experimental testing is needed for qualifi-

cation of the numerical simulation data and is included in this study. These methods are discussed

in detail in Chapter 3. Several challenges were uncovered in the testing of the high strain composite

hinges, and proved to be an unwise choice for validation of other modeling objectives. Therefore,

a more reliable model is constructed from spring steel and spring steel tape spring hinges are used

for system validation efforts.
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1.3 Deployment Dynamics Modeling, Testing, and Model Correlation

Design development of deployable structures is primarily achieved through iterative proto-

typing and testing, a process that often yields novel research products that are shared through the

community. Specifically for deployment dynamics, validation and verification is primarily achieved

through rigorous testing, and this is sometimes presented in tandem with complex finite element

simulation or a simplified model approximation. A review of relevant deployment dynamics studies

in the literature is presented as follows.

Deployment testing examples in the literature demonstrate several metrology methods for

capturing adequate data of the deployment. The simplest validation that is often provided is a

visual demonstration, either through video or sequential photography, of the deployment. This

method is has been published for the KaPDA antenna,47 the MARCO parabolic antenna,48 as well

as many other structure concepts. This method is considered sufficient for controlled deployments,

as were the KaPDA and MARCO antennas, but can be questionable for a free-deploying system

where the dynamics are not controlled and are less predictable, and potentially less repeatable.

A promising videogrammetry system for deployment dynamics testing is provided by the Vicon

motion capture system. This system directly measures the position of multiple reflective targets

on a moving body of interest through time. A notable test campaign that implements this in the

literature features the SIMPLE meter-class boom,49 which demonstrated a free deployment of a

self-actuated boom. Other high fidelity motion studies have been conducted with videogrammetry

in the fields of robotics and biomechanics, and will be used in this thesis to provide deployment

dynamics data for model evaluations.

Considering now the modeling portion of the literature, there are few studies in the literature

that develop modeling techniques for free deploying, strain actuated spacecraft structures. One

significant study of the free deployment dynamics of a tape spring actuated system is provided

by the MARSIS antenna project that flew on ESA’s Mars Express and was deployed in 2005.50

This antenna was comprised of three z-folded tubes, the longest of which was 40 meters and
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had 12 folding hinges. A significant anomaly occurred during the deployment of the first boom,

where a tape spring hinge did not deploy and therefore created an intermediate deployment shape.

Additional modeling efforts were needed to determine the partially deployed state, to determine

the cause of the anomaly, and to design a spacecraft maneuver to correct it.51 In these studies,

a multibody dynamics modeling software, ADAMS, was implemented to model the deployment,

treating the tape springs as spline hinge joints. Additionally, Abaqus finite element simulations

were created to validate the ADAMS model at the component level, modeling only a single hinge

connecting two tubes, due to the infeasible computational cost of modeling a full system. Major

take aways from this study are the risks taken in not being able to do a ground deployment test,

and the importance of predicting hinge behavior. The original analysis of the system contained

an error in the damping implementation, which was corrected after launch but before deployment,

resulting in a much more dynamic and chaotic system then desired. This may have been witnessed

if a ground deployment test was conducted and correlated with the model, however the system was

so large that a test was infeasible.

An additional study of note is of a self actuated z-folded solar array for CubeSats that

included a finite element model and a deployment test using Vicon videogrammetry.52 This system

consisted of several 10 cm by 10 cm panels connected by flexure hinges at the folds. This study

found issues with the panels self-contacting through deployment, where the likelihood of such

behavior for systems of more than 7 panels was high. Additionally, there was large variance in the

deployment path of the array, although there was good correlation for the deployment time and

final deployed distance between the simulations and experiments. While these two studies provide

clear approaches to studying free-deploying systems, they are both z-folded open chain systems not

subject to closure constraints, which is the dominant challenge of an origami structure. A study

of the deployment of a self-deployable origami folded structure has been seen in the literature53

and provides good overlap with research interests in this thesis. The authors created a deployment

dynamics model using commercial modeling software that includes linear stiffness models of strain

joints with multiple degrees of freedom. However this system was controlled with a cable system
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therefore does not have the challenges of a free deployment, and deployment dynamics of the design

were not tested or correlated in the study. Additionally, strain joints and tape spring hinges have

notable differences in behavior properties.

An additional modeling point of note is efforts to represent hinge behavior with a reduced

model. A similar concept of representing a complex mechanical hinge with a force/torque model

for dynamics modeling has been demonstrated using an integrated finite element and multibody

software54 for a folded open chain solar panel deployment. These hinges were traditional mechanical

pin and clevis (or piano) hinges, and so the modeling challenges do not overlap well with this

thesis. However this study does demonstrate interest in the community in developing reduced

hinge modeling techniques to better understand deployment dynamics simulations.

1.4 Research Proposal Summary

The deployment dynamics of complex folded deployable systems must be understood to ver-

ify deployment and to ensure mission success, and should be available early in the design process

to enable more efficient and reliable designs. This thesis investigates modeling dynamics of

folded deployable space structures and host spacecraft systems to address this tech-

nology need. The free deployment of a closed-chain origami-folded structure with tape spring

hinges is yet to be investigated. This thesis aims to study this problem by completing four research

goals as follows:

(1) to develop a new multi-body dynamics algorithm that is specifically structured for folded

deployable spacecraft systems

• implement the Articulated Body Forward Dynamics algorithm and Spatial Operator

Algebra for free-flying spacecraft systems with closed-chain constraint enforcements

• validate this approach using energy and momentum conservation laws

• generalize this approach to scale up for any size fold pattern
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(2) to investigate the force and torque behavior of tape spring hinges implemented into folded

spacecraft structures, and to develop a reduced order model of this hinge behavior

• create a library of static force/torque data for the high strain composite hinge under

multiple DOF folds using finite element tools

• design, build, and implement a testing tool for measuring the identical force/torque

behaviors on physical samples

• correlate the data and assess feasibility of modeling technique

• create a static force/torque library for a spring steel tape spring hinge for full system

model integration and validation

(3) to integrate the multi-body dynamics algorithm and the hinge behavior models together

• create a multi-body model that replicates the physical prototype tested

• implement multiple DOF hinge behavior at the actuated hinge

• generate time histories of the deployment for evaluation

(4) correlate the full system deployment model against the measured behavior of a physical

prototype structure

• design and build a novel tape spring actuated folded deployable structure

• conduct deployment tests implementing an advanced metrology system to collect data

• evaluate performance of the multi-body model against the measured experiments

• create a finite element model of the prototype structure and conduct a deployment

dynamic simulation of the full system

• evaluate performance of the FEA model and the multi-body model against the mea-

sured experiments

Analyzing deployment behavior through this dynamics model will make demonstrating concept

feasibility possible, and will push the capabilities of deployable structures technology forward.
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Chapter 2

Research Goal 1: Multi-Body Dynamics Modeling for Origami-Folded

Structures

2.1 Introduction

This chapter develops the equations of motion of proto-typical origami folded spacecraft

structures. The dynamics model is derived using the articulated body forward dynamics (ABFD)

algorithm and the augmented approach for closed-chain forward dynamics using Spatial Operator

Algebra (SOA) formats. These are multi-body approaches developed in the literature for complex

robotic manipulator systems.39 Here, the applicability of this approach to folded deployable space-

craft structures is investigated. This approach is desirable due to the computational efficiency of

the algorithm and the ability to implement multiple types of complex internal hinge behavior with-

out reformulation of the dynamics algorithm. Investigations following the Lagrangian approach

provide initial understand of the problem,29 and is provided in Appendix A, but are found to be

insufficient for scaling to multiple closed chain systems. Additionally, Kane’s method33 is found

to be insufficient in comparison to the framework provided by the spatial operator algebra based

approach here, where this approach is much more conducive to scaling. The advantageous partial

velocities defined by Kane’s method are also represented in this model, however maintaining the

full SOA model enables further algorithm implementation. Therefore, the model structure of the

SOA format is viewed as a refinement of Kane’s equations.39

Origami fold patterns with repeating structure, such as the Miura55 and Scheel patterns,56

are considered. These patterns share the common property of having no more than four panels
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meeting at each vertex. Therefore, the subsystem case of a four-panel set is analyzed in detail

in Section 2.5.3 as a starting point. The scalability of the algorithm to multiple-loop systems,

as would be seen in a repeating origami pattern, is a key development in this thesis. A closed-

loop configuration is not uncommon for robotic manipulator systems, but these typically appear

as single instances in a greater open-loop chain. The unique challenges of the repeating closed-

loop topology of an origami pattern has not been investigated in the literature, and therefore this

development represents a novel contribution to the field of rigid body dynamics as well as the field

of origami-inspired engineering.

Previous research in the literature indicates active interest in this area. Recent studies devel-

oping folding structure concepts have adapted pre-existing software tools for dynamics analysis such

as MathWorks SimScape Multibody,53 or JPL’s DARTs57 simulation toolkit. However these tools

are not necessarily intended for processing the high volume of closed-chain constraints presented

by a folding system. This point is highlighted in a previous folded structure study where the fold

pattern was designed specifically to avoid the presence of closed chains entirely for computational

simplicity.57 This motivates the need for a fast dynamics simulation approach to be developed. In

this chapter, a custom method for modeling the dynamics using advanced multi-body techniques

is developed. This method provides a fast simulation where complex hinges can be implemented

at the folds to actuate the deployment.

Figure 2.1: Example structure concept: A spacecraft hub with a radially folding deployable struc-
ture.
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A few key assumptions are ingrained in the construction of this approach. It is assumed that

any pattern modeled using this framework will only contain four panel vertices. Additionally, the

fold lines of the pattern are treated as delineations between panels that are assumed to be rigid.

Therefore, this approach is only appropriate for structures where the material of the fold hinge

is sufficiently more flexible than the panels, and the panels are stiff enough that this assumption

is valid. It is also assumed that only loop constraints are enforced on the closed chain systems.

Finally, it is assumed that the base-body of the structure is a free-flying spacecraft system, meaning

the body is not rigidly attached to the ground and has six degrees of freedom. This assumption

enables a computation shortcut in the constraint calculations and is consistent with the scope of

the research.

2.2 Dynamics and Multi-body Systems Fundamentals

2.2.1 Spatial Vector Kinematics

q(F ,G) =

σ(F ,G)

l(F ,G)

 (2.1)

where σ is a three coordinate representation of orientation and l is the position vector in 3D Eu-

clidean space. In this application, the spacecraft orientation is represented by the standard Modified

Rodriguez Parameters (MRPs)58,59,60 with shadow set switching to avoid geometric singularities.

The spatial velocity is chosen as the angular rotation rates and the linear velocities of the body

β(F ,G) =

ω(F ,G)

v(F ,G)

 (2.2)

where the relative angular velocity is a non-integrable quasi-velocity, meaning it is not the time

derivative of the spatial coordinates, and the notation ω(F ,G) denotes the angular velocity of frame

G with respect to frame F . The spatial orientations and spatial angular velocities are then related
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to each other using a linear transformation. For MRPs, this transformation is28

σ̇ =
1

4

[
(1− σ2)[I3×3] + 2[σ̃] + 2σσᵀ

]
ω = [B]ωω (2.3)

Then the full spatial transformation from spatial velocity to generalized coordinate derivatives is

q̇ = [B]β =

[B]ω 03

03 I3

β (2.4)

2.2.1.1 Spatial Rigid Body Transformation

A key spatial vector operation to consider is the rigid body transformation between frames.

For a frame that is both translating and rotating with respect to a reference frame, the 6 × 6

transformation that transforms a vector expressed with respect to the G frame to one expressed

with respect to the F frame is

Fq = φ(F ,G)Gq (2.5)

where a left super script denotes frame expression of the vector and

φ(F ,G) =

I3 [F l̃(F ,G)]

03 I3


[FG] 03

03 [FG]

 (2.6)

where the 3 × 3 direction cosine matrix between frames F and G, that transforms a quantity

expressed in G to one expressed in F , is represented by [FG], I3 is the 3× 3 identity matrix, 03 is a

3× 3 zero matrix, and the tilde operator is the cross product matrix operation for a 3 dimensional

vector, defined as

[l̃] =


0 −l3 l2

l3 0 −l1

−l2 l1 0

 (2.7)

In this framework, the hinge implementation does not assume that the frame of the hinge point

on one rigid body coincides with the location or orientation of the frame of the hinge point on it’s

adjoining rigid body. Therefore, this definition of the rigid body transformation matrix is used

extensively to transform information across hinges.
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2.2.1.2 Spatial Rigid Body Transformation Derivative

The time derivative of the transposed spatial transformation that includes both the transla-

tion and rotation is needed throughout the dynamics development to follow. Following Equation

2.6 and the matrix property [l̃]ᵀ = −[l̃],

φᵀ(F ,G) =

[GF ] 03

03 [GF ]


 I3 03

−[F l̃(F ,G)] I3

 (2.8)

Using the chain rules

d

dt
φᵀ(F ,G) =

d

dt

[GF ] 03

03 [GF ]


 I3 03

−[F l̃(F ,G)] I3



+

[GF ] 03

03 [GF ]

 d

dt

 I3 03

−[F l̃(F ,G)] I3

 (2.9)

The time derivative of the direction cosine matrix is known28 to be

d

dt
[GF ] = −[ω̃(F ,G)][GF ] (2.10)

and the derivative of the position vector expressed in frame F is denoted as vF (F ,G), then

d

dt
φᵀ(F ,G) =

−[ω̃(F ,G)] 03

03 −[ω̃(F ,G)]

φᵀ(F ,G)

+

 03 03

−[ṽF (F ,G)] 03

φᵀ(F ,G)

(2.11)

Simplifying,

d

dt
φᵀ(F ,G) = −

 [ω̃(F ,G)] 03

[ṽF (F ,G)] [ω̃(F ,G)]

φᵀ(F ,G) (2.12)
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Defining a spatial tilde operator as

ṼF (F ,G) =

 [ω̃(F ,G)] 03

[ṽF (F ,G)] [ω̃(F ,G)]

 (2.13)

Then the spatial transformation derivative is expressed as39

d

dt
φᵀ(F ,G) = −ṼF (F ,G)φᵀ(F ,G) (2.14)

Note the similarities of structure with Equation 2.10, however the inclusion of the position offset

of the frames to the transformation definition leads to an additional term.

2.2.2 Serial-chain ABFD Framework

f(k)
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k
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Figure 2.2: Vector and frame notation between the k + 1th and the kth body.

A prominent dynamics algorithm developed for serial chains is presented in literature as

the O(N ) Articulated-Body Forward Dynamics (ABFD) algorithm developed independently by

Featherstone36 and Rodriguez,37 and detailed in a unified manner by Jain.38 Here N refers to

the total number of velocity degrees of freedom in the system. The algorithm is developed to be

appropriate for any multi-body robotic system that is treated as a network of serial-chain rigid
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bodies. The full derivation of the algorithm can be reviewed in the literature, but key formulations

are repeated here to provide context to the adaptations developed for spacecraft and deployable

structure systems. In the articulated-body model, each of the rigid bodies down-chain of the current

body being considered are treated as completely free with zero hinge force. Under this assumption,

the articulated body inertia is calculated to represent those free bodies and a correction term is then

developed to compensate for this assumption. This approach is in contrast to the composite body

model, which treats the connected rigid bodies as fixed relative to each other, and uses a similar

composite body inertia and correction term to derive the hinge force. However, the articulated body

model is more appropriate for the forward dynamics problem. Additionally, the ABFD algorithm

can be expanded to handle the multiple serial-chain branches of a tree-topology case.

The ABFD framework outlined by Jain39 provides the basis of the version implemented here,

with a few key adaptations that are described as needed. The generalized spatial coordinates

are chosen as hinge coordinates at the kth hinge, or the kth rigid body’s outboard hinge frame,

Ok, orientation and position with respect to the k + 1 rigid body’s inboard hinge frame, O+
k , as

illustrated in Figure 2.2,

q(k) =

σ(O+
k ,Ok)

l(O+
k ,Ok)

 (2.15)

and the generalized velocities are chosen as the hinge spatial velocities, taken as the time derivative

with respect to the k frame

β(k) =

ω(O+
k ,Ok)

v(O+
k ,Ok)

 (2.16)

For a given set of rigid bodies, these are collected in the full coordinate and velocity sets

q =



q(1)

...

q(k)

...

q(n)


β =



β(1)

...

β(k)

...

β(n)


(2.17)
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Where the tip of the chain is denoted as body 1 and the base body is denoted as body n. This

leads to system equations of motion in the form

M(q)β̇ + C(q, β) = T (2.18)

whereM(q) is the full system mass matrix, C(q, β) contains the Coriolis contributions, and T is the

vector of system generalized forces. The use of the quasi-velocities diverges from the assumptions

implemented in Jain’s text.39 In the forward dynamics problem, q, β and T are known quantities

and the time derivative β̇ is the desired quantity. Direct inversion of the mass matrixM is typically

done for small order systems, but is a computationally expensive O(N 3) matrix operation for an N

degree of freedom problem. This becomes prohibitively slow for large DOF multi-body systems. The

computational efficiency of the ABFD algorithm is achieved by applying the Innovations Operator

Factorization of the mass matrixM and deriving an explicit and analytical expression of the inverse,

M−1. The details of this factorization are left to the literature.39 The dynamics as implemented

here are derived using body frame derivatives. The algorithm is set up in the following way. First,

a recursive sweep that solves the velocities and Coriolis accelerations of the chain is run from the

base body to the tip. Then, the articulated body inertias and corrections are solved for in a tip to

base recursion. The final step is to do a base to tip recursion to solve for the body accelerations,

yielding the system equations of motion.

2.2.2.1 Recursive Articulated Body Spatial Inertia

For a general rigid body where the hinge frame is not located at the center of mass, the

spatial mass matrix about the hinge frame, M(k), is

M(k) =

 J(k) m(k)[p̃(k)]

−m(k)[p̃(k)] mI3

 (2.19)

where

J(k) = J(c) +m(k)[p̃(k)][p̃(k)]ᵀ (2.20)
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is the body inertia about point k, J(c) is the body inertia about the center of mass, m(k) is the

mass of the body, and p(k) is the position vector from the hinge frame to the center of mass frame

of the kth body, illustrated in Figure 2.2 and expressed in the kth frame. This is the application of

the parallel axis theorem for the spatial mass matrix. The articulated body spatial inertia, P (k) is

then calculated as

P (k) = φ(k, k − 1)P+(k − 1)φᵀ(k, k − 1) +M(k) (2.21)

where P+(k − 1) is the projection of the k − 1 articulated body inertia across the hinge frames.

The correction force of the kth body is then

ζ(k) = φ(k, k+)ζ+(k − 1) + P (k)a(k) + b(k) (2.22)

where ζ+(k − 1) is the projection of the k − 1 correction force and b(k) is the gyroscopic term,

defined as

b(k) = V̄ (k)M(k)V (k) (2.23)

the spatial bar operator is related to the spatial tilde operator as x̄ = −x̃ᵀ and V (k) is the spatial

velocity of body k, and is short hand for the spatial velocity of k with respect to the inertial frame

I, or

V (k) =

ω(k)

v(k)

 = V (I, k) =

ω(I, k)

v(I, k)

 (2.24)

2.2.2.2 Recursive Velocity Kinematics

The spatial velocity kinematics for the n serial-chain bodies can be calculated recursively given

the hinge coordinates and hinge velocities, where the n + 1 body represents the non-accelerating

fixed inertial frame and the recursion runs from the base body, or nth body, to the tip, body 1.

This is presented in literature as39

V (k) = φᵀ(k + 1, k+)V (k + 1) +Hᵀ(k)β(k) (2.25)
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where the relative velocity between bodies is the spatial hinge velocity

∆v(k+, k) = Hᵀ(k)β(k) = Hᵀ(k)

ω(O+
k ,Ok)

v(O+
k ,Ok)

 (2.26)

The spatial velocity is then

V (k) = φᵀ(k + 1, k+)V (k + 1) + ∆v(k+, k) (2.27)

For a rigid body, where the O+
k frame and the Ok+1 frame are on the same body, as seen in Figure

2.2, ω(O+
k ,Ok) = ω(Ok+1,Ok) and is also referred to as ω(k + 1, k). Conceptually, the spatial

velocity is the body’s global velocity in space, or the velocity with respect to the inertial frame, but

expressed in any desired frame. The spatial acceleration similarly references the global acceleration

of the body.

In this research, the position and orientation of the k+ frame is not assumed to coincide with

those of the k frame. This requires new derivation of the acceleration expressions. Additionally, a

note must be made on the spatial transformation matrix in this context. In earlier definitions of

the spatial transformation, the rotation between frames is also included. However, this does not

guarantee consistent frame expressions for the velocity and acceleration formulations, and additional

rotations are needed for correct implementation. These algorithms are currently presented here

without frame dependency.

2.2.2.3 Recursive Acceleration Derivation

The spatial acceleration is derived from the spatial velocity using the spatial adaption of

the Transport theorem,28 a theorem that enables the derivation of the time derivative of a vector

quantity with respect to any desired frame, as expressed in any desired frame.

Fd

dt
x =

Gd

dt
x+ Ṽ ω(F ,G)x (2.28)
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Where Ṽ ω contains only the rotation rate components of the spatial velocity and x is any spatial

vector. Then the spatial acceleration can be written as

α(k) =
kd

dt
V (k) =

k+1d

dt

(
φᵀ(k + 1, k+)V (k + 1)

)
− ∆̃v

ω
(k+, k)φᵀ(k + 1, k+)V (k + 1)

+
kd

dt
(Hᵀ(k)β(k)) (2.29)

where in this implementation, V (k + 1) and φᵀ(k + 1, k+) are expressed in the k + 1 frame, and

Hᵀ(k) and β(k) are expressed in the k frame. This reveals additional rotation terms to ensure

correct computation.

Expanding, the k frame derivative of the spatial velocity is

kd

dt
V (k) =

k+1d

dt
φᵀ(k + 1, k+)V (k + 1)

+ φᵀ(k + 1, k+)
k+1d

dt
V (k + 1)

− ∆̃v
ω
(k + 1, k)φᵀ(k + 1, k+)V (k + 1)

+
kd

dt
Hᵀ(k)β(k) +Hᵀ(k)

kd

dt
β(k) (2.30)

The hinge map matrix is assumed to be invariant for this case and therefore
kd
dtH

ᵀ(k) is zero.

Additionally, the rigid body transformation between k + 1 and k+ is constant in the k + 1 frame.

The spatial acceleration can then be expressed as

α(k) = φᵀ(k + 1, k+)α(k + 1) +Hᵀ(k)β̇(k)

− ∆̃v
ω
(k+, k)φᵀ(k + 1, k+)V (k + 1)

(2.31)

Defining the Coriolis acceleration for the kth body as

a(k) = −∆̃v
ω
(k+, k)φᵀ(k + 1, k+)V (k + 1) (2.32)

the acceleration term is then

α(k) = φᵀ(k + 1, k+)α(k + 1) +Hᵀ(k)β̇(k) + a(k) (2.33)
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and this expression also possesses a recursive structure. The Coriolis acceleration expression is then

rewritten using Equation 2.25 as

a(k) = −∆̃v
ω
(k+, k) (V (k)−Hᵀ(k)β(k)) (2.34)

2.2.3 Framework for Complex Hinge Behavior

2.2.3.1 Hinge Mapping

The interaction of adjacent bodies in the chain are governed by the properties of the hinge

connecting these bodies. The hinge map matrix, Hᵀ(k), for a rigid body joint k defines the config-

uration dependence of the hinge behavior and maps the hinge velocities to the generalized spatial

velocities of the body. Where rv(k) is the number of velocity degrees of freedom across the hinge,

Hᵀ(k) ∈ R6×rv(k). For a free-floating rigid body in space, the hinge map matrix is a 6 × 6 iden-

tity matrix, I6. Therefore, a free-floating spacecraft base-body is mapped to inertial space with

H(r) = I6. This mapping introduces a simple and modular way to implement velocity constraints

across the hinge of two adjacent bodies without reformulation of the dynamics algorithm. Then

for folding panels that are constrained to a single rotation along the fold axis of the pattern, where

the fold axis is aligned with the first axis of the frame,

H(k) = [1, 0, 0, 0, 0, 0] (2.35)

This only applies the hinge constraint at each connected hinge of a free serial chain. Hinge properties

spanning the cut edges of a closed-chain graph are captured in loop constraints, covered in Section

2.5.1.

2.2.3.2 Internal Hinge Forces

The spatial force acting at hinge k due to the interaction with body k + 1 is denoted f(k),

where f(k) acts at the Ok hinge frame and an equal but opposite force −f(k) acts at the O+
k frame

on the k+1 body. Then the generalized force on the kth hinge, T (k), is the projection of the spatial
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force through the hinge degrees of freedom, defined as

T (k) = H(k)f(k) (2.36)

This force can be defined by the components in the hinge system. Examples of simple uncontrolled

hinge forces are linear and torsion springs. Additionally, actuation components such as those used

in robot arms could be installed at the hinge to control the multi-body motion. These type of

actuators are not relevant to deployable folded structure research, however, due to the pursuit of

a free, self-actuated deployment system. The hinges are therefore expected to contain strain or

potential energy driven forces that are a function of the general coordinates. For example, a linear

torsion spring with magnitude K1 along the first rotation would be expressed in spatial coordinates

for hinge k as

f(k) = K(k)q(k) =



K1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0





σ1

σ2

σ3

l1

l2

l3


(2.37)

2.2.4 Conserved Principles for Multi-body Systems

The conservation of energy and the conservation of momentum provide robust verification

of dynamic systems modeling such as the approach applied here. These principles are defined for

spatial notation as follows.

2.2.4.1 Energy

The energy of a body is the same regardless of the point it’s measured from on the body, and

therefore for a given body k, the kinetic energy of the body about its hinge frame is the same as

the kinetic energy about its center of mass. In spatial coordinates, this can be expressed as

KE(k) =
1

2
V (k)M(k)V (k) (2.38)
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And for a hinge with linear springs, the potential energy is

PE(k) =
1

2
q(k)K(k)q(k) (2.39)

Where K(k) is the stiffness matrix for the kth hinge, assuming a linear spring force as a function

of the hinge general coordinates. The energy calculated at a each body is invariant to the frame

that it is calculated at, so the total system energy can be calculated, independent of frame as

E =

n∑
k=1

KE(k) + PE(k) (2.40)

2.2.4.2 Angular Momentum

The magnitude of the angular momentum of a single body about the body center of mass, c,

is conserved, where the angular momentum can be written in spatial coordinates as

h(c) = J(c)ω(c) (2.41)

where J(c) is the inertial about the center of mass and ω(c) is the angular rates of body.

For a system of rigid bodies, the angular momentum of each body must be expressed in

the same frame and taken about the system’s center of mass, csys to demonstrate conservation.

Therefore, the angular momentum of the system is calculated as

h =
n∑
k=1

hcsys(k) (2.42)

where

hcsys(k) = J(ck)ω(k) +m(k)(p(csys, ck)× v(ck)) (2.43)

here J(ck) is the inertia of the kth body about it’s center of mass, ω(k) is the angular velocity of

the kth body, m(k) is the mass of the kth body, v(ck) is the linear velocity of the kth body center

of mass, and p(csys, ck) is the position vector from the system center of mass frame to the center

of mass of the kth body. All quantities are transformed to be expressed in the inertial frame for

consistency.
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2.3 Folded Structure Topology Processing

2.3.1 Graph Theory Applications

A system of hinge-connected rigid bodies can be described using graph theory by treating

the rigid bodies as nodes and the hinges or fold lines as edges. This representation will aid in

breaking down the complex system into a form that can be efficiently analyzed. The manner in

which the system of nodes is connected determines the classification of the system. For a given

graph, the node from which an edge leads from is designated the parent node and the node at the

destination of that edge is referred to as the child node. A node with no parent is the root node. A

parent node can have multiple child nodes, and if these nodes do not share edges within the graph,

the graph is referred to as a tree topology. The basis of the dynamics algorithm discussed here is

written to recursively solve for a serial chain of bodies, following the branch of a tree. At initial

consideration, the closed-loop patterns of a folded spacecraft structure is a multiply connected

graph where multiple child nodes span from a parent node and are interconnected, and there exist

paths in the graph that lead back to a given node. The first step in modeling a folded spacecraft

structure is to identify edges of the system to “cut” such that the bodies are segmented into a

topology where there are no closed loops, also known as a tree topology. These cut edges must

then be constrained with corrections to enforce the actual closed-chain topology.

2.3.2 Tree Topology of Planar Origami Patterns

The development and analysis of origami-inspired fold patterns appropriate for use in space-

craft structures is an active area of interest. A select number of patterns have received more study

due to the clear applicability to spacecraft needs. The Miura pattern,55 illustrated in Figure 2.3,

is a highly efficient folding scheme with one theoretical degree of freedom that deploys linearly

in dual directions and is thoroughly studied in the literature. Similarly, the Scheel pattern illus-

trated in Figure 2.4 is a radially wrapped pattern that is commonly studied for spacecraft structure

applications.
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Figure 2.3: Miura folding pattern and example system graph and cut edges where r denotes the
root node.
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Figure 2.4: Scheel folding pattern and example graph with cut edges where r denotes the root node.
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Figures 2.3 and 2.4 also display example graph patterns for their corresponding origami

pattern. The patterns are segmented such that a single root parent node spawns the serial chains

of the origami pattern in a manner that itself displays a repeatable and expandable pattern. These

serial chains are then constrained to each other at each adjacent node of their chains. For algorithm

processing, it is assumed that the root node is always the free flying spacecraft body. The pattern

is then defined through declaring each chain series and defining each set of constraint nodes. For

this approach, these tree topologies are assumed to be cut and defined such that they form an

organized grid , as clearly seen in the graph of Figure 2.3. A graph like the Scheel pattern in Figure

2.4 can be adapted to mimic a grid with minimal adaptation, as demonstrated in Figure 2.5. The

chains of the structure are laid out like a grid, and the constraint nodes are defined as the dashed

lines. This system will require an additional set of closure nodes defined between the chains on the

edge of the grid (represented by a repeated set of the leftmost chain).

r
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Figure 2.5: Scheel folding pattern graph adapted to a grid format, where the closed grid is repre-
sented by the closure constraints on the repeated left edge chain’s nodes.

2.3.3 Constraints for Grid Adapted Tree Topologies

A given panel can have more than one constraint node, as is present where there are three

or more chains in a pattern. The cut kinematic chains are defined by recording the chain sequence
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in terms of the named bodies in the chain from tip to base in the chain matrix κ as

κa =

[
a(1) ... a(na)

]
(2.44)

For reference, np are the number of constraint node pairs or number of implemented constraints,

nc are the total number of constraint nodes, nb are the number of rigid bodies in the system, and

nh are the number of chains in the cut tree topology. Then the constraints information is stored

in the np × 2 constraint node matrix, Γ, containing the constraint node pair designations.

Γ =


a(1) b(1)

...

a(nbh1) b(nbh2)

 (2.45)

For a given set of bodies connected in a grid format that does not close onto itself, like the

Miura pattern, the total number of constraints needed to adapt the set to a tree-topology system

is summarized by Equation 2.46 and the total number of constraint nodes on the system can be

predicted by Equation 2.47, assuming constraint nodes are unique to a constraint pair.

np = (nh − 1)

(
nb
nh
− 1

)
(2.46)

nc = nb − nh (2.47)

These are needed for constraint generating algorithms. Similar calculations can be derived for

radially closed patterns by simply including the additional closure nodes.

2.3.4 Automated and Recursive Generation of Rigid Body Properties

For patterns that are built with repeating subgraphs, such as the Miura-Ori, populating

the geometric definitions for the chain nodes and constraint nodes of each rigid body panel can

be automated by using a uniform reference frame convention for each panel. For the numerical

simulations presented here, the repeated panels of the Miura ori pattern are populated from two



31

stock reference bodies. These provide the relative position and orientation of defined nodes of the

bodies, the mass and inertia properties, and the relative position and orientation of nodes related to

the inbound body on the chain. These last properties are provided through a base to tip recursive

calculation. These two stock reference bodies are a “left” body and a “right body” as defined by

Figure 2.6.
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Figure 2.6: Diagram of geometric reference definitions for the two stock rigid bodies.

2.4 Multi-body Algorithm Expansions for Folded Structure Tree Topologies

2.4.1 Algorithm Summaries

The recursive forward dynamics algorithms from the literature are expanded to accommodate

the generalized tree topology framework needed to handle folded structures. These expansions are

suggested in the literature but are not explicitly presented. The expansions implemented in this

thesis are summarized as follows. Each tip-to-base recursion formula must be converted to a tips-

to-base gather recursion. Each chain outbound from a branching node is computed recursively and

summed to the branching node. In Figure 2.7 the branching node is denoted as n and the chains

are labeled a, b, and c, with subscript 1 denoting the tip node of each respective chain. Conversely,
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(b) Scatter recursion

Figure 2.7: Illustrations of multiple serial chains algorithm processing schemes.

each base-to-tip recursion formula must be converted to a base-to-tips scatter recursion. The base

body node behavior is calculated first and propagated through each chain. These gather and scatter

algorithms present an opportunity for parallel computation, where each chain recursion can be done

simultaneously apart from the final gathering or initial scattering calculations.

The following algorithms are provided as supplemental material to the literature,39 and there-

fore the mathematical derivations and significance of the variables and operators are not discussed.

Algorithm 1, 2, and 3 are executed sequentially. Algorithm 1 summarizes the first recursion in

the dynamics framework and calculates the kinematics and velocities of the bodies. Algorithm 2

demonstrates the gather operation for the spatial inertia and spatial body forces recursions on the

system. Finally, Algorithm 3 summaries adaptation for the spatial accelerations of the cut chains.

For gather recursions, the algorithm expansions for multiple chains assume that for a given branch-

ing node, the chains branching from that node are processed before the chain that the branch is

a member of. Similarly, for scatter recursions, chains containing branching nodes are processed

before the branch chains. This ordering is contained in the algorithm frameworks here.

The variables referenced in this chapter are consistent with that in the literature39 and

previous work.61,62 The index n references the base body and n + 1 references the inertial frame.

V (k) is the spatial velocity of a given body k, φ(k+, k) is the spatial transformation matrix, ∆v(k) is
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Result: kinematics and velocities for each chain’s bodies
V (n+ 1) = 0
calculate all kinematics and velocities for the root body, n
for m = 1 to nh do

for j = nb(m)− 1 to 1 do
set k to be the m(j)th body
set l to be the next body, m(j + 1) in the m chain

φ(k+, k) = f(q(k), body geometry)

∆v(k) = Hᵀ(k)β(k)

∆vω(k) = [∆ω(k), 0, 0, 0]

V (k) = φᵀ(k+, k)V (l) + ∆v(k)

a(k) = −∆̃v
ω
(k)(V (k)− β(k))

b(k) = ¯V (k)M(k)V (k)

T (k) = f(q(k), H(k))

end

end
Algorithm 1: articulated body spatial velocities algorithm for multiple chains
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the relative spatial velocity of a body with respect to the next body in the chain, a(k) is the Coriolis

spatial acceleration, b(k) is the gyroscopic spatial acceleration, T (k) is the internal spatial force

acting at the hinge, and H(k) is the hinge map matrix that defines the configuration dependence of

the hinge behavior and maps the hinge velocities to the generalized spatial velocities of the body.

Algorithm 2 contains the sequence for recursively calculating the articulated body spatial

inertia P (k) and the articulated body forces ζ(k). This requires the definition and reference of

several spatial operators, and these can be reviewed in the literature. The articulated body spatial

inertia represents the inertia of all the bodies connected outbound of a given body, and similarly

the articulated body force represents the cumulative body force of all the bodies outbound in the

chain. The superscript + denotes the transition of a value to the inboard reference frame defined

in Figure 2.2. The spatial inertia of just body k is denoted M(k), D(k) is the articulated body

hinge inertia, G(k) is the articulated body Kalman gain operator, τ̄(k) is the complement of the

articulated body projection operator, ε(k) is the articulated body inertia innovations generalized

force, and η(k) is the articulated body inertia innovations generalized acceleration. For the gather

recursion, nr is the number of root bodies in the cut tree topology, or bodies that have chains

branching from them.

Algorithm 3 provides the accelerations of the generalized coordinates, β̇(k), and the spatial

accelerations, α(k), from the spatial operators listed in the previous algorithms. At this point, the

equations of motion for the cut tree-topology of the structure is obtained, and the constraints for

enforcing the closed-chain topology must be implemented.

2.4.2 Numerical Demonstration of General Tree Topology Dynamics Simulations

A numerical demonstration is designed to verify the correct implementation of the general

tree topology algorithms from Section 2.4.1. An adequate system to serve as a demonstration

of this is a 3 by 3 grid of rigid bodies, where this requires the ability to process more than two

bodies on a chain, and to process more than two chains attached to a base body or spacecraft. An

illustration of the configuration of each body is shown in Figure 2.8. Each panel is attached to the
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Result: serial chain articulated body spatial inertia and articulated body forces for each
chain’s bodies

P+(0) = 0, ζ+(0) = 0, T (0) = 0, τ̄(0) = 0
for m = 1 to nh do

for j = 1 to nb(m)− 1 do
set k to be the m(j)th body
set i to be the previous body, m(j − 1) in the m chain

P (k) = φ(k, i)P+(i)φᵀ(k, i) +M(k)

D(k) = H(k)P (k)Hᵀ(k)

G(k) = P (k)Hᵀ(k)D−1(k)

τ̄(k) = I −G(k)H(k)

P+(k) = τ̄(k)P (k)

ζ(k) = φ(k, i)ζ+(i) + P (k)a(k) + b(k)

ε(k) = T (k)−H(k)ζ(k)

η(k) = D−1(k)ε(k)

ζ+(k) = ζ(k) +G(k)ε(k)

end

end
for n = 1 to nr do

initialize P (n) = M(n)
for m = 1 to nh do

set j to be the node of chain m connecting to that chain’s root body

P (n) = P (n) + φ(n, j)P+(j)φᵀ(n, j)

end
calculate D(n), G(n), K(n), and ψ(n+, n)
initialize ζ(n) = P (n)a(n) + b(n)
for m = 1 to nh do

set j to be the node of chain m connecting to the root body

ζ(n) = ζ(n) + φ(n, j)ζ+(j)

end

end
calculate ε(n) and η(n)

Algorithm 2: articulated body spatial inertia and articulated body forces algorithm for multiple
chains
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Result: serial chain relative coordinate accelerations and spatial accelerations for multiple
chains

α(n+ 1) = 0
calculate accelerations for the root body, n
for m = 1 to nh do

for j = nb(m)− 1 to 1 do
set k to be the m(j)th body
set l to be the next body, m(j + 1) in the m chain

α+(k) = φᵀ(k+, k)α(l)

β̇(k) = η(k)−Gᵀ(k)α+(k)

α(k) = α+(k) +Hᵀ(k)β̇(k) + a(k)

end

end
Algorithm 3: articulated body spatial accelerations and general coordinate accelerations algo-
rithm
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previous body in the chain with only a single rotation degree of freedom, θi, and an internal torsion

spring acting at that rotation. The panels are treated as identical through the pattern definitions

as discussed in Section 2.3.4, and their geometric relationships are generated using the described

recursion approach. A RK4 integrator is used for numerical integration with a time step of 0.001

seconds, and the Matlab simulation takes 6 minutes and 36 seconds to complete.

Figure 2.8: Diagram of the 3 by 3 grid tree topology system for the numerical demonstration.

Table 2.1: Mass properties of the rigid root body and panel bodies.

body m(k) K(k) width thickness inertia
(kg) (N/m) (m) (m) (kg m2)

r 100 0 2 1 diag (66.7, 66.7, 66.7)
1-8 1 0.01 2 0.01 diag (0.3342, 0.3342, 0.0017)

2.5 Closed-Chain Forward Dynamics

As discussed in Section 2.3.2, capturing the closed-chain behavior is achieved by cutting an

edge of a closed-chain system and treating each leg of the cut as an open serial chain, emulating a tree

topology. Then the cut edges are treated as motion constraints imposed on the free dynamics of the

tree. There are several approaches to enforcing the closure constraints. The augmented approach

compensates for the cut edge by including a correction acceleration, resulting in additional motion

constraint equations and a non-minimal coordinate set. This approach faces issues with error drift

that must be compensated for with error control techniques. The direct approach uses matrix

solvers and absolute coordinates, resulting in a much larger system and greater computational

complexity. This approach also shares similar issues as the augmented approach, and therefore is

not considered, as the augmented approach is more desirable for this application. A new technique
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Table 2.2: Geometry properties of the rigid bodies.

body θ(ck, k − 1+) p(ck, k − 1+) p(k, ck)
(rad) (m) (m)

r [π/2,0,0] [1,0,0] [0,0,0]
1-6 [0,0,0] [1,0,0] [1,0,0]
7 [0,π/2,0] [1,0,0] [0,0,-1]
8 [0,π/2,0] [1,0,0] [0,0,-1]

Table 2.3: Initial conditions of the numerical simulation.

body θ β̇
(rad) (rad/s)

r [0,0,0] [0,0,0]
mountain folds, 4,5,6,8 π 0

valley folds, 1,2,3,7 −π 0

Figure 2.9: Angular orientation and rates of the eight panel bodies.
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Figure 2.10: Angular orientation and rates of the spacecraft body in three dimensional space.

Figure 2.11: Linear orientation and rates of the spacecraft body in three dimensional space.
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Figure 2.12: Change in total system angular momentum, total system energy, and the kinetic and
potential energy over time.

Ok+1
<latexit sha1_base64="HnBnTbRhZrwJctDNjtq67xY5wGU="></latexit><latexit sha1_base64="HnBnTbRhZrwJctDNjtq67xY5wGU="></latexit><latexit sha1_base64="HnBnTbRhZrwJctDNjtq67xY5wGU="></latexit><latexit sha1_base64="EPM8YHbMaRfWRCCijanA6OQkjQI="></latexit>

O+
k

<latexit sha1_base64="foRB88TJ9UTQO1o35h4WzTtAcGw="></latexit><latexit sha1_base64="foRB88TJ9UTQO1o35h4WzTtAcGw="></latexit><latexit sha1_base64="foRB88TJ9UTQO1o35h4WzTtAcGw="></latexit><latexit sha1_base64="vZy8UOteI6+rXRN+kck4+kXnhAU="></latexit>

kth body
<latexit sha1_base64="WQfEQIiuZVv8hITyHZb1mJJ804o="></latexit><latexit sha1_base64="WQfEQIiuZVv8hITyHZb1mJJ804o="></latexit><latexit sha1_base64="WQfEQIiuZVv8hITyHZb1mJJ804o="></latexit><latexit sha1_base64="thr/UMVMvDojRamO4VeiGItUXgM="></latexit>

kth hinge
<latexit sha1_base64="WfACwGbG5Q5l3ADMV5rXdB2ZJS4="></latexit><latexit sha1_base64="WfACwGbG5Q5l3ADMV5rXdB2ZJS4="></latexit><latexit sha1_base64="WfACwGbG5Q5l3ADMV5rXdB2ZJS4="></latexit><latexit sha1_base64="qD94dD/lhmMcyes7xHkB8fwPjgs="></latexit>

k + 1th body
<latexit sha1_base64="2I3OFMc2sHZ0htGjeMnYidBA2Uc="></latexit><latexit sha1_base64="2I3OFMc2sHZ0htGjeMnYidBA2Uc="></latexit><latexit sha1_base64="2I3OFMc2sHZ0htGjeMnYidBA2Uc="></latexit><latexit sha1_base64="l3NYKSSOy0C9kNMM47P+vLCh+rc="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

Ok
<latexit sha1_base64="kGI5NTd+Ck/o1F1fUXMdMKuq3Dk="></latexit><latexit sha1_base64="kGI5NTd+Ck/o1F1fUXMdMKuq3Dk="></latexit><latexit sha1_base64="kGI5NTd+Ck/o1F1fUXMdMKuq3Dk="></latexit><latexit sha1_base64="Lo8l22d914HCTMp4q/+K2enjCJQ="></latexit>

Ck
<latexit sha1_base64="6dpdLTKr9I7cG2VDU0D08TmDntE="></latexit><latexit sha1_base64="6dpdLTKr9I7cG2VDU0D08TmDntE="></latexit><latexit sha1_base64="6dpdLTKr9I7cG2VDU0D08TmDntE="></latexit><latexit sha1_base64="htdNqFQK3tAOXXgIQhoBPMEZTaw="></latexit>

p(k)
<latexit sha1_base64="iQ7J4epc8MkUJjACK+PeWmCFhds="></latexit><latexit sha1_base64="iQ7J4epc8MkUJjACK+PeWmCFhds="></latexit><latexit sha1_base64="iQ7J4epc8MkUJjACK+PeWmCFhds="></latexit><latexit sha1_base64="m3gRy5qwOGGjO6Qe2Vf8+Uk8RdQ="></latexit>

l(k + 1, k+)
<latexit sha1_base64="+PRgRqFcDrik48Jrewngz0ZAWJc="></latexit><latexit sha1_base64="+PRgRqFcDrik48Jrewngz0ZAWJc="></latexit><latexit sha1_base64="+PRgRqFcDrik48Jrewngz0ZAWJc="></latexit><latexit sha1_base64="QBvn39N0Wol2XgNWEuoaoLKvDxc="></latexit>

l(k+, k)
<latexit sha1_base64="mkOcemerCSAHgVA5QkBLFjYQRd8="></latexit><latexit sha1_base64="mkOcemerCSAHgVA5QkBLFjYQRd8="></latexit><latexit sha1_base64="mkOcemerCSAHgVA5QkBLFjYQRd8="></latexit><latexit sha1_base64="Bg3oKlsF1i9Y6JMHm8pYTTSTkUA="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

Nk1
<latexit sha1_base64="yhIZB7rm3bK5ZUyAuVoaELKE4rI="></latexit>

Nk2
<latexit sha1_base64="MLrefS3nHQsM/lAL1f9xExohSMI="></latexit>

Nk+12
<latexit sha1_base64="F1/GRUug8HpjV0a5Wgek76F3UiY="></latexit>

Nk+11
<latexit sha1_base64="5830wd7ysn8O1BlnhQxFrT7qyK0="></latexit>

Oi
<latexit sha1_base64="XEn2rlHkd+wg6OPvVFwsb6WouqQ="></latexit>

Oi+1
<latexit sha1_base64="NNV+ar8iSDZVErkDCyhUlcMybic="></latexit>

O+
i

<latexit sha1_base64="DY6FbbYpIZ4PdCMAC5Ypg4HIh2s="></latexit>

Ni+11
<latexit sha1_base64="Trv3LVAZ4WkEq9sUC79NMmBcqkA="></latexit>

Ni1
<latexit sha1_base64="7KVqVkCLfQWtkLxxW0s6W2N/nu8="></latexit>

Nj1
<latexit sha1_base64="4qJ4zM0+xyAh2kumWmYlyB6NqFk="></latexit>

Nj+11
<latexit sha1_base64="0m4rBkM80+5K8+ei+ExHcY5Swno="></latexit>

Oj
<latexit sha1_base64="8OTHFhR+gqH7M63p9e74C8bK9B0="></latexit>

Oj+

<latexit sha1_base64="TeeFU4GcatyX7IYfuTKncOMXqqg="></latexit>

Oj+1
<latexit sha1_base64="JWtuMPCkvK1Kg7hIISIT0Fa78Bs="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

...
<latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="k4LZvbWVqwPxtEwPGc8td7S3y9A="></latexit><latexit sha1_base64="rJLjSei3d4QxcOT9TKxjb49NIoA="></latexit>

Figure 2.13: Vector and frame notation between multiple serial chains subject to multiple closure
constraints.
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that provides a minimal coordinate set is the constraint embedding approach. In this approach,

the non-tree graph is transformed into a tree topology by aggregating the closed-chain structures

of the topology into a representative node. This is suitable for systems with a clear tree-like

structure surrounding the closed-chain elements. The folded structures of interest contain multiple

dependent systems of closed loops, as demonstrated in Figures 2.3 and 2.4, and therefore this

approach is not well suited to the problems of interest and is not currently considered. Therefore,

the tree-augmented approach is selected and developed for the general origami-folded spacecraft

structure. Custom algorithms are developed specifically to handle the large number of rigid bodies

subjected to closed-chain constraints across multiple serial chains, as depicted in Figure 2.13, and

are presented.

2.5.1 Tree-Augmented Approach to Closed Chain Structures

Implementing the correction terms to account for the motion constraints is captured in the

system equations of motion by introducing the Lagrange Multipliers,39 denoted as λ, to represent

the constraint forces. Additionally, a new set of equations must be considered to include the

constraint expression. The generalized acceleration is then defined as

β̇ = β̇f + β̇c (2.48)

where β̇f are the free unconstrained accelerations and β̇c are the correction accelerations. The

correction acceleration is derived from the constraint expression, and is expressed in terms of

global system spatial operators as

β̇c = [I −HφK]D−1HφBQᵀλ (2.49)

where H is the global hinge map matrix, φ is the 6nb × 6nb global spatial transformation matrix,

K is the 6nb× 6nb spatial operator referred to in literature as the shifted Kalman gain operator, D

is the 6nb × 6nb articulated body hinge inertia, and B is th 6nb × 6nc node pick-off operator that

transforms information from the body frame to the relevant constraint nodes on the body. Q is the
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ncDOF×6nb constraint matrix that defines the constrained spatial degrees of freedom between nodes

where ncDOF are the total number of constrained node pair degrees of freedom. For a node that is

rigidly constrained to another, the corresponding entry in Q is a 6× 6 identity matrix. Finally, λ

is the ncDOF × 1 Lagrange Multipliers. These are defined for loop constraints as

λ = −[QΛQᵀ]−1Φ̈ (2.50)

where Λ is the operation space compliance matrix

Λ = BᵀΩB (2.51)

and Ω is the extended operational space compliance matrix. Additionally, Φ̈(β, t) is the derivative

of a Pfaffian form constraint equation, Φ̇(β, t).

2.5.1.1 Spatial Constraint Equations for Folded Structures

For any set of two closure nodes for a single closed loop in the system, up to six constraint

equations can be written in the global spatial coordinates, three for position and three for rotations.

For a rigorous derivation of the constraints, these will be considered separately and then interpreted

to a general spatial format for implementation. First considering the position of the closure nodes,

a constraint equation that defines the two nodes must be in the same place is written as

Φv = l(1nd)− l(2nd) = 0 (2.52)

Where the location of the nodes can be written in terms of the hinge frames as

Φv = (l(1) + l(1, 1nd))− (l(2) + l(2, 2nd)) = 0 (2.53)

Taking the first time derivative

Φ̇v =
d

dt
(l(1) + l(1, 1nd))−

d

dt
(l(2) + l(2, 2nd)) = 0 (2.54)

Using the Transport theorem and the shorthand from Equation 2.24,

Φ̇v = (v(1) + ω(1)× l(1, 1nd))− (v(2) + ω(2)× l(2, 2nd)) = 0 (2.55)
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Then recognizing the relationship with the node pick-off operator, the velocity form of the position

loop constraint is

Φ̇v = v(1nd)− v(2nd) = 0 (2.56)

Taking the second derivative,

Φ̈v =
d

dt
(v(1) + ω(1)× l(1, 1nd))−

d

dt
(v(2) + ω(2)× l(2, 2nd)) = 0 (2.57)

Φ̈v = (αv(1) + (ω̇(1)× l(1, 1nd)) + ω(1)× (ω(1)× l(1, 1nd)))−

(αv(2) + (ω̇(2)× l(2, 2nd)) + ω(2)× (ω(2)× l(2, 2nd))) = 0 (2.58)

Φ̈v = (αv(1nd) + ω(1)× (ω(1)× l(1, 1nd)))− (αv(2nd) + ω(2)× (ω(2)× l(2, 2nd))) = 0 (2.59)

where αv(k) is the free, unconstrained linear acceleration of body k, and αv(knd) is the free,

unconstrained linear acceleration of the constraint node points on body k.

Now considering the constraint derivation for the rotational components of the nodes, in

order to avoid complications due to the choice of non-integrable rates ω(k) for the generalized

coordinates, a non-holonomic Pffafian constraint is written as a function of those rates. This use

of rate-based constraints will introduce error control concerns.

Φ̇ω = ω(1nd)− ω(2nd) = ω(1)− ω(2) = 0 (2.60)

Taking the time derivative

Φ̈ω = ω̇(1)− ω̇(2) = 0 (2.61)

Φ̈ω = αω(1)−αω(2) = 0 (2.62)

where αω(k) is the free, unconstrained rotational acceleration of body k, and ω(knd) = ω(k)

because these points are on the same rigid body.
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Now considering the spatial operator format of the algorithms discussed thus far, the con-

straint formulation is restructured into a single spatial expression as

Φ̈ = φᵀ(1, 1nd)α(1)− φᵀ(2, 2nd)α(2)+ 0

ω(1)× (ω(1)× l(1, 1nd))− ω(2)× (ω(2)× l(2, 2nd))

 = 0 (2.63)

Expanding to include the constraint matrix formulation for constraint design flexibility,

Φ̈ = [Q]


φᵀ(1, 1nd)α(1) +

 0

ω(1)× (ω(1)× l(1, 1nd))


φᵀ(2, 2nd)α(2) +

 0

ω(2)× (ω(2)× l(2, 2nd))




= 0 (2.64)

which can be written in a general compact form as

Φ̈ = Q (Bᵀα+ U) (2.65)

This two node derivation is applicable to multiple closed chain constraints within a system by

simply considering the formatting of the Q and B matrices in those cases. Special care must be

applied to generating the U vector appropriately for this expanded case.

2.5.1.2 Baumgarte Stabilization of Constraint Enforcement

The forward dynamics problem for rigid bodies subject to closure constraints is unstable in

numerical computation and the bodies in the system quickly deviate from the constraint manifold

over time. Initial numerical demonstrations were found to be very unstable on the time scales

of interest and under the actuation of internal forces of deployable space structures. The most

popular approach to removing this instability is to use Baumgarte Stabilization,63 and this method

is implemented here. A correction gain is included to the constraint equation, f, such that instead

of writing

f = Φ̈ = 0 (2.66)
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the constraint equation is defined as

f = Φ̈ + 2aΦ̇ + b2Φ = 0 (2.67)

where Φ is stable for any positive values of a and b, which are tuned uniquely for each system they

are implemented in.

2.5.1.3 Computation of the Operational Space Compliance Matrix for Folded

Space Structures

The diagonal terms of Ω are computed directly using a recursion for free-flying system from

the literature39 as

Ω(k, k) = Υ(k) = [P (k) + S(k)]−1 (2.68)

for all bodies k, where Υ(k) is known as the operational space compliance kernel. The compliance

properties of a free-flying system enables these terms to be expressed in terms of the articulated

body inertia and what is referred to as the dual articulated body inertia, S(k). The difference

between these two inertias is simply whether the base or tip body is treated as hinged to free

inertial space, and each is calculated using the recursive algorithm defined in Algorithm 4. Spatial

operator expressions are identical to those defined for Algorithm 2, with subscript dl indicating the

dual inertia distinction.

The diagonal terms of Ω are computed directly using Equation 2.68. Then, where for two

bodies k and j

Ω(k, j) = Ω(j, k)ᵀ (2.69)

the off diagonal terms are computed by propagating through the root node, r, as

Ω(j, k) = Ω(j, j)ψ(j, r)ψ(r, k) (2.70)

where ψ(r, k) represents the articulated body transformation matrix and is calculated from the

articulated body projection operator and the spatial transformation matrix ψ(r, k) = φ(r, k)τ̄(k) .
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Result: serial chain dual spatial inertia for each chain’s bodies
P+(0) = 0, τ̄(0) = 0
for m = 1 to nh do

for j = nb(m)− 1 to 1 do
set k to be the m(j)th body
set l to be the next body, m(j + 1) in the m chain

S+(k) = φᵀ(i, k)(S(i) +M(i))φ(i, k)

Ddl(k) = H(k)S+(k)Hᵀ(k)

Gdl(k) = −S+(k)Hᵀ(k)D−1dl (k)

τ̄dl(k) = I −Gdl(k)H(k)

S(k) = τ̄dl(k)S+(k)

end

end
Algorithm 4: articulated body dual spatial inertia algorithm for multiple chains
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This property enables all of the operational space matrix terms to be computed from the diagonal

terms, and in turn from the recursive articulated body inertias.

To populate the operational space matrix, Λ, only the diagonal terms and cross-diagonal

terms of the extended operational space matrix that correspond with the constraint nodes are

needed due to the structure of B. The node pick off operator B is a 6n×6nc sparse spatial operator

matrix that contains the spatial rigid body transformation matrix from a given body frame to the

constraint node frame at that body’s row and that node’s column, for example φᵀ(k,Nk2). Then

Λ is populated using the shortcut expression provided by39

Λ(Nk2 ,Nj1) = φᵀ(k,Nk2)Ω(k, j)φ(j,Nj1) (2.71)

when using the node frame definitions demonstrated in Figure 2.13, and k is shorthand for Ok.

2.5.1.4 Transformation of Constraint Equations to Acceleration Corrections

This reviews the mathematical background needed to generate the node constraint expres-

sions, and the steps are implemented in Algorithm 5. The Lagrange multipliers λ are now inter-

preted into a constraint force that is applied to the rigid body system. The constraint force is

defined as

fc = −Qᵀλ (2.72)

and is converted into constraint correction body force at each hinge degree of freedom through

Algorithm 6, an algorithm that is adapted here for any general case of multiple serial chains

subject to multiple constraints. The constraint correction body forces are then used to calculate

the constraint correction accelerations β̇c in Algorithm 7. Here, ζ(k) and η(k) are not related to

those used in previous algorithms but are representing similar roles.



48
Result: internal forces due to closure constraints

(1) Generate the extended operational space compliance matrix Ω using Equation

2.70 for all constraint node bodies in the system

(2) Project this into the operational space compliance matrix Λ for all constraint

nodes using Equation 2.71

(3) Calculate the Lagrange multipliers λ in Equation 2.50

(4) Express the constraint force fc using Equation 2.72

Algorithm 5: Converting constraint node information to constraint forces

2.5.2 Origami-Folded Deployable Spacecraft Structure Algorithm

The complete algorithm for solving the dynamics of a set of rigid bodies subject to any

number of closure constraints is summarized in Figure 2.14. The connections between information

obtained and required at multiple steps in the algorithm are depicted by arrows. This algorithm

is written to only apply to multiple closed-chain constraints within a free-flying spacecraft system,

but can be applied to any system that resembles the folding-structure topologies described in this

chapter. While the ABFD framework provides an O(N ) solution to the free serial chain dynamics

in Algorithm 3, the overall computational efficiency of the Algorithm summarized in 2.14 is less.

The matrix inversion of Equation 2.50 represents an O(nc
3) operation that dramatically slows down

the simulation as more constraint nodes of the origami pattern are introduced. Unfortunately the

non-square structure of the Q matrices and the fully populated structure of the Λ matrix indicates

that further decomposition of the matrices will not yield a convenient property as the Innovations

Factorization Method lends to the articulated body model. Therefore, the overall computation

efficiency of this algorithm is O(nc
3).

2.5.3 Four-Body Closed Loop Structure Case

The closed-chain theory is now demonstrated in detail for the four-body structure case. Using

the notation displayed in Figure 2.15, the cut edge is selected at the internal edge connecting nodes

l and m, where the root parent node is selected as node r. Due to the non-integrable spatial
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Result: constraint correction body forces for multiple serial chains
α(n+ 1) = 0
for m = 1 to nh do

for j = 1 to nb(m)− 1 do
set k to be the m(j)th body
if j = 1 then

ζ(k) = −φ(Bk,N i
k)fc(k)

else
set i to be the previous body, m(j − 1) in the m chain

ζ(k) = ψ(k, i)ζ(i)− φ(Bk,N i
k)fc(k)

end

η(k) = −D−1(k)H(k)ζ(k)

end

end
initialize ζ(n) = 0
for m = 1 to nh do

set j to be the node of chain m connecting to the root body

ζ(n) = ζ(n) + φ(n, j)ζ+(j)

end
Algorithm 6: Constraint correction body forces for multiple serial chains

Result: constraint correction accelerations for multiple serial chains
α(n+ 1) = 0
calculate accelerations for the root body, n
for m = 1 to nh do

for j = nb(m)− 1 to 1 do
set k to be the m(j)th body
set l to be the next body, m(j + 1) in the m chain

λ(k) = ψᵀ(l, k)λ(l) +Hᵀ(k)η(k)

β̇c(k) = η(k)−Kᵀ(k)λ(l)

end

end
Algorithm 7: Constraint correction accelerations for multiple serial chains
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Figure 2.14: Diagram of full closed-chain dynamics algorithm flow.
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Figure 2.15: Frame notation of 4 body closed-chain structure.
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velocities, the closure constraint is better expressed as a non-holonomic constraint, expressed in

the Pfaffian form, as derived in Section 2.5.1. The points on the body where the constraint is to

be applied must first be defined. Where frame Om denotes the mth link hinge frame connecting

to the body’s predecessor in the chain, the single outboard frame where the closure is connected

is denoted as O1
m. Similarly, the outboard frame of the lth link’s closure point is denoted as O1

l ,

as illustrated in Figure 2.15. Then the spatial velocity at these closure nodes, Vnd, can be mapped

from the global spatial velocity at the body hinges using the pick-off spatial operator, B,

Vnd = BᵀV (2.73)

where B is ∈ R6n×6nnd , and contains the corresponding spatial transformation matrices. For this

four-body example,

V =

[
V (m) V (l) V (j) V (r)

]ᵀ
∈ R6n×1 (2.74)

and

Vnd =

[
V (m1) V (l1)

]ᵀ
∈ R6nnd×1 (2.75)

Following this order structure,

B =



φ(Om,O1
m) 06

06 φ(Ol,O1
l )

06 06

06 06


(2.76)

Using this notation, the Pfaffian constraint is then expressed as:

Φ̇(β, t) = QVnd =

[
Q(m1) −Q(l1)

]V (m1)

V (l1)

 = 0 (2.77)

where Q is the constraint matrix relating rigidly constrained velocity degrees of freedom between

nodes l and k. A fully constrained node would have an identity matrix for the corresponding



52

constraint matrix. For this case, bodies l and m are permitted to rotate about their hinge axes, so

Q(m1) = Q(l1) =



0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


(2.78)

The Lagrange multipliers for this case are derived as follows. To derive the operational space

matrix, Λ, only the diagonal terms and cross-diagonal terms of the extended operational space

matrix that correspond with the constraint nodes are needed due to the structure of B. Then

Λ = Bᵀ



Ω(m,m) Ω(m, l) × ×

Ω(l,m) Ω(l, l) × ×

× × × ×

× × × ×


B (2.79)

The diagonal terms are computed directly using Equation 2.68. Then, where Ω(l,m) = Ω(m, l)ᵀ,

the off diagonal terms are computed by propagating through the root node, as

Ω(m, l) = Ω(m,m)ψ(m, r)ψ(r, l) (2.80)

where ψ represents the articulated body transformation matrix and is calculated from the articu-

lated body inertia and the rigid body transformation matrix. This enables the direct calculation

of the constraint force and constraint acceleration using the Algorithms from Section 2.5.1. These

calculations will now be implemented in a numerical demonstration.

2.5.3.1 Numerical Demonstration of a Constrained Four-Bar Mechanism

A physical case of a four-bar mechanism with only in plane motions is now implemented in a

numerical demonstration for initial assessment of the closure constraint approach. The numerical

integration is run with an RK4 integrator using a 0.001 second time step, over a 5 second simulation,

and the computational clock time for the integration is 38.7 seconds. Each bar is defined with
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geometric and mass properties as defined in Tables 2.4, 2.5, and 2.6. One hinge joint is equipped

with a torsion spring that creates an internal force to open the mechanism. The initial condition

of the system, reported in Table 2.7, flattens the four bar mechanism so the spring actuated joint

is closed to 45 deg and the free joint angles are 135 deg. The constraint is set to a rigid closure

constraint in this demonstration for clear state evaluation. In Figure 2.16 it is seen that the bars

are actuated, and in Figures 2.17 and 2.18, the free-flying root bar is seen to do the same. Under

these conditions, the conservation of angular momentum and kinetic energy is expected to hold,

and in Figure 2.19 this is true under an allowable numerical tolerance. The energy is seen to

drift at a higher order of magnitude than the angular momentum and this is attributed to the

use of the Baumgarte Stabilization technique on the constraint equation. A primary challenge

of this approach is determining an acceptable numerical tolerance for conservation drift for the

system, a metric that is heavily influenced by the tuning of the Baumgarte parameters. For this

case, α = 1400 and β = 0, where only the Pfaffian form is available for all of the constraint

equations. The values of the constraint equations is shown over time in Figure 2.20, where it is

shown to stabilize at magnitudes around 10×E−6, which is considered numerically acceptable for

this analysis. The internal constraint forces and torques are shown in Figure 2.21, and are shown

to have notable forces as required to counter the internal spring forces. This simulation provides

the first validation of the constraint enforcement performance for an in-plane dynamics case.

Table 2.4: Mass properties of the rigid root body and bar bodies.

body m(k) K(k) length inertia
(kg) (N/mm) (mm) (kg mm2)

r 0.96 0 100 diag (344.3, 12.1, 344.3)
1 0.72 0 75 diag (809.9, 16.0, 809.9)
2 0.96 0 100 diag (344.3, 12.1, 344.3)
3 0.72 1000 75 diag (809.9, 16.0, 809.9)

Additionally, a comparison study is done to assess performance against a known simulation

tool. The four bar simulation is replicated in the Abaqus 6.14 software using simple beam elements

to represent the bars and single degree of freedom hinge connectors to represent the hinge nodes,
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Table 2.5: Geometry properties of the rigid bodies.

body θ(c, k − 1+) p(c, k − 1+) p(k, c)
(rad) (m) (m)

r1 [0, 0, 0] [0,−50, 0] [0, 0, 0]
r2 [0, 0, 0] [0, 50, 0] [0, 0, 0]
1 [0, 0, 0] [0,−37.5, 0] [0, 0, 0]
2 [0, 0, 0] [0, 50, 0] [0, 0, 0]
3 [0, 0, 0] [0, 37.5, 0] [0, 37.5, 0]

Table 2.6: Geometry properties of the constraint nodes.

i θ(k,Nki) p(k,Nki)
(rad) (m)

1 [0, 0, 0] [0,−75, 0]
2 [0, 0, 0] [0, 100, 0]

Table 2.7: Initial conditions of the numerical simulation.

body q β̇

r [0, 0, 0, 0, 0, 0] [0, 0, 0, 0, 0, 0]
1 −3π/4 0
2 3π/4 0
3 π/4 0
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Figure 2.16: Angular orientation and rates of the three bar bodies.

Figure 2.17: Angular orientation and rates of the free-flying root bar in three dimensional space.
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Figure 2.18: Linear orientation and rates of the free-flying root bar in three dimensional space.

Figure 2.19: Change in total system energy and total system angular momentum.
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Figure 2.20: Change in the velocity form of the constraint equations.

Figure 2.21: Internal forces and torques to enforce the constraint equations.
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Figure 2.22: Comparison of results between a 4-bar simulation done in Abaqus and in the multibody
dynamics framework.
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(a) flat zero energy configuration (b) open configuration

Figure 2.23: Graphics representing the 4-bar simulation done in Abaqus.

and the graphic representation of this from the software GUI is shown in Figure 2.23. An elastic

property is given to one of the hinges to replicate the torsion spring and identical mass and inertia

properties are assigned to the bars. The time history of the angular coordinate between bar 3

and 4, where the torsion spring is applied, is shown with the prediction found with the multi-body

simulation in Figure 2.22, as well as the difference between the two simulations at each point in time.

Each simulation is run with the same time step, dt = 0.001 seconds, and the Abaqus simulation

takes 13.5 minutes to compute where the multi-body simulation is complete in 38 seconds. This

indicates a significant time savings, however the difference between the two results shows slight

variation. The variation is possibly due to shortcomings in the constraint enforcement of the

multi-body simulation, and so this indicates a trade off between accuracy and speed in the two

approaches, which is expected.

2.5.3.2 Numerical Demonstration of a Constrained Map Folded Structure

The next numerical demonstration considers a folded structure with planar panels and three

dimensional spatial motions. This structure is representative of a map-folded four body structure,

or a single base unit of the Miura pattern where the pattern angle is 90 deg, and a diagram of how

this structure folds is displayed in Figure 2.24. The structure is flat folded and assembled with only

a single rotational degree of freedom on the hinge joints, captured in the initial conditions in Table

2.11. A RK4 integrator is implemented and a simulation of 10 seconds is run with a time increment
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Figure 2.24: Stages of a four body planar map from unfolded to folded configurations.

of 0.001 seconds, resulting in a computational clock time of 281.5 seconds for the integration. Each

panel body is defined with identical geometric and mass properties as defined in Tables 2.8, 2.9, and

2.10. The panel motions in Figure 2.25 show the unfolding of the hinge at panel j, but because of

the geometry of the map fold, the hinges at l and j do not unfold, where the first hinge would need

to stabilize in a flat configuration before these hinges could unfold. The free-flying host body motion

in shown in Figure 2.26. The constraint violations are captured in Figure 2.28, where Φ̇ᵀΦ̇ is the

square of the spatial magnitude of the applied constraint equations and does not have physical units,

and are shown to behave nonlinearly around θj = 0. The internal constraint forces and torques

are seen in Figure 2.29 to be highly nonlinear around this value as well. This point is suspected to

be a numerically singular configuration of the system, and special consideration must be taken for

the constraint violations around these points. In comparison to the static planar case in Section

2.5.3.1, the numerical accuracy of the constraint enforcement for this case, with spatial motion, is

reduced by orders of magnitude. Taking the physical system in to account, the constraint violations

are sub-millimeter and are considered acceptable for capturing the bulk deployment motion for the

system. However these results highlight the need for special consideration of acceptable numerical

performance of the dynamics approach for deployable systems.
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Table 2.8: Mass properties of the rigid root body and panel bodies.

body m(k) K(k) length inertia
(kg) (N/m) (m) (kg m2)

r 1 0 2 diag (0.3342, 0.3342, 0.0017)
1 1 0.1 2 diag (0.3342, 0.3342, 0.0017)
2 1 0.1 2 diag (0.3342, 0.3342, 0.0017)
3 1 0.1 2 diag (0.3342, 0.3342, 0.0017)

Figure 2.25: Angular orientation and rates of the three panel bodies.
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Figure 2.26: States and rates of the spacecraft body in three dimensional space.

Figure 2.27: Change in total system energy and total system angular momentum.
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Figure 2.28: Change in the velocity form of the constraint equation.

Figure 2.29: Internal forces and torques to enforce the constraint equations.
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Table 2.9: Geometry properties of the rigid bodies.

body θ(c, k − 1+) p(c, k − 1+) p(k, c)
(rad) (m) (m)

r1 [0, 0, 0] [0, 1, 0] [0, 0, 0]
r2 [0, 0, π/2] [1, 0, 0] [0, 0, 0]
1 [0, 0, 0] [0, 1, 0] [0, 0, 0]
2 [0, 0, 0] [0, 1, 0] [0, 0, 0]
3 [0, 0, π/2] [1, 0, 0] [0,−1, 0]

2.5.4 Multiple Constraint Enforcements

Numerical test cases are developed to investigate the algorithm performance as it has been

adapted for enforcing multiple constraints across multiple chains in a cut tree topology. Two cases

in particular are of interest. The first is the case where there is more than one pair of constrained

bodies between two chains of the cut tree topology for a system graph. The second case of interest

is when there are more than two chains in the cut tree, and a single body is subjected to more

than one constrained node pair. Figure 2.30 displays the graphs of the two example cases designed

for this study. The goal of this section is to assess the performance of the current approach as it is

scaled up for larger folding space structures.

2.5.4.1 Numerical Demonstration of Multiple Constrained Bodies

The first test case considers a system of eight bodies in two chains, with bodies referenced by

number in the illustration of this dynamical system in Figure 2.30. The configuration properties

of the bodies are listed in Tables 2.13 and 2.12. Each fold representative hinge is constrained to

a single rotation θ about the 3rd axis, is given the same linear torsional spring stiffness, and the

geometry is designed such that each panel is identical. The root node, r, does not have a force

Table 2.10: Geometry properties of the constraint nodes.

i θ(k,Nki) p(k,Nki)
(rad) (m)

1 [0, 0, π/2] [0,−2, 0]
2 [0, 0, π/2] [0, 2, 0]
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Table 2.11: Initial conditions of the numerical simulation.

body q β̇

r [0, 0, 0, 0, 0, 0] [0, 0, 0, 0, 0, 0]
1 −π 0
2 −π 0
3 π 0

acting between it and the six degree of freedom hinge to inertial space, representing a free-flying

spacecraft root body. The inertia is calculated from the height, width, and thickness assuming all

bodies are square. The orthogonal rotations of the θ(ck, k−1+) orientations represents the fold lines

of a square fold and are reported in 321 Euler angles for quick physical interpretation. Changing

this value and the inertia definitions would adapt the simulation from a square map fold to Miura

map folds or other desired patterns. The initial conditions of the numerical demonstration are

listed in Table 2.15 and are designed to mimic a flat folded map fold with no initial rates. Positive

angle folds are representative of mountain folds and negative angle folds of valley folds. A 2 × 8

grid of rigid bodies is set up using the relative coordinate frame approach shown in Figure 2.13.

The root body r is the branching node of the chains as shown in Figure 2.3. Table 2.14 contains

the relative position and orientation of the constraint nodes illustrated in Figure 2.13, where the

frames are rotated such that the unconstrained axis is along the fold axis. Using a time step of

dt = 0.001 seconds, the 10 second simulation of 14 degrees of freedom takes 11 minutes to compute

using an RK4 integrator.

From Figure 2.31 the states of the folded panels are seen to begin the unfolding process, where

Figure 2.30: Diagrams for the two and three chains in a cut tree topology.
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Table 2.12: Mass properties of the rigid root body and panel bodies.

body m(k) K(k) width thickness inertia
(kg) (N/m) (m) (m) (kg m2)

r 100 0 2 1 diag (66.7, 66.7, 66.7)
1-6 1 0.01 2 0.01 diag (0.3342, 0.3342, 0.0017)
7 1 0.03 2 0.01 diag (0.3342, 0.3342, 0.0017)

Table 2.13: Geometry properties of the rigid bodies.

body θ(ck, k − 1+) p(ck, k − 1+) p(k, ck)
(rad) (m) (m)

r [π/2,0,0] [1,0,0] [0,0,0]
1-6 [0,0,0] [1,0,0] [1,0,0]
7 [0,π/2,0] [1,0,0] [0,0,-1]
8 [0,π/2,0] [1,0,0] [0,0,-1]

Table 2.14: Geometry properties of the constraint nodes.

i θ(k,Nki) p(k,Nki)
(rad) (m)

1 [0,π/2,0] [1,0,-1]
2 [0,−π/2,0] [1,0,1]

Table 2.15: Initial conditions of the numerical simulation.

body q β̇

r [0,0,0,0,0,0] [0,0,0,0,0,0]
mountain folds, 1,2,5,6,7 π 0

valley folds, 3,4 −π 0
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the fold between Panel 7 and the spacecraft body r must unfold first to then allow the z-folded

pairs (Panels 1− 2, 3− 4, and 5− 6) to then release near the 20 second mark. Due to the design

of the system, the z-folded pairs are expected to unfold with identical states, and this kinematic

behavior is verified in the dynamics simulation by the states in Figure 2.31. The unfolding process

of the z-folded pairs is not representative of a physical structure however, as the model does not

include contact. Therefore, the internal force from sets 1 − 2 unfolding causes the sets 3 − 4 and

5− 6 to fold beyond 180 degrees, as seen from Figure 2.31. The host spacecraft states during the

deployment, shown in Figures 2.32 and 2.33, show a general tumble and small linear perturbations

are created. Most notable is the change in the system total energy over the course of the simulation,

shown in Figure 2.34, which grows significantly around 20 seconds, the point where the deployment

transitions to the second stage. This non-conservative energy behavior is due to the Baumgarte

constraint stabilization method implemented and is a compromise for using this modeling approach.

The constraint violations are plotted as the square of the magnitude of all constraint violations at

a node in Figure 2.35, and it is noted that the violations have significant peaks at the deployment

transition point. These violations are 4 orders of magnitude smaller than the state motions they

are applied to, which can be considered acceptable for this demonstration but may need further

improvement for future implementation. The magnitude of the constraint violations is suspected

to be a function of the number of system constraints, and this relationship is explored in the next

section. For a single demonstration of the internal forces applied at the panel body frames due to

the constraint, the constraint forces and torques between Panels 1 and 2 is reported in Figure 2.36.

These are shown to be complex internal behaviors of significant magnitude.

2.5.4.2 Constraint Violations for Multiple Constraints

Comparing the results of Section 2.5.4.1 to those obtained for a single constraint node in

Section 2.5.3, the magnitude of the constraint violations is suspected to be influenced by the number

of constraints in a system. A numerical demonstration for the second test case of the three chain

graph is also conducted, and the constraint violation errors are significant enough to invalidate
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Figure 2.31: Angular orientation and rates of the three panel bodies.

Figure 2.32: Angular orientation and rates of the spacecraft body in three dimensional space.
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Figure 2.33: Linear orientation and rates of the spacecraft body in three dimensional space.

Figure 2.34: Change in total system energy and total system angular momentum.
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Figure 2.35: Change in the velocity form of the constraint equation.

Figure 2.36: Internal forces and torques to enforce the constraint equations.
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the results of the demonstration. To investigate the constraint violation trends, numerous runs of

the two test cases are conducted with different constraints enforced. The results of the two chain

graph case are shown in Figure 2.37, which shows the squared magnitude of all the constraint

violations for instances of 1, 2, and 3 constraints applied on a log scale. There is clearly an increase

in violations as the number of constraints are increased, and the violations are shown to stabilize

over the simulation with a peak at the point where the deployment stage transitions as discussed

previously.

For the second test case where there are instances of a single rigid body subjected to two

constraint node pairs, the jump in constraint violation behavior is much more significant. Addition-

ally, the simulation is not stable for long integration times, and tuning the Baumgarte stabilization

parameters, a and b, is difficult. In Figure 2.38, the square of the magnitude of all constraint viola-

tions in the system is shown for just the closure between 5− 6 and for closures on body 5 between

5 − 6 and 4 − 5, as well as the additional two constraints in the 3 × 3 grid structure. The cases

of more than one constraint do not contain stabilization corrections as the tuning did not yield

good results for this case. This study demonstrates that the Baumgarte Stabilization technique is

not sufficient when applying multiple constraints to a single rigid body. For a large scale folding

structure architecture, there are many instances of a single rigid body subject to two constraint

nodes as seen in the pattern graphs of Figures 2.3 and 2.4. Therefore, more advanced constraint

stabilization techniques are required for scaling the multi-body dynamics approach to larger folding

structure architectures. This point is left for future work in the field.

2.6 Conclusions and Future Work

A self-actuated folded deployable spacecraft structure presents a novel modeling challenge

due to free-flying spacecraft dynamics coupled with a complexly constrained multibody system. An

approach that blends several SOA articulated body-derived robotics dynamics algorithms together

is presented to address the multibody folded structure problems. The articulated body forward

dynamics algorithm is outlined as the basis for the approach, and derivations that generalize the
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Figure 2.37: Constraint violations of cases of multiple constraints for the two chain graph.

Figure 2.38: Constraint violations of multiple constraints for the three chain graph.
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ABFD algorithm to the spacecraft folded deployable structure scenario are provided. The tree

augmented approach is developed for any grid formatted spacecraft structure. It is found that

this approach provides significant value over the Lagrangian approach or Kane’s equations. This

is due to the computation gains of the recursive structure of the equations of motion and that the

algorithm provides a framework for working with a high volume of rigid bodies and rigid body

constraints. Origami-folded structure topology is studied and interpreted for dynamics analysis

using graph theory, and two forms of a 4 body architecture, the four-bar mechanism and a map

fold unit, are analyzed for algorithm demonstration. Origami-inspired folding topologies with large

number of bodies are shown to have algorithm gains for recursively calculated loop constraints,

however constraint violations are a significant concern, as demonstrated on two cases of multiple

constraint configurations. Future work in the field should focus on developing robust constraint

correction and stabilization tools for systems with a large number of constraints as well as multiple

constraints applied to a given body in the system.
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Chapter 3

Research Goal 2: Elastic Hinge Modeling

3.1 Introduction

A central challenge for folded deployable structures is the deployment dynamics and de-

ployment actuation of the folded structure and spacecraft system. A novel lightweight solution

is to integrate strain energy hinges to facilitate folding and actuate the deployment.25 Compared

to standard piano hinges, these hinges are lightweight, eliminate rotational mechanical contact

surfaces, and are self-actuating. In this thesis, the system deployment dynamics are studied us-

ing multi-body dynamics and a simplified hinge representation. In this approach, fold panels are

treated as rigid bodies and the flexible joints are represented by internal forcing functions. In this

Chapter, a model to represent the hinge mechanics is designed as a function of the hinge’s full

degrees of freedom, relative position and orientation states. Data containing reaction forces and

torques at the hinge body connection points are obtained from FEA simulation and experimental

studies for hinge configurations containing non-symmetric displacements, and they are compared

for validation purposes. A nonlinear regression is applied to fit the simulated data to polynomials

and the efficacy of this fit is assessed. The approach is shown to provide an approximation that

may enable sufficient deployment dynamics simulation accuracy without a full FEA simulation of

the system. The approach is applied to develop a hinge model for a two hinge system that is used

in an assessment in a folded deployable structure in Chapter 5.

Several research studies characterize the moment-curvature behavior of tape spring hinges

for various materials assuming the hinge folds symmetrically, meaning through only one rotational
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(a) equal sense (b) opposite sense

Figure 3.1: Fold orientations of a high strain tape spring hinge.

degree of freedom (DOF). Typically, the equal-sense and opposite-sense bending moment is char-

acterized through theoretical analysis and experimental testing.43,44 Here, equal-sense refers to a

fold where the open cross sections face each other and opposite-sense is a fold where the open cross

sections face away, as is consistent with the tape spring literature, and can be viewed in Figure 3.1.

There has been further interest in characterizing the behavior of a diagonally folded hinge.45 These

studies provide fundamental understanding of a hinge’s structural mechanics behavior, focusing

on failure and stiffness, and demonstrate their correlation with mechanics theory. However, here,

the objective is to reframe the hinge as a dynamic actuator and capture the deployment behavior

of a system as actuated by the hinge. The tape spring introduces unique challenges from this

perspective. A typical fold joint is treated as a single DOF revolute joint where the attachment

points on each connected body are coincident and have one relative rotation. Under certain as-

sumptions, the symmetric behavior of the tape spring hinge can be modeled as a single rotation

where the moment-curvature behavior describes the internal torque due to the hinge. However, the

connection points are separated by the length of the hinge and will be displaced from each other

over the deployment. The actual force and torque response of the hinge will depend on the loading

of either side of the hinge, and small displacements from the nominal configuration may introduce

significant force and torque responses. Therefore, the established moment-curvature approach is
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not sufficient for the modeling fidelity desired here, and a study of force and torque responses due

to non-symmetric behavior is conducted.

The phenomenon of undesirable non-symmetric configurations in the tape spring hinge fold is

not well studied. Here, non-symmetric behavior refers to any change in position and orientation that

does not follow the nominal fold rotation, as is illustrated in Figure 3.2. To guarantee symmetric

behavior, additional components must be included in a hinge assembly to constrain the hinge,

which can add mass and complexity where lightweight simplicity is desired. Such solutions are not

addressed here. Inclusion of multiple independent state variables in this study makes it difficult to

approach the problem with classical theory, therefore, to study this phenomenon, numerical and

experimental techniques are employed.

3.2 Rigid Body Dynamics and the 6 State Hinge Model

The tape spring hinge is represented in the rigid body dynamics simulations as an internal

forcing function in terms of the position and orientation of the hinge connection points. This

concept is illustrated in Figure 3.2, where the fixed end points of the hinge are each assigned a

reference frame, A0 and A1, the reaction forces from the hinge are denoted N0 and N1, and the

reaction moments are denoted as M0 and M1. These mechanics are modeled as functions of the

relative position, δ, and orientation of frame A0 with respect to A1.

The hinge model is developed to be compatible with a preexisting multi-body dynamics

framework based on the Spatial Operator Algebra multi-body dynamics approach39 reviewed in

Chapter 2. This approach de-constructs a system of linked rigid bodies by defining the interactions

across the hinge connecting an outbound body to an inbound body through relative coordinates,

and selecting these as the generalized coordinates of the dynamics model. The framework of the

algorithm then calculates the system dynamics having only needed the relative hinge definitions and

rigid body properties. To provide consistency with this, the generalized coordinates are selected to
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Figure 3.2: Definitions for a tape spring hinge in deployed (left) and non-symmetric (right) config-
urations.

be the displacement of the relative hinge frame coordinates and the relative orientation

q =

θ(A0,A1)

δ(A0,A1)

 (3.1)

For this analysis, all dynamics quantities are expressed with respect to the hinge origin frame

defined as the inbound frame, A0. This lends insight into how the hinge affects any inbound body

directly, and how an outbound body is affected relative to the inbound body. This information can

be easily transformed to desired frames as needed. The hinge origin frame is oriented on the hinge

such that the third axis, a03 is pointed down the length of the hinge, a02 is normal to the hinge

cross section, and a01 completes the right hand convention. The relative orientation θ(A0,A1)

contains 3−2−1 Euler Angles for ease of interpretation and because the second axis, where the 90

degree Euler angle singularity resides, can be oriented with an axis which does not accommodate

significant relative deflection. The A1 frame is oriented identically to the A0 frame when the hinge

is deployed in the zero energy state. The displacement of the relative hinge frame coordinates, δ, is

selected over the relative position, r, to better correlate the physical behavior with the numerical

fit. The relation of these vectors is displayed in Figure 3.2, defined as

δ = r − ri (3.2)
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Then the generalized forces and torques acting at frame A0 are written as a function of the relative

coordinates across the hinge frames, in spatial notation, as

f0(q) =

M0

N0

 =



M01

M02

M03

N01

N02

N03


(3.3)

The common assumption for hinge force and torque models is that the force and torque are acting in

equal but opposite direction on each of the connected rigid bodies at the connection frames. While

a quick free body analysis of Figure 3.2 verifies this to be true for the force, the moment balance

introduces another term. The summation of moments at either frame will require the torque due to

the reaction force and the relative position of the frames be included. Therefore, the spatial force

at frame A1 is written in terms of only the force and torque at frame A0 as

f1(q) =

M1

N1

 =

−M0 − r ×N0

−N0

 (3.4)

3.3 Model Estimation and Nonlinear Regression

Equation 3.4 indicates that the force and torque applied to the rigid bodies can be deter-

mined for both sides of the hinge using a model of only one set of forces and torques. Therefore,

the objective is to determine adequate models for the six entries of f0(q). There are several options

for determining response functions that include large multi-variable data sets. Simple approaches

include using a look-up table or interpolation between data points. However, these will not nec-

essarily provide insight into predictor variable relationships and cannot be further manipulated.

Therefore, a function fit is desired. A polynomial containing both first order and second order
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coupled polynomials is first proposed for capturing the non-symmetric relationships.

p(q) =

6∑
i=1

aiqi +

6∑
j=1

6∑
k=1

bjkqjqk (3.5)

Equation 3.5 contains 27 unknown coefficients. In this approach, each of the force and torque data

sets is first fit using the full polynomial, and the resulting coefficients are then analyzed to eliminate

expressions that have insignificant contributions. The objective is to reduce the polynomial to the

smallest, and therefore computationally most efficient, expression while still providing an adequate

fit to the data. Additionally, the coefficients for these second order cross-coupled terms can be used

to interpret the significance of the generalized state variables. It’s suggested from the literature

that the nominal fold produces a pure moment in the symmetric case, and this moment can be

represented using a 7th order polynomial.43 Then for the moment about a01 , the initial polynomial

includes higher order terms for the nominal rotation, as in

M01 = p(q) +
7∑
i=3

ciq
i
1 (3.6)

A non-linear regression approach is best suited for the nonlinear, multivariate model functions

in Equations 3.5 and 3.6. The Statistics and Machine Learning Toolbox published for Matlab is

used to fit and evaluate the models. The quality of the fit is evaluated by several means. The

toolbox is further used to acquire an R-squared estimate, the root mean squared error (RMSE),

and the histograms of the raw residuals. The coefficient of determination, R-squared, is meant to

indicate how much of the variation in the response is captured by the model and is expressed on

a scale of 0 to 1 where the fit is better the closer it is to 1. For a non-linear regression, the R-

squared value is not entirely trustworthy but is considered here as for initial evaluations. The root

mean squared error is the average standard deviation of the fit and the histograms provide a full

picture of how variable the fit is. The effectiveness of each coefficient is evaluated by calculating the

coefficient’s p-value, a measure that reflects how much the function is influenced by the inclusion

of the coefficient. Coefficients and their corresponding polynomial terms are eliminated using this

measure and the effect on the R-squared and RMSE values are monitored for improvements.
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3.4 High Strain Composite Tape Spring Hinge Study

High strain composites are a novel class of flexible material with great potential for spacecraft

deployable structures. The material is able to accommodate large deflections and experience high

strain without failure or plastic deformation, while providing high structural stiffness for low mass.

Additionally, when compared to metallics, composites are able to achieve thinner shells as well as

tighter bending ratios, resulting in mass and packaging efficiencies for deployable structures. How-

ever there are challenges to implementing these materials. Modeling and predicting the behavior is

difficult due to nonlinearity, manufacturing variability, and complex geometry. For these reasons,

an experimental test is needed for qualification of the numerical simulation data and is included in

this study. Example hinge coupons for the materials used in this study are shown in Figure 3.3.

Figure 3.3: Example high strain composite tape spring coupons used for this study.

3.4.1 Tape Spring Hinge Properties and Geometry

The geometry of the structure in the folded and unfolded state is determined by the param-

eters of the tape spring geometry. The material thickness t, radius of cross sectional curvature R,

and cross section arc length a are free design parameters that are fixed to specific material samples

in this study. Two hinge material samples are provided in this study, and the parameters of the

samples are recorded in Table 3.1. The first material sample is a high strain composite with a single

layer of 0 deg unidirectional fibers sandwiched between 45 deg plain weave carbon fiber, a material
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Table 3.1: Hinge geometry for tested samples and matching FEA models.

sample x-section radius arc length thickness length
R, (mm) a, (mm) t, (mm) L, (mm)

[45PW12/012/45PW12] 15.875 35 0.20 150

recently developed for high strain composite spacecraft deployable booms. The properties of this

material is derived from tensile test data and classical laminate theory and are provided by the

NASA Langley Research Center. The tape spring length, L, is designed to minimize fold profile

and non-symmetric fold range or flexibility. The capacity for non-symmetric fold behavior increases

as the length of the flexible hinge section is increased. However, the hinge must be long enough

for the cross section to transition from the stable c-shape to the flat fold without material failure.

Therefore, the minimum allowable length of the tape spring must be determined. The high strain

materials applied here were observed to have a maximum tensile strain of 1.7%, and a maximum

allowable strain is set to 1.2% to allow for some factor of safety. A quick study is conducted to

observe the maximum principle strains occurring in the tape spring for various lengths when the

hinge undergoes a nominal fold to 90 deg using an FEA simulation. The results are shown in Figure

3.4 for both materials undergoing an equal sense fold, and a length of 150 mm is selected for this

study. This is done for a tape spring with 20 mm long clamps attached at each end point, resulting

in a shorter effective composite hinge section.

3.4.2 Asymmetry Definitions

The space of all possible hinge configurations is intractable at initial consideration, and

so a subspace of most likely configurations that is also observable is identified. Three primary

asymmetric configurations are identified as deviations from the symmetric case. The deviations

considered ranged from 5-10 degrees, deviations that are too large to be negligible but small enough

that they are feasible. Each deviation from the symmetric case is observed separately, and not

compounded, in attempt to isolate the independent variables from each other. The bounds for

these cases are listed in Table 3.2 for both the simulation and experimental cases, in both the equal
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Figure 3.4: Maximum principle strain in the HSC tape spring as a function of length.

and opposite sense fold directions. A shorthand notation for the configurations is also introduced

and defined in this Table.

Identifying these bounds is the primary challenge to studying the asymmetric behavior and

strongly dictates the outcome of the model fits. Three primary displacement cases are selected for

this study based on the obvious configurations and are not representative of all possible configu-

rations. The bounds for the non-symmetric configurations are designed to approach the physical

bounds of the hinge. The experimental fixture is designed to implement these measured deviations

in a single system, therefore limiting the number of possible configurations. The resulting design

is described in detail in Section 3.4.4. Future work could investigate measuring additional asym-

metries through multiple fixtures. These deviations are expressed with respect to the A0 frame as

described in previous sections. The tape spring behavior is subject to a few physical constraints

that are used to define these bounds and the relationships within the states. For example, the

relationship between the orientation about a01 and the displacement δ3 can be expressed generally,

for any non-symmetric relative angles by considering the law of cosines and by assuming the radius

of curvature over the fold bend is known.
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Table 3.2: Asymmetric configuration constraints used to generate Abaqus (A) and experimental
(S) data sets in both equal (E) and opposite (O) folds.

Case θ1 sym (deg) θ1 offset (deg) θ2 (deg) θ3 (deg) δ1 (mm) δ2 (mm) δ3 (mm)

AE0 0− 180 0 0 0 0 0 free
AE1 30− 180 ±10 0 0 0 0 free
AE2 30− 180 0 0 ±10 0 0 free
AE3 30− 180 0 ±10 0 f(θ3) f(θ3) free

SE0 0− 140 0 0 0 0 0 f(θ1)
SE1 100− 140 ±10 0 0 0 0 f(θ1)
SE2 100− 140 0 0 ±10 0 0 f(θ1)

AO0 0− 180 0 0 0 0 0 free
AO1 90− 180 ±10 0 0 0 0 free
AO2 90− 180 0 0 ±5 0 0 free

SO0 0− 140 0 0 0 0 0 f(θ1)
SO1 90− 140 ±10 0 0 0 0 f(θ1)
SO2 90− 140 0 0 ±10 0 0 f(θ1)
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3.4.3 Finite Element Model Overview

(a) AE0 (b) AE1 (c) AE2 (d) AE3

(e) AO0 (f) AO1 (g) AO2

Figure 3.5: Examples of displacements implemented in ABAQUS where the symmetric angle is
±60 deg.

Finite element analysis simulations of the asymmetric hinge displacements are built in Abaqus

6.14. The hinge is represented as a shell with elastic behavior defined by engineering constants.

The fixtures are represented as discrete rigid parts, are 20 mm in length, and are assembled and

constrained using tie constraints. Four node shell (S4R) elements are meshed on the hinge shell

using a 1 mm mesh. The asymmetric configurations are implements as displacement and rotation

boundary conditions in static/general steps. Each range of asymmetric configurations is explored

as a separate step enforced on an initially symmetric configuration. An asymmetric data set is

generated for each primary fold angle, θ1, at increments of 5 degrees, resulting in 16 equal sense

and 10 opposite sense data sets for each material. Figure 3.5 shows example profiles for the equal

sense and opposite sense cases and with non-symmetric deviations, with a no added deformation

scaling.

Designing the displacement and rotation boundary conditions such that the simulations con-

verge without error is not trivial and not easily automated. The approach here is to fix the inbound
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hinge frame to zero displacements and to apply displacements and necessary degrees of freedom

to the outbound frame. Then the reaction forces, reaction moments, displacement, and rotational

displacements are reported for the reference points representative of the hinge reference frames.

The hinge reference frame is centered on the hinge endpoint fixture, and is mirrored in the design

of the experiment. The opposite sense simulation required an additional step to bring the hinge

pass the initial snap through phase. This was done by first pressing the shell flat with a rigid pin,

and then removing the pin and continuing to the symmetric fold configurations. These steps are

excluded from the data. The full range of symmetric fold angle data is acquired despite the pin by

stepping through the fold angle constraints in reverse, from fully folded to fully deployed.

3.4.4 Experimental Testbed Overview

Figure 3.6: Components of the experiment testbed set up.

A mechanical testbed is designed to configure and control the asymmetric displacements, and

a diagram of this design is presented in Figure 3.6. Two ATI six-axis force/torque transducers are

used at the reference frames on the hinge to directly measure the full force/torque profile. The

transducers are calibrated for torque measurements of 500 N-mm with 1/16th N-mm resolution
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and forces of 50 N in plane and 70 N out of plane with 1/80th N resolution. These sensors are

aligned with the hinge such that the measurement frame of the sensor is coincident and orthogonally

aligned to the hinge reference frames A0 and A1. The data from these hinges are then transformed

into the frame alignments defined in Figure 3.2. An NI Labview program is used to interface

with the transducers through an NI USB-6218 data acquisition card. The hinge configuration is

controlled using multiple stepper motors and a SparkFun RedBoard, also interfaced through the

Labview program with identical timing. The hinge configuration is not observed through external

means, but is derived through the stepper motor count. The stepper motors are controlled using

microstepping, with a resolution of 0.225 degrees per step. The left reference point of the hinge is

mounted to a cart controlled through a smooth linear rail and the rotation about a01 is controlled

by an additional motor. The right reference point is mounted to a freely rotating axis parallel to

a01 , and the twist about the hinge length axis is controlled with a third motor. A fourth motor is

available to twist the hinge point along the a11 −a12 plane to acquire data on relative translation,

but is not implemented in the presented data. A system of precision shafts, ball bearing mounts,

and standardized hardware provide smooth rotation, and this hardware is entirely manufactured

by Actobotics. The tape spring hinges are each fixed at each end to 3D printed PLA plastic clamps

using epoxy, and custom 3D printed mounts affix the hinge to the transducers. Custom mounting

brackets are also 3D printed in PLA to mount the transducer assemblies to the testbed.

The experimental procedure is as follows. The hinge configuration is incremented into the

symmetric configuration and data is sampled statically. Then each non-symmetric displacement

is configured and sampled statically, reseting back to the symmetric configuration between each

sample. Examples of the non-symmetric configurations are displayed in Figure 3.7. The geometry

of the fixture must be taken into account when transforming the relative position and orientation

data. The fixture creates an offset of the rotation axis from a01 of 42.5 mm at both sides of the

testbed. The opposite sense configuration is achieved by using a modified mounting bracket, such

that the hinge frames remain in the same position relative to the motor hubs. Several data samples

are collected for a given configuration and averaged to provide one sample per configuration.
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(a) SE0 (b) SE1

(c) SE2 (d) SO0

Figure 3.7: Examples of symmetric and non-symmetric displacements implemented in the experi-
ments.
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3.4.5 Results

3.4.5.1 Symmetric Data Comparison

Figure 3.8: Moment response for the symmetric, 1 DOF moment-rotation.

Visualization of the fit is difficult due to the high number of independent state variables in

the estimation. For an initial comparison, the symmetric case is considered due to its simplicity

of visual and quantitative evaluation. The first axis moment is plotted in Figure 3.8 for both the

experimental and simulated cases in both materials, where θ is the rotation from the initial position

to the current position of the hinge frame. The experimental approach is not able to capture the

moment peak at the initial fold, possibly due to small flexibilities in the testbed preventing the

truly rigid response found in the simulations, and the trends do not strongly mimic each other. In

particular, the opposite sense experimental data is significantly smaller an the general trend also

deviates from the prediction. This indicates there will be notable variation in the numerical and

experimental models. Additionally, the experimental data shows significant third axis, or hinge

normal, moments generated in this configuration, where no moment is expected. This is suspected

to be due to imperfections in the layup construction, where the outer 45 degree plain weave plies

are not truly aligned, and may also be due to unperceived misalignment of the testbed. This may
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imply that hinge performance relies heavily on hinge construction and undesired forces and torques

are easily introduced to the system.

3.4.5.2 Non-Symmetric Data Trends

The non-symmetric FEA numerical data predicts significant forces and torques generated

from the hinge, suggesting that a slightly non-symmetric configuration can have significant impacts

on deployment behavior. For certain cases, the forces are observed to be on the order of tens of

Newtons and torques in the hundreds of Newton-millimeters, on the same order of magnitude as

the symmetric torque. This trend is consistently observed in all the equal-sense and opposite-sense

numerical FEA data sets. In Figure 3.9, the forces and torques for non-symmetric configurations of

the 45/0/45 hinge are plotted for both the experimental and simulation data for the same symmetric

angle cases, where only the boundary point of the simulated data is recorded. The simulation data

shows large torques on all axes are possible, and large forces are predicted for some equal sense

bends.

Comparing the experimental data with the simulation data reveals the experimental data

does not exhibit any of the large force and torque behaviors. This is an unexpected result and

warrants further study into the high strain composite hinge modeling and testing. The discrepancy

suggests there are limitations of predicting the behavior of high strain materials undergoing large

complex displacements using the material model implemented here, or that there is an unknown

error in the simulation. The experimental data has further discrepancies, where for the third axis

force, forces are observed where they were not predicted. These forces are suspected to be due to

inconsistencies in the composite sample and the model assumptions, and warrant an investigation

into the material construction.

3.4.6 Material Construction Uncertainty in the Spatial Force Profile

A major source of uncertainty is represented by the composite material fabrication. The

material model of the composite is developed from Classical Laminate Theory and tensile testing.
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Figure 3.9: Forces and torques from non-symmetric configurations, recorded from both the exper-
imental and simulated data of the 45/0/45 hinge. The symmetric angle is expressed as the hinge
orientation from the initial flat configuration.
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Classical Laminate Theory assumes the laminates are perfectly aligned, however modern fabri-

cation techniques cannot guarantee perfect alignment and can have non-negligible imperfections.

Additionally, fabrication of the tape spring hinges is not guaranteed to be perfectly aligned with

the longitudinal hinge axis. Small deviations from the tape spring hinge axis are shown to intro-

duce significant off-axis torques for the symmetric fold case and cannot be ignored. In Figure 3.10,

the predicted forces and torques for a symmetric fold are shown for varying angles of fabrication

error of the longitudinal hinge axis, and plotted with measurements. The fabrication error for this

sample was estimated to be 1.1 deg, and the measured forces and torques are seen to waiver near

the off-axis predictions. This motivates further investigation into how robust the hinge model is in

terms of manufacturing uncertainty, and motivates more refined testing of the materials. This is

left to future work.

3.4.7 FEA Nonlinear Regression Model

3.4.7.1 Nominal Data Results

The nonlinear regression approach is not currently applied to the experimental data due to

the low sample size of the data. The nonlinear regression is applied to the FEA data set and a

reduced polynomial is iterated towards by evaluating the p-value of each coefficient for the full

45/0/45 material set with both equal and opposite sense folds. The statistical results for each

material are reported in Table 3.3, and the corresponding estimated coefficients are reported in

Table 3.6 for completeness. The results show that the polynomial fits are not improved, but are

also not greatly reduced, by reducing the number of polynomial terms. The statistics indicate that

the fit is able to capture the majority of the trends, but is by no means a perfect fit. The histograms

in Figure 3.11 show that the data is not normally distributed and there are large residual outliers.

This is true for both the force and torque cases. The large force and torque profiles from the

asymmetries highlighted in Figure 3.9 are likely contributors to the difficulty of fitting this data.

It’s possible that the experimental data, or an FEA model that is reconciled with the data, would
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(a) force axis 1 (b) torque axis 1

(c) force axis 2 (d) torque axis 2

(e) force axis 3 (f) torque axis 3

Figure 3.10: Force and Torque for off-axis layup cases and experimental data.
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provide better results, where the experimental data did not measure these large force and torque

responses. Fitting the primary deployment moment, M01 , is difficult to capture when including the

asymmetric data. Evaluation of the coefficient p-values reveals that the higher order polynomial

terms of Equation 3.6 do not contribute to improving the regression fit, and that p(q) provides an

equivalent fit. Therefore, these additional coefficients are removed and only p(q) coefficients are

reported in Table 3.6.

Table 3.3: Statistics for the 45/0/45 FEA model fit functions.

statistic M01 M02 M03 N01 N02 N03

full R-Squared 0.81 0.80 0.88 0.82 0.89 0.82
full RMSE 181 238 202 4.01 3.24 0.43

reduced R-Squared 0.81 0.79 0.88 0.81 0.88 0.79
reduced RMSE 182 240 203 4.05 3.25 0.46

num of coefficients 18 19 17 17 18 20

3.4.7.2 Additional Nonlinear Regressions

Attempts to improve the regression fit are made by examining alternative data sets, and two

approaches are recommended. First, model improvements can be made by fitting the equal-sense

and opposite-sense data individually and by using piecewise functions to join the models. The

statistics for such a case are shown in Table 3.4, where all RMSE values are decreased and the

opposite-sense fits have greatly improved RMSE and R-squared values. The second approach to

improving the model is to consider smaller asymmetric displacements for the data set. A numerical

data set is generated in Abaqus for cases where AE0 and AE1 are the same, but AE2 and AE3 are

reduced to boundaries of θ = 5 deg. Table 3.5 shows that the RSME and R-Squared values improve

for both materials with this reduction. This improvement is as expected, where approximations

are generally more accurate for smaller deviations. In addition to these approaches, expansions of

Equation 3.5 beyond polynomial terms are explored. However, additions of trigonometric functions,

logarithmic functions, or inverse polynomials are not found to significantly improve the fits, and

therefore this approach is not currently recommended.
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Figure 3.11: Fit function histograms for the 45/0/45 numerical simulations.

Table 3.4: Statistics for the 45/0/45 FEA model fit functions with full 27 coefficient polynomials
using only equal or opposite sense data.

statistic M01 M02 M03 N01 N02 N03

Equal R-Squared 0.84 0.88 0.93 0.90 0.92 0.91
Equal RMSE 127 191 121 3.12 1.89 0.29

Opposite R-Squared 0.98 0.97 0.99 0.97 0.99 0.98
Opposite RMSE 87.9 78.7 96.6 1.52 1.73 0.14

Table 3.5: Statistics for the fit functions with full 27 coefficient polynomials using non-symmetric
boundaries of θ = 5 deg for AE2 and AE3 Abaqus data sets.

statistic M01 M02 M03 N01 N02 N03

45/0/45 R-Squared 0.85 0.93 0.93 0.93 0.92 0.93
45/0/45 RMSE 145 130 138 2.29 2.44 0.21
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Table 3.6: Reduced coefficients for the 45/0/45 FEA model.

coefficient M01 M02 M03 N01 N02 N03

a1 -75.23 81.11 -10.95 0.5636 - -0.1072
a2 - -15720 3964 -292.68 -44.10 -
a3 -9706 14460 -10920 236.58 138.6 -2.215
a4 453.3 -1122 565.5 -18.617 -7.337 -
a5 - 803.8 -244.0 11.997 3.507 -
a6 - - - - - -0.01040
b1,1 - - - 0.718 - -
b1,2 10850 10640 8842 175.3 -151.7 -
b1,3 2192 -4310 5370 -71.58 -82.83 -
b1,4 -131.9 -132 - -2.224 - 0.0718
b1,5 14.83 - 177.7 - -2.988 0.1051
b1,6 -0.7309 0.6111 - - - -1.584E-3
b2,2 -3590 19050 - 165.4 100.4 201.8
b2,3 - - -10340 - 165.5 51.32
b2,4 1004 -482.9 861.8 -8.875 -12.64 -2.091
b2,5 -615.5 - -467.3 - 8.655 3.075
b2,6 178.1 141.25 173.5 2.845 -3.333 -0.08831
b3,3 18140 - - - - -57.94
b3,4 - - - - - -1.499
b3,5 396.7 -182.1 - - -1.551 -3.501
b3,6 -101.7 157.3 110.0 2.843 1.312 -0.1451
b4,4 11.47 3.916 -11.59 0.07821 0.1422 8.22E-3
b4,5 10.42 - 5.962 - -0.1010 -0.08333
b4,6 1.777 -14.77 6.614 -0.2523 -0.08466 3.949E-3
b5,5 - -1.411 - - - 0.01146
b5,6 - 9.077 1.981 0.1383 -0.04249 -
b6,6 - -0.008314 - -6.74E-4 - -1.087E-4
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3.4.8 Conclusions and Future Work

This chapter presents an approach for capturing the full six degree of freedom force and torque

behavior of a tape spring hinges in symmetric and non-symmetric configurations as a function of

the hinge’s six relative coordinates. Non-symmetric behavior is demonstrated to have significant

force and torque profiles and therefore should be included in a robust dynamics model. Numerical

predictions for force and torque are generated in Abaqus for three non-symmetric cases in the

equal-sense fold and two non-symmetric cases for the opposite-sense fold. A non-linear regression

is applied to the full data set assuming a simple second order polynomial, and the resulting fits

are evaluated. Fits for the numerical data are not conclusively good, and therefore interpolation

methods or a look-up table may be more appropriate for capturing these data trends, depending

on needs. The regression is found to improve if smaller asymmetry ranges are used, or if the equal

and opposite fold regimes are fit separately, so using a piecewise switching function is another

possible solution. Experimental and numerical data predicting the hinge behavior in symmetric

and non-symmetric folding are obtained. The results from these databases do not correlate and

are not able to conclusively validate each other. This may be due to differences in the fabrication

of the composite tape spring configuration and the assumptions of the material model, but it may

also be influenced by bias and shortcomings in the experimental set up. This highlights a potential

issue in implementing composites, where each batch is uniquely manufactured and earlier models

must be considered carefully before applying them to later units. Recommendations for iterating

on these results are to improve the testbed design to eliminate possible biases influencing the

experimental data and to search for better candidate model functions for regression fits. A simpler

test bed to investigate the symmetric data discrepancies only would be a good first step towards

better understanding the results. Additionally, vetting the test bed with a simple flat plate with

known material properties, such as a steel plate, would provide confidence for the validity of the

asymmetric test bed results.



Chapter 4

Research Goal 3: Folding Structure with Tape Spring Hinges Deployment

Testing

The objective of this research goal is to design and build a folding structure that can be

used to evaluate the effectiveness of the modeling approach developed in Chapters 2 and 3. A

prototype structure is developed and a deployment testing campaign is conducted. In Chapter

5, a full system model is developed that integrates the hinge model with the closed-chain multi-

body dynamics algorithms. The simulated dynamics is compared with the measured dynamics and

model performance is evaluated. A concept illustration of the deployment test system is displayed

in Figure 4.1, where a four-body structure is shown suspended by gravity offload lines and a gravity

compensation system of counter masses. The deployment tests include two sets of trials, one in the

“cup down” configuration, where the folded structure creates a “cup” that faces the ground during

deployment, and a “cup up” orientation, where this cup is facing towards the ceiling. These two

sets of data will be used to approximate any residual influence of gravity remaining beyond what

is offset by the gravity compensation system.

4.1 Four-Body Prototype Design and Build

The prototype is developed for the simplest closed-chain system case, the four-body structure

case. The panel pattern is modeled after the base unit of the Miura-ori pattern, where the fold

line geometry of the theoretical pattern is designed such that there is only one degree of freedom

through folding and unfolding. This makes the pattern ideal for space structures applications. Two



98

Suspension Frame

Suspension Line

Tape Spring Hinge

Panel Simulator

Low Friction Pulley

Counter Mass

Figure 4.1: Concept illustration of the gravity offloading system and structure prototype, not to
scale.
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tape spring hinges are implemented across a single fold line of the pattern, where spring steel tape

spring hinges are used in the prototype build and are modeled using the methodology developed

in Chapter 3. The prototype structure is shown in the deployed configuration in Figure 4.2, where

several features are observed. A 60 deg Miura fold angle is chosen for the fold panels to maximize

the stability of the folds and to have a symmetric design of the panel geometry. The edges of the

panels are chamfered to reduce the influence of contact dynamics in the deployment. These edges

are attached using thin, 0.0025 inch kapton such that the fold axis of the edge is approximated as

the physical edge of the panels. As thicker material is used for these fold lines, the influence of the

material as it curves may become a concern. The tape spring hinges are observed on the lowest

panels, where the mounting fixtures are manufactured from 3D printed PLA. Additional physical

properties are listed in Table 4.1.

Table 4.1: Properties of the prototype parts.

Part Material Mass Thickness Length
(g) (mm) (mm)

Panel cast acrylic 350− 369 3.2 292 along edge
Hinge Plate PLA 7.8 NA NA
Tape Spring spring steel 4.6 0.15 150

The physical separation of the two panels along the fold line is a novel advantage for an origami

inspired structure. This opens the possibility of a flat-folded origami pattern, where the thickness of

the panels would require extensive design of the fold line placements to ensure flat-foldability.64,65

Using segmentation to enable physical implementation of an origami-inspired pattern due to mate-

rial thickness is demonstrated by the novel Slipping Fold design presented by Arya66 for membrane

structure applications. The hinge design presented here offers an alternative approach to this chal-

lenge as applied to rigid or semi-rigid folded structures, and a basic diagram of this concept is

shown in Figure 4.3. Figure 4.4 displays the prototype structure in the folded configuration and

suspended in the cup down orientation. From the hinge facing view, the multi-DOF status of the

tape spring hinge edge is revealed. The panels are able to separate completely, and their relative

orientation demonstrates multiple-DOF offsets. The structure is not compressed into a fully flat
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(a) cup up side (b) cup down side

Figure 4.2: Prototype structure in deployed configuration.

top

side front

tape springs

Figure 4.3: Three view illustration of a thick flat-folded Miura pattern unit with tape spring hinges
embedded.
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(a) side view (b) hinge view

Figure 4.4: Prototype structure in folded configuration in test bed.

folded configuration due to limitations of the steel tape springs, which cannot be folded to the flat

folded radius without plastic deformation.

4.2 Four-Body Prototype Deployment Test Bed

Along with the prototype, a deployment test bed is developed. Deployment testing of the

prototype must provide gravity compensation, measure each panel body’s positions in 3D space

through the deployment duration, and operate at sufficient resolution through the deployment

duration. These requirements are met by developing two systems, a suspension system that provides

gravity off-loading, and a metrology system that is capable of taking the desired measurements.

Previous work completed through wide collaboration, developed a similar system for a CubeSat

deployable boom,49 and this experience has provided many insights for the project.

The approach for gravity compensation for the deployment testing is designed as follows. Each

panel of the system is treated as a rigid body. The attachment points of the gravity compensation

lines are placed at the center of mass of each rigid body using a line tie point. The center of mass

of each flat panel is determined from the panel geometry using mass property evaluation tools in

SolidWorks. The placement of these points determine that the deployment must be tested in either

the “cup-up” or “cup-down” configurations. A concept diagram of a gravity off-loading system and
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(a) offload frame

(b) offload pulleys

Figure 4.5: Gravity compensation system frames.
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four-body prototype is shown in Figure 4.1, and examples of the system as implemented are shown

in Figures 4.4 and 4.5. The mass of each panel is compensated using a counter mass, which is shown

in Figure 4.5, made from narrow bottles of lead shot. The counter masses are calibrated carefully by

hand, such that a small angular or linear velocity perturbation along any axis of the structure is not

restored by the compensation system, and the velocity is not damped over acceptably small motion

ranges. This insures the gravity compensation system is not significantly influencing the dynamic

response of the deployment. Each gravity compensation line is made from braided Spectra and is

approximately 6 feet long, where the length is limited by the offload frame. The braided Spectra

line is selected to eliminate dynamic flexing from the lines. The influence of the static offload

pulley point through the deployment is considered negligible, where at this height the translation

difference is an order of magnitude smaller than the suspension length, and due to the symmetry

of the deployment. Finally, a detached clamp system is designed to hold the structure in the folded

state at the initialization of the test, and is displayed in Figure 4.4. This clamp is activated using

a pull-pin to release and a stiff torsion spring to quickly open the clamp and move the clamp arms

out of range of the structure as it deploys.
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Figure 4.6: Reference frames defined in Vicon are denoted as P and hinge frames are denoted by
H.
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Figure 4.7: Vicon camera calibration results in Tracker 3 software.

The metrology system selected for this testing implements the Vicon MX T-Series cameras

and Tracker 3 software by Vicon Motion Systems. This is a motion capture system that is designed

to track discrete targets in three dimensional space. Ten Vicon cameras are installed around the

gravity offload frame, as shown in Figure 4.5. These cameras are calibrated using a precision

calibration tool that enables the Tracker 3 software to learn the camera’s position in space. The

results of the calibration used in the test trials is displayed in Figure 4.7, and state that each camera

has an error in knowledge of a target’s position in the camera frame of less than 60 micrometers.

High precision spherical targets of 14 mm diameter are installed on the prototype and are visible

in Figure 4.2. This system is designed such that each target is visible by at least two cameras at all

times during the trial, and the multiple simultaneous images of the same target are processed to

determine the target’s position in space. Three targets are required at minimum to define an object

for tracking, and these three targets are further used to define a reference frame for each object.

These reference frames are defined to be on the plane of the cup up side of the prototype, where

the tape spring hinges are visible. The notation of these frame definitions is defined in Figure 4.6
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Figure 4.8: Vicon reference frame definitions using prototype target definitions.
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with the panel numbering for reference. The corresponding frame and object tracking in Vicon’s

Tracker 3 software is displayed in Figure 4.8. Data is collected at a frame rate of 100 frames per

second (fps), providing sufficient resolution to observe the dynamic response well. A selection of

camera frames from the deployment are shown in Figure 4.9 to illustrate the deployment behavior

of a single trial.

4.3 Four-Body Prototype Deployment Test Initial Data and Results

The raw global tracking data is processed to describe the behavior across each hinge connec-

tion of the system. These hinge frames are defined in the same convention as described in Chapters

2 and 3. These definitions require a hinge frame at the hinge attachment point for each rigid body

in the system. These hinge definitions are shown in Figure 4.10 along with their relative relation-

ship with the panel tracking reference frames. The positions of the hinge frames relative to the

tracking frame are known from the prototype model CAD, and therefore position and orientation

transformations are completed for each rigid body. Then, the relative states across the hinge are

calculated. The results are printed for all the data sets together for an initial first evaluation of

the data and test campaign quality. Two trial sets of fifteen trials were completed, one set in each

the cup up and cup down orientations. The results of the trials are discussed in the following

section. All data sets have been treated with a five point moving average smoothing algorithm on

the raw measurements to reduce the appearance of noise. The initial conditions of each trial is not

absolutely the same for each case, due to the limitations of the fold clamp and the flexibility of the

tape spring hinges. Generally, the cup up trials have a slightly deployed initial angle of 177 deg

versus a more closed 179 deg of the cup down cases. This limits the direct comparison capabilities

of the following discussion.

4.3.1 Relative Orientation Results for all Data Sets

The behavior responses of the relative orientations across each hinge are shown in Figures

4.11, 4.12, 4.13, and 4.14. Orientations are described in 1-2-3 Euler angles for intuitive clarity, and
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(a) (b)

(c) (d)

Figure 4.9: Prototype structure through deployment sequence.
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Figure 4.10: Reference frames defined in Vicon are denoted as P and hinge frames are denoted by
H.
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Figure 4.11: Measured relative orientation for hinge 4-1.

Figure 4.12: Measured relative orientation for hinge 2-1.
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Figure 4.13: Measured relative orientation for hinge 3-2.

Figure 4.14: Measured relative orientation for hinge 4-3.
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because the angle ambiguity of this Euler set, when θ2 = 90 deg, will not be encountered in the

response behavior. Each hinge is described by the two rigid bodies that it attaches, and in order of

what the relative states are defined. For example, hinge 4-1 describes the relative states between

bodies 4 and 1, expressed in the 4 frame, measured from 4 to 1. For hinges 4-1, 2-1, and 3-2, all

degrees of freedom but the primary fold axis have been restricted. Therefore, only the first angle,

θ1, should have non-zero behavior, and this is what is observed in Figures 4.11, 4.12, and 4.13. The

fold angles θ1 for each hinge are shown to have a vibration response at full deployment, where the

fold over shoots beyond the ideal deployed angle of 0 deg and settles down over a few oscillations.

This behavior is observed for both the cup up and cup down trials, although the cup up trials

observe a smaller peak and dampens out a little faster than the cup down cases. This may be

due to slight variation in the initial conditions or due to a slight influence of the gravity offloading

system in one orientation versus the other. However, the response profiles are close enough to

evaluate these effects as minimal. The time of each trial is standardized such that θ1 = 160 deg at

the same time increment, allowing initial variation at the release time to be visible as well as peak

deployment responses. The restricted states of θ2 and θ3 are shown to become more noisy as the

deployment progresses, and this suggests a limited ability of the metrology system to accurately

track fast moving objects as expected.

For the flexible hinge states, on hinge 4-3, the small orientation offset of θ2 is observed in

both the cup up and cup down cases. There is relatively large variation in this angle for the two

trial cases, and this is a product of that angle’s initial condition not being controlled by the clamp

directly. The flexible tape spring hinges determine the initial condition of the configuration.

4.3.2 Relative Position Results for all Data Sets

The behavior responses of the relative positions across each hinge are shown in Figures 4.15,

4.16, 4.17, and 4.18. For hinges 4-1, 2-1, and 3-2, these relative positions, δ1, δ2, and δ3 should

remain at 0 mm for the duration of the trials. However, this is not what is observed from the data.

While the initial condition of the relative positions are all within a 1 mm boundary, during and
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Figure 4.15: Measured relative position for hinge 4-1.

Figure 4.16: Measured relative position for hinge 2-1.
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Figure 4.17: Measured relative position for hinge 3-2.

Figure 4.18: Measured relative position for hinge 4-3.
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after deployment these relative positions become noisy and exhibit large variation. This can be

indicative of a few things. First, that the rigid body assumption of the acrylic panels is a strong

assumption, and variations of a few millimeters are possible. Second, it can indicate a compounding

error due to the use of rotational transformations informed by the angular data to translate the

panel information into relative hinge information. Finally, poor knowledge of the final assembled

shape of the prototype may be influencing the results. The relative position between the tracking

frames and the hinge frames may be off by a few millimeters due to construction.

Looking at the behavior of the flexible, multi-DOF tape spring hinge states, in Figure 4.18,

the initial offsets due to the separation of the hinges are shown to be quite different for the cup up

and cup down trials in the δ3 states. This is again due to the unconstrained and flexible nature of

the hinge when the structure is folded and constrained by the clamp mechanism. The deployment

responses of both cases shown very similar magnitude in the oscillations and major deployment

behaviors despite the difference in initial offsets. The δ2 offsets are shown to be identical however

and indicate this relative state is not strongly influenced by the initial condition of δ3.

4.3.3 Measured Frame State versus CAD Geometry Error

The results of the previous sections indicate a more rigorous evaluation of the state error con-

tributions is required if the relative position data is to be used. To address this, three inquiries into

the measured geometry of the prototype are conducted, and are done for the cup up and cup down

cases separately while only evaluating a single typical trial. The error is the difference in relative

position of two panels frames, compared between what the perfect CAD deployed configuration

is predicted to be, versus the measured result from the trials. The measured states are evaluated

after a 13 second settling period post-deployment to measure if the deployed states achieve the

theoretical geometry of the structure. The first evaluation shows the error norm of the relative

positions between panel frames, denoted in Figures 4.19 and 4.22 by the panel frames in question.

Figures 4.19 and 4.22 show a sub-millimeter accuracy in this metric for each rigid body pair except

for panels 3 and 2, where the error hovers between 2.3− 2.4 mm for both the cup up and cup down
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orientations. This indicates a notable manufacturing error in either the target placement or the

panel geometry that must be factored in to the relative position evaluations. To further understand

the relative geometry error, the error is evaluated for each axis component and displayed in Figures

4.20 and 4.23. From these plots, the offsets in each x and y are revealed. An additional revelation

from these Figures is a notable offset between panel z, or in the norm of the panel direction, for

panels 1 and 4 in the cup down case. This indicates that the panels are not fully deployed to an

ideal 0 deg orientation. To investigate this hypothesis, the error in deployed relative angle is shown

in Figures 4.21 and 4.24. These plots do reveal a non-trivial rotation of θ1 = 1.7 deg for the relative

fold on panels 1 and 4 that would account for a 10 mm additional offset in the z component.
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Figure 4.19: Norm of the error in a cup up trial.

Figure 4.20: Positions error in a cup up trial.
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Figure 4.21: Orientations error in a cup up trial.

Figure 4.22: Norm of the error in a cup down trial.



118

Figure 4.23: Positions error in a cup down trial.

Figure 4.24: Orientations error in a cup down trial.



Chapter 5

Research Goal 4: Model Integration and Relative Validation

The two models developed in Chapters 2 and 3 are integrated to provide a complete deployable

structure model based on the prototype developed in Chapter 4. The approach to developing the

high strain tape spring hinge descriptions was designed for direct use in the multi-body dynamics

algorithms, and the integration of these models is critical to completing the approach put forward

in this thesis. First, a simulation of the prototype case is developed under the assumption that the

elastic tape spring hinges are operating on a single degree of freedom. A single degree of freedom

hinge model is developed by fitting torque response data for the symmetric fold case. Following this,

the full six degree of freedom hinge case is built. From observation of the experimental deployment

data and hinge model fits, two of the degrees of freedom are seen to have no off-nominal motion or

observable contribution to the deployment, and therefore are removed from the hinge map matrix

to simplify the model. The deployment prediction of the one degree of freedom hinge model is

0.70 seconds, where as the multi-DOF hinge case predicts a peak deployment time of 0.82 seconds

and 0.92 seconds for the cup-down and cup-up initial conditions. The average experimental time

to peak deployment is 0.83 seconds for the cup-down trials and 0.93 seconds for the cup-up trials,

indicating good correlation.

5.1 Steel Tape Springs Hinge Model

For implementation in a proof of concept deployable structure, the significant challenges and

uncertainties uncovered in the composite tape spring hinge study are undesirable. To eliminate
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this, spring steel tape springs are selected for the folded deployable structure study. The behavior

of this material is well known and the simulation of the behavior in a finite element software is

more reliable. Therefore, the following study implements lessons learned from the initial study to

create a model of the hinge configuration of the desired prototype structure. Data is generated

from a finite element model for this study and is considered sufficient due to the well established

properties of the hinge materials and therefore a hinge experiment is not conducted for the spring

steel tape springs. This section provides the details of the hinge data library generation, the

nonlinear regression models, and a statistical evaluation of the model fits.

5.1.1 Prototype Tape Spring Actuated Hinge Design

The folded deployable structure prototype design is presented and reviewed in Chapter 4. For

this study, only the fold line where tape spring hinges are embedded is of immediate interest. Two

tape springs are embedded to provide stability, to reduce the degrees of freedom, and to provide

sufficient torque for deployment. This configuration of this hinge design is displayed in Figure 5.1,

as depicted in the Abaqus 6.14 user interface. The tape springs are identical and their relevant

geometry and material properties are reported in Table 5.1.

Figure 5.1: Implementation of two tape spring hinges on a single fold line of two panels.
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Table 5.1: Hinge geometry for spring steel tape springs as measured and implemented in the FEA
models.

material elastic modulus x-section radius arc length thickness length
(GPa) R, (mm) a, (mm) t, (mm) L, (mm)

spring steel 200 22.46 29.21 0.15 150

5.1.2 FEA Model Construction

The finite element analysis simulations are built in Abaqus 6.14. The hinge is represented as

a shell with elastic behavior defined by the elastic modulus and a Poisson’s ratio of 0.3. The hinge

mounting plates and panel assembly is represented as a discrete rigid part, and the tape springs

are constrained to them using tie constraints. Four node shell (S4R) elements are meshed on the

hinge shell using a 2 mm mesh, as this is the largest mesh size that results in successful folding of

the prototype due to the large deformation of the fold radius on the tape springs, where element

deformations above 20 degrees is not desirable. The asymmetric configurations are implements as

displacement and rotation boundary conditions in static/general steps. Each range of asymmetric

configurations is explored as a separate step enforced on an initially symmetric configuration. An

asymmetric data set is generated for each primary fold angle, θ1, at increments of 5 degrees from

100− 180 degrees of fold, resulting in 9 equal sense data sets. Asymmetries on smaller fold angles

are excluded due to Abaqus convergence issues. Figure 5.2 shows example profiles for the equal

sense and opposite sense cases and with non-symmetric deviations, with a no added deformation

scaling. The same approach for designing the displacement and rotation boundary conditions such

that the simulations converge without error that was implemented in Section 3.4.3 is implemented

here.

5.1.2.1 Asymmetric Definitions

The configuration of the hinge within the prototype design informs the definition of the

asymmetric configurations. From inspection, three degrees of freedom from the six state hinge

model defined in Section 3.2 can excluded for this study. This is due to the fact that the prototype
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has single degree of freedom hinges on the other fold lines, constraining linear motion in the x

and y axes and rotations about the y axis. Therefore, the configuration constraints in the model

simulation contain three asymmetric configurations beyond the nominal fold. These are defined in

Table 5.2, where the first asymmetry is on the primary degree of freedom, and the second asymmetry

captures the remaining observed degrees of freedom on the fold line. Considering the opposite sense

behavior of this hinge, all potential asymmetries are eliminated due to the constraining design of

the panels when folded in this direction. Therefore, only the nominal fold data in the opposite

sense is needed from the simulation.

Table 5.2: Asymmetric boundary conditions used to generate Abaqus (A) data sets in both equal
(E) and opposite (O) folds of the prototype structure hinge, defined in an inertially fixed frame.

Case θ1 sym (deg) θ1 offset (deg) θ2 (deg) θ3 (deg) δ1 (mm) δ2 (mm) δ3 (mm)

AE0 0− 180 0 0 0 0 0 free
AE1 100− 180 ±10 0 0 0 0 free
AE2 100− 180 0 5 0 free free free
AO0 0− 30 0 0 0 0 0 free

5.1.2.2 Importance of Directional Fold Modeling

A notable feature of tape spring hinges is that they can display different moment-curvature

behaviors depending on the direction that the fold is taking place in. This is not referring to how

the fold may be in the equal or opposite direction in terms of the cross-section’s configuration, as

discussed in Section 1.2.2 and displayed in Figure 3.1. Instead, this refers to if the trajectory of the

fold is going into the closed or open configuration, and can be applied to either an equal or opposite

sense fold. The moment-curvature changes due to hysteresis effects and should be included in a

robust hinge model. To do this, an additional piecewise function layer would be added, where the

velocity direction of the hinge would be checked to determine which hinge model to implement at

that state. For the prototype hinge, the moment curvature data for both the folding and unfolding

trajectories of the equal sense fold is displayed in Figure 5.3. The asymptotic peak, at θ = 2.64

degrees, is shown to be much lower in the unfolding direction, but the behavior is otherwise identical.
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(a) AE0 (b) AE1

(c) AE2

Figure 5.2: Examples of displacements implemented in Abaqus where the symmetric angle is ±90
deg.

Figure 5.3: Moment curvature data for the prototype hinge, as predicted for the folding direction
and unfolding direction.
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Due to computational and numerical issues that are observed around the asymptotic peak, only

the unfolding direction is applied in the model implemented here. However, if higher fidelity is

required and the numerical issues are addressed, it is recommended that a directionally sensitive

model be used.

5.1.3 Nonlinear Regression Models

The hinge profile data is fit to polynomial expressions using the nonlinear regression tech-

niques from Section 3.3. Two models are created for use in the prototype deployment model. The

first model is for the nominal fold torque and is only a function of the nominal fold angle. This

provides an idealized model for initial evaluation of the deployment characteristics. The second

model considers the full spatial force and torque profile from the asymmetric profiles of the proto-

type hinge. For both models, a piecewise function is designed for the primary moment such that

the equal sense and opposite sense behavior is modeled independently. This provides a much more

accurate behavior model, where the opposite sense fold behavior is significantly different due to the

presence of the rigid body panels and restricted freedoms due to contact with the panels.

5.1.3.1 Nominal Fold Moment

For the nominal fold moment behavior, the best fit regression model is determined to be a

piecewise nonlinear function of the form

M01 =


∑6

i=2 aiθ
i
1 +

∑4
i=1 bi

1
(θ1+ε)i

θ1 > 0

c1θ1 + c2θ
2
1 θ1 < 0

(5.1)

Where the inclusion of the inverse polynomial terms in Equation 5.1 greatly increases the fitting

performance for the theoretical peak moment due to snap through of a tape spring hinge, as seen

in Figure 5.4. In this expression, θ1 is the nominal fold angle on the primary hinge axis, ε,= 0.001

is a small numerical buffer to prevent numerical issues at 0, and ai, bi, and ci are the coefficients

to be determined through regression techniques. The resulting coefficients are reported in Table
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5.3, and the fit function is plotted over the source data in Figure 5.4. Additionally, the statistic

evaluation of these regressions are reported in Table 5.4 and the histograms and normal probability

are shown in Figure 5.5. The non-linear regression model for the nominal fold data is seen to be a

strong fit in both the equal and opposite sense cases. The model histograms show a near Gaussian

distribution with no outliers and the normal probability is approximately linear as expected. This

model therefore provides a sufficient representation of the hinge behavior when restricted to a single

degree of freedom deployment demonstration.

Table 5.3: Equal and opposite sense nominal fold non-linear regression coefficients. Coefficients
have units of N-mm in this table.

a2 a3 a4 a5 a6 b1 b2 b3 b4 c1 c2

2.24e2 1.43e2 0 -18.54 -3.43 -21.26 4.08 0.16 -1.62e-4 -3.10e5 1.02e5

Table 5.4: Nonlinear regression fit statistics for the nominal fold of the prototype hinge.

statistic equal sense opposite sense

R-Squared 0.99 1
RMSE (N-mm) 11.3 814

5.1.3.2 Six DOF Models of Forces and Torques

The proposed polynomial from Section 3.2, Equation 3.5, is also implemented for the sec-

ondary forces and torques of the steel tape springs prototype hinge model using the asymmetric

data library. As seen in Table 5.5, the coefficient sets are not reduced for this model, where the

RSME is observed to grow for each removal of a coefficient despite no change in the R-squared as-

sessment. The primary moment, M01 , is found to be sufficiently modeled with just the expression

of Equation 5.1 using the steel spring hinge data library as well, and the coefficients for this case

are recorded in Table 5.6. The opposite sense behavior of the hinge is modeled with the same data

of the one-DOF model in Section 5.1.3.1. The RSME and R-squared values for each fit is shown in

Table 5.7, and the fits are for all but the second axis force are all in high percentile with relatively

small RSME compared to the force and torque magnitudes. The histograms in Figure 5.6 reflect
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Figure 5.4: Nonlinear regression fit curves for the nominal fold hinge data.

Figure 5.5: Fit function histogram and normal probability for the nominal fold simulation data.
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this, where the fits follow a normal distribution with few outliers. These force and torque models

are therefore sufficient for use in the demonstration of a multi-DOF hinge actuated deployment.

5.2 Prototype Model Properties

The mass, inertia, and geometry properties of the prototype structure are estimated from

the CAD model, as presented in Chapter 4. Each body’s properties are recorded in that body’s

hinge located reference frame, as defined in Figure 4.10. Table 5.8 records the mass and inertia,

and it’s noted that each panel contains unique non-symmetric inertia properties. Table 5.9 presents

the relevant geometry of the panels and enforces the Miura-ori pattern. Table 5.10 contains the

geometry properties of the constraint nodes, which are the node frames of Panels 1 and 2 from

Figure 4.10. The closed-chain dynamics topography and implementation of the model is a direct

adaptation of the model in Section 2.5.3, where here, body r is panel 4, body m is panel 1, body l is

panel 2, and body j is panel 3. This notation is changed for consistency with the prototype testing

notation. Relative hinge states are referenced in order of their definition, i.e., hinge 4-3 measures

from panel 4 to panel 3 and is expressed in the hinge 4 frame, also for continuity with Chapter 4.

5.3 Results: Deployment Dynamics Prediction

Two deployment simulations are presented with the current model, absent of contact or

damping effects. The first simulation implements the 1-DOF hinge model in an idealized 1-DOF

fold. The second simulation implements a 4-DOF hinge definition with a multi-DOF hinge force

and torque model. The idealized 1-DOF simulation shows a smooth deployment behavior with a

predicted time to peak deployment at 0.70 seconds. The multi-DOF model, on the other hand,

shows behaviors curve that more closely tracks the experimental models, exhibits small oscillations,

and a peak deployment at 0.76 seconds. Both models exhibit unstable constraint violations at peak

deployment that can be attributed to the asymptotic behavior of the hinge model around this state.
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Table 5.5: Reduced coefficients for the prototype hinge assembly FEA model.

coefficient M02 M03 N01 N02 N03

a1 105.29e-3 -69.86 -129.75e-3 -768.48e-3 723.68e-3
a2 -318.17e3 -123.21e3 207.75 -94.46 173.97
a3 -18.99e3 -207.82e3 -890.34 288.94 -528.02
a4 22.12e3 15.40e3 60.89 -4.33 3.10
a5 7.75 14.29 -7.19e-3 151.34e-3 -164.95e-3
a6 -17.48 -32.86 -23.56e-3 -334.97e-3 333.49e-3
b1,1 91.77 34.04 -109.58e-3 343.78e-3 -599.31e-3
b2,2 -4.20e6 -3.60e6 -2.08e3 1.25e3 -1.97e3
b3,3 -1.83e6 -1.71e6 -481.68 557.51 -1.07e3
b4,4 -15.33e3 -13.44e3 -5.83 3.59 -5.80
b5,5 216.17e-3 -11.03e-3 178.22e-6 656.73e-6 4.58e-3
b6,6 208.16e-3 -104.07e-3 61.87e-6 1.41e-3 2.54e-3
b1,2 -198.66e3 -105.69e3 -292.91 61.40 -89.76
b1,3 6.30e3 -95.52e3 -397.31 133.37 -248.77
b1,4 10.26e3 5.02e3 27.98 -2.49 500.11e-3
b1,5 -7.34 418.17e-3 547.87e-6 -5.14e-3 -49.82e-3
b1,6 -707.44e-3 -15.65 -18.69e-3 -143.05e-3 85.93e-3
b2,3 5.46e6 4.99e6 2.03e3 -1.31e3 2.34e3
b2,4 497.43e3 431.36e3 220.90 -127.77 200.22
b2,5 6.37e3 2.49e3 9.77 -3.78 5.16
b2,6 12.70e3 14.99e3 18.64 -3.34 7.30
b3,4 -342.40e3 -314.80e3 -106.69 85.12 -157.63
b3,5 -2.15e3 -288.38 -7.46 -480.06e-3 1.35
b3,6 -2.42e3 -2.48e3 1.55 -1.22 1.84
b4,5 -251.78 -13.29 -601.34e-3 65.04e-3 80.53e-3
b4,6 -644.11 -698.39 -384.07e-3 89.92e-3 -219.37e-3
b5,6 -334.05e-3 395.28e-3 812.43e-6 2.64e-3 -1.33e-3

Table 5.6: Equal sense primary fold model non-linear regression coefficients with asymmetric con-
figuration data. Coefficients have units of N-mm in this table.

a2 a3 a4 a5 a6 b1 b2 b3 b4

194.77 120.18 0 -14.78 -2.66 -23.93 3.70 0.15 -1.50e-4

Table 5.7: Statistics for the fit functions of the prototype hinge assembly model.

statistic M01 M02 M03 N01 N02 N03

Hinge Asm R-Squared 0.96 1 1 0.99 0.87 0.93
Hinge Asm RMSE 14.3 5.6 4.5 0.005 0.01 0.02
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Figure 5.6: Fit function histograms for the asymmetric hinge fold simulation data.

Table 5.8: Mass properties of the rigid root body and panel bodies of the prototype structure,
expressed in respective body frames.

body 1 2

m (kg) 0.3748 0.3748

Jc (kg mm2)

 2642.62 −1546.55 3.66
−1546.55 4408.84 −2.60

3.66 −2.60 7050.26

 2644.47 1547.90 −3.66
1547.90 4409.29 −2.72
−3.66 −2.72 7052.56


body 3 4

m (kg) 0.3735 0.3735

Jc (kg mm2)

 2103.52 −1242.75 3.20
−1242.75 3577.07 −0.55

3.20 −0.55 5679.61

  2637.78 −1544.42 −1.75
−1544.42 4358.84 2.34
−1.75 2.34 6995.27


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Table 5.9: Geometry properties of the rigid bodies of the prototype folded structure, expressed in
respective body frames.

body θ(c, k − 1+) p(c, k − 1+) p(k, c)
(deg) (mm) (mm)

41 [0, 0, 0] [−88.49, 147.69, 0] [0, 0, 0]
42 [0, 0, 120] [166.13, 0.68, 0] [0, 0, 0]
1 [0, 0, 0] [0, 0, 0] [−84.91, 147.193, 0]
2 [0, 0, 0] [0, 0, 0] [86.81, 147.96, 0]
3 [0, 0,−60] [170.75,−2.03, 0] [81.78,−144.98, 0]

Table 5.10: Geometry properties of the constraint nodes expressed in respective body frames.

i θ(k,Nki) p(k,Nki)
(deg) (mm)

1 [0, 0, 120] [85.972, 147.637, 0]
2 [0, 0, 60] [−82.67, 148.27, 0]

Table 5.11: Initial conditions of the numerical simulation.

body q β̇

4 [0, 0, 0, 0, 0, 0] [0, 0, 0, 0, 0, 0]
1 180 0
2 180 0
3 −180 0
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5.3.1 1-DOF Hinge Deployment Model

The initial conditions for the simulation are provided in Table 5.11 and are selected for the

idealized, flat folded relative angles. The hinge between panels 4 and 3 is restricted to a single

degree of freedom rotation about the first axis. The simulation is shown in Figure 5.7 to predict a

smooth deployment behavior with peak deployment occurring at 0.7 seconds. After the structure

reaches a fully deployed configuration however, the structure enters a difference folding mode,

where only the folds at hinge 2-1 and 4-3 are changing, and folds 3-2 and 4-1 remain open. This

can be interpreted as the structure folding in half, and is not observed during the testing. This

discrepancy is attributed to the presence of unmodeled contact in the prototype. In Figure 5.8,

the states of the root body with respect to inertial space show there is a significant general tumble

introduced to the system in response to the deployment. The effect of the deployment to the

system states in an actual implementation of this structure would rely heavily on energy damping

and contact within the structure as well as energy management techniques within the spacecraft.

Figure 5.9 reveals a significant constraint violation at the peak deployment and indicates that better

constraint management techniques are needed for accurate prediction of deployment behavior as

the system crosses this state. Constraint management such as the Baumgarte Stabilization used

here balances tuning the correction gains and the integration time step. This is in direct opposition

to the asymptotic nature of the hinge behavior close to the deployed configuration, θ1 = 0, where

smaller time steps will generate more data points along the asymptotic legs of the curve, producing

a more erratic, and therefore unstable, behavior that is difficult to correct with a simple linear

gain. Therefore, future work should focus heavily on stabilizing constraints under these forcing

conditions. Additionally, future work should focus on determining the true moment peak of the

hinge behavior, where the theoretical peak may be much greater than what is observed, and reducing

this asymptotic peak from the hinge model would greatly improve model stability.
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(a) hinge 4-3 (b) hinge 2-1

(c) hinge 3-2 (d) hinge 4-1

Figure 5.7: Deployment actuation predictions of a 1-DOF hinge simulation and the experimental
behavior from cup up and cup down trials.

Table 5.12: Initial conditions of the cup up and cup down numerical simulations. All initial rates
are set to zero.

body q cup up q cup down

4 [0, 0, 0, 0, 0, 0] [0, 0, 0, 0, 0, 0]
1 176.1 deg 179.6 deg
2 177.5 deg 178.5 deg
3 [−176.4 deg, 5.4 deg,−3.5 mm,−24.6 mm] [−179.0 deg, 1.0 deg,−3.3 mm,−12.1 mm]
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Figure 5.8: Angular orientation and rates of the spacecraft body in three dimensional space.

Figure 5.9: Constraint violations during the 1DOF prototype numerical simulation peak as the
simulation enters the asymptotic range of the hinge behavior.
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5.3.2 4-DOF Hinge Deployment Model

The initial conditions of the two numerical simulations for the 4-DOF case, shown in Table

5.12, are set to emulate the non-ideal, actual conditions of the average deployment from the cup up

and cup down trials. The non-ideal initial conditions were not implemented in Section 5.3.1 because

these initial conditions do not satisfy the constraint conditions of a 1-DOF hinged structure, and

therefore were not stable. From the design of the prototype, the tape spring hinge fold line between

panels 4 and 3, hinge 4-3, is constrained due to the configuration of the other three hinges and

therefore two of the degrees of freedom can be removed, such that the generalized coordinates are

q =

[
θ1 θ2 δ2 δ3

]ᵀ
(5.2)

and the hinge map matrix is

H =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1


(5.3)

From Figure 5.10, the numerical simulation of these four states shows good correlation of the

primary fold, however the three asymmetric states are not well predicted. The observed oscillatory

behavior has a much lower frequency and greater magnitude than what is predicted for θ2 and δ3,

and the δ2 simulation does not predict the oscillation observed. The experimental behavior may be

due to further unmodeled effects from the hinge or may be influenced by unknown perturbations

from the gravity compensation system. The primary angle θ1 is observed to better track the

observed behavior curve than the 1-DOF model, and the deployment peak times are closer to the

observed, at 0.82 seconds and 0.92 seconds for the cup-down and cup-up initial conditions compared

to the 0.83 and 0.93 seconds of the cup up and cup down trials, respectively. However the predicted

behavior at and after the snap through at the peak deployment is observed to quickly go unstable

for these simulations. The constraint violations for the cup up simulation in Figure 5.13 show the

simulation is not able to resolve the constraints near this point and therefore the results are not
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reliable. This is also attributed to the hinge function issues highlighted in Section 5.3.1, where the

instability then influences multiple forcing functions across several states and therefore yields more

erratic behavior. Further investigation into the hinge model approach will yield better predictions

for structure behavior. The states of the other fold lines, seen in Figure 5.11, show good tracking

of the observed behavior for the simulations. The predicted behavior for all fold angles is seen to

accelerate at a greater rate near the deployed state than what is observed, and this is attributed

again to the theoretical peak moment of the tape springs. The prediction does not settle out due

to a lack of contact and damping in this model. The inertial states of the root body in Figure

5.12 shows very similar behavior as that in Figure 5.8, predicting a general inertial tumble of the

system.

5.4 Finite Element Model Comparison

A matching finite element simulation-based model provides an additional analysis that com-

plements the research demonstrated in this goal. A model of the prototype is constructed in

Abaqus to generate deployment dynamics data and is compared to both the experimental data and

the folding system multi-body dynamics model. The finite element model is expected to capture

more subtle behaviors in the system than the multi-body model, however the computation time

is expected to reach exceeding long times. Additionally, development of a working model in the

software is not a simple task. Complex, high deformation simulations are known to have issues,

and the architecture of the prototype is not simple to reconstruct. The prototype is composed of

two tape spring hinges in a system subject to closure constraints in full three-dimensional space,

creating additional computational complexity. This simulation provides a point of comparison for

the performance of the multibody model with another approach seen in the deployable structures

field for studying this kind of system. The literature lacks demonstration of FEA modeling for

folding deployable structures, and therefore this study provides insights for the greater community

on it’s relative use and performance with respect to a multibody model.
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(a) hinge 4-3 orientations

(b) hinge 4-3 positions

Figure 5.10: Deployment actuation predictions of the four states of hinge 4-3 and their experimental
counterparts from all trials.
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(a) hinge 2-1 (b) hinge 3-2

(c) hinge 4-1

Figure 5.11: Deployment actuation predictions of the three 1-DOF hinges and their experimental
counterparts from all trials.
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Figure 5.12: States of the root body in three dimensional space for cup up initial conditions.

Figure 5.13: Constraint violations during the 4DOF prototype numerical simulation peak as the
simulation enters the asymptotic range of the hinge behavior for cup up initial conditions.
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5.4.1 Abaqus Model Construction

Finite element analysis (FEA) has been applied extensively to deployable spacecraft struc-

ture problems and represents the industry standard for understanding complex deformable and

deployable systems. An FEA model of the prototype structure is created to provide an additional

point of reference for the expected deployment behavior. FEA modeling capabilities are required

in addition to multi-body modeling due to the large deformation behavior of the two tape spring

hinges in the system. The behavior of these tape springs as they work together in a closed chain

system is not possible to capture without the full FEA analysis. The model is developed using the

Abaqus/CAE 6.14 program. The program architecture of Abaqus heavily influences and limits the

construction of the model and will now be discussed in detail. The discussion will be formatted to

follow the module design of Abaqus to provide continuity for familiar users.

5.4.1.1 Abaqus\Standard and Abaqus\Explicit

First, the two Abaqus software packages used, Abaqus\Standard and Abaqus\Explicit, are

discussed. These two packages are designed by Abaqus as two complementary analysis tools to be

applied as appropriate to a wide variety of problems. While the tools are used for similar problems,

they are designed with fundamental differences in the theories applied. Abaqus\Standard provides

good static analysis tools by solving for true static equilibrium in structural analysis. It also contains

Dynamic\Implicit analysis, which is well suited for slow and stable dynamics problems. Implicit

analysis uses the current information available at the current time to calculate the unknown values

and requires iterations and convergence checks, which is implemented in Abaqus using the Hilber-

Hughes-Taylor operator (an extension of the trapezoidal rule). Conversely, the Dynamic\Explicit

analysis in the Abaqus\Explicit package obtains unknown values at the current time step using

the information obtained from the previous time step, in what is known as an explicit dynamic

integration method (or forward dynamics). Abaqus uses the forward Euler or central difference

algorithm, and adjusts the time increment to be small enough that the result lies on the curve.
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Abaqus\Explicit is best for dynamic problems that are high speed, have large nonlinear behavior,

or are highly discontinuous. For the context of this research, the large nonlinear deformations

of the tape spring hinges combined with the use of a complex system assembly requires that a

Dynamic\Explicit analysis be used for the free deployment simulation. Therefore, the analysis is

set up in two main phases. The first phase creates a pre-load condition on the system to replicate

the stowed configuration of the structure, and this is completed in Abaqus\Standard. Then, the

results are imported to an Abaqus\Explicit model as the initial state and a full Dynamic\Explicit

step is run.

5.4.1.2 Parts, Material Properties, and Assembly

The physical structure is represented using ten parts with the following attributes. Each

panel assembly, including the Vicon targets, hinge assemblies, and hardware, is represented by a

unique deformable trapezoidal shell part. This is required to minimize the complexity of the mesh

and reduce computation time of the analysis. The full panel assembly is then represented by the

user input inertia properties. The properties are generated by the solid CAD model approximation,

where physically measuring the inertia properties was not an option. The inertia properties are

applied at the center of mass location of each panel for correct geometric representation. The panels

are assigned elastic mechanical properties and set with the Young’s modulus for cast acrylic, as this

is the material of the panels and additional assemblies are represented by rigid bodies. Then four

rigid body hinge attachment plates are used to interface between the folding panels and the tape

spring hinges. These parts are geometrically simplified versions of the hinge attachment plates and

are modified to provide the best mesh and constraint surface definitions in the analysis. Finally,

the tape springs are represented by deformable extruded shell parts with a Young’s modulus for

spring steel. The details of this construction are summarized in Table 5.13. The mesh size of the

tape springs is set to 2 mm, as this is the largest mesh size that results in successful folding of

the prototype due to the large deformation of the fold radius on the tape springs, where element

deformations above 20 degrees is not desirable. Then for successful interactions between the tape
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spring and the attachment plate, the same mesh size is applied to the attachment plate. The mesh

of the panels is set to the recommended size of 33 mm, but is refined to 2 mm at the region that

interacts with the attachment plate, again for interaction purposes. No additional mesh refinement

is achieved due to the sensitivity of the simulation to the mesh, however it’s acknowledged that a

more optimal mesh may yield different results and faster computation time.

Table 5.13: Abaqus model part properties.

Part Type Material Modulus Shell Thickness Instances
(GPa) (mm)

P1 deformable cast acrylic 3 3.175 1
P2 deformable cast acrylic 3 3.175 1
P3 deformable cast acrylic 3 3.175 1
P4 deformable cast acrylic 3 3.175 1

Hinge Plate rigid body spring steel 180 NA 4
Tape Spring deformable NA NA 0.1 2

The full assembly of the prototype is shown in Figure 5.14 for reference. The four panels are

named following the convention established in the deployment test campaign of Chapter 4. This

figure shows the local frame definitions of the panels and the center of mass reference points (RP)

of the panels that are needed for the inertia properties.

5.4.1.3 Interactions and Constraints

Determining the best implementation of the interactions and constraints is a central challenge

to the application of Abaqus to folded deployable structures. First consider the constraints. The

initial approach concept strove to represent the panels as rigid bodies to reduce the computational

complexity of the simulation. However, the interconnected nature of the panels proved to make

this infeasible using the Abaqus framework. The primary way to connect the panels would be

through either constraints or connector elements. A tie constraint between the mesh nodes of the

edge of the panel can represent this behavior if the rotational degrees of freedom are not included

in the constraint between the nodes. This is the method used in this analysis. However, Abaqus

is not capable of enforcing a tie constraint between two rigid bodies. The rigid body tools have



142

Figure 5.14: Graphic representation of system assembly in Abaqus CAE with center of mass refer-
ence points (RP) and local coordinate systems shown for the panels.

been developed to represent interactions between test coupons and their fixtures, and therefore are

not well suited to create this kind of model. Therefore, the panels are represented by deformable

parts and are also given accurate material properties to capture the real system’s flexibility. The

tape springs are attached to the hinge attachment plates using a surface-to-surface tie constraint

between the overlapping surfaces. Finally, the hinge attachment plates are constrained to the

panels at their attachment points using coupling constraints. Coupling constraints require that a

set of slave nodes follow the behavior of a master point. The master point is set to a reference

point on the hinge plates. In the full assembly, each panel is subject to either a master or slave tie

constraint designation for the fold line. This reduces the available nodes for the slave nodes, and

therefore a small radius of influence, set to 60 mm, is dictated for the coupling constraint slave node

designation. A summary of all constraints needed to capture the prototype Miura unit structure is

provided in Table 5.14.

Considering the interactions, there are a few primary concerns to address. These are all due

to the presence of contact in the stowed step of the simulation. Obtaining the stowed configuration

requires the tape springs contact with the attachment plates, while not self-intersecting when they
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Table 5.14: Abaqus model constraint definitions.

Constraint Type Master Slave

H21 Tie Panel 2 Edge Nodes Panel 1 Edge Nodes
H32 Tie Panel 3 Edge Nodes Panel 2 Edge Nodes
H14 Tie Panel 1 Edge Nodes Panel 4 Edge Nodes

P3-Hinge 1 Kinematic Coupling Hinge Plate 1 Panel 3
P3-Hinge 2 Kinematic Coupling Hinge Plate 2 Panel 3
P4-Hinge 3 Kinematic Coupling Hinge Plate 3 Panel 4
P4-Hinge 4 Kinematic Coupling Hinge Plate 4 Panel 4

Tape 1-Hinge 1 Tie Hinge Plate 1 Tape Spring 1
Tape 1-Hinge 2 Tie Hinge Plate 2 Tape Spring 1
Tape 2-Hinge 3 Tie Hinge Plate 3 Tape Spring 2
Tape 2-Hinge 4 Tie Hinge Plate 4 Tape Spring 2

are brought together in the final configuration. Additionally, the shell representations of the panels

may intersect in the fully stowed configuration. The panel contact interactions are considered

negligible due to their thin shell designation, where at a full 180 deg fold they would be occupying

the same plane. Additionally, the expected behavior of the system does not include panel to panel

contact through deployment. A basic ”hard contact” property is defined for all contact interactions.

Contact interactions are defined between each of the attachment plates and the tape springs. These

contact interactions are found to be a primary influence on the deployment behavior, where a ”hard

contact” definition results in a failed deployment, but a staged, multi-step defined separation results

in the expected deployment behavior. No experiments were conducted to model this contact surface,

so these results must be taken with a grain of salt. Future work must be careful in modeling any

contact surfaces within the structure. Additionally, self contact interactions are defined for the

tape springs to prevent self-intersection in the fully deployed configuration. A general self-contact

designation for the full model is not used as it is unnecessary and computationally infeasible.

5.4.1.4 Loads and Boundary Conditions

To obtain the free deployment dynamics behavior, the system must first be preloaded into the

high strain initial condition and then released for deployment. The Loads and Boundary Conditions

modules provide tools to manipulate the model into the desired initial conditions for the dynamic
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analysis. The limitations of the software requires this to be a multi-step process. The specific

sequential implementation of these loads and boundary conditions is outlined in the next section.

The first boundary condition fixes the position of the P4 panel by applying encastre boundary

conditions at each of the reference points of the hinge attachment plates. These plates are selected

because the rigid bodies control both the panel behavior and the tape spring behaviors. Similarly,

the primary fold-enforcing boundary condition is applied at the hinge attachment plate RPs that

are mounted to the P3 panel. A small initial fold is introduce to the 2−1 hinge fold line to ensure the

fold starts in the correct direction, but is otherwise uncontrolled. The boundary conditions of the

static general analysis are applied over a linear ramp on an arbitrary time step, and simultaneously

controlling more than one fold line is not recommended over the full course of the folding step. A

final adjustment is applied after the major fold is implemented to best replicate the physical test

campaign. Additionally, a loading condition is applied to the tape springs to help initialize the

folding behavior. This is a pressure load applied uniformly across the tape springs to press them

flat against the panels at the initial fold. This is necessary because of the high stiffness condition

of the tapes close to the initial buckling in folding. After the initial fold, the pressure is reduced

for the duration of the folding. After folding, the pressure is deactivated. All boundary conditions

and loads are summarized in Tables 5.15 and 5.16, and are removed for the free deployment step.

Table 5.15: Abaqus model boundary conditions.

Boundary Condition Type Location

P4 Encastre RPs on P4 Rigid Bodies
P3 Rotation RPs on P3 Rigid Bodies

h21 Nodes Rotation Fold line nodes on h21

Table 5.16: Abaqus model load conditions.

Load Condition Type Location

Press Tapes Pressure Tape Spring surfaces
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5.4.1.5 Step Sequence

The step sequence is outlined in detail in Table 5.17 and references the same loads and

boundary conditions defined in Tables 5.16 and 5.15. The complexity of the multi-step approach to

creating the desired preloaded condition of this structure illustrates the difficulty of this approach

for folded deployable spacecraft structures. This prototype only contains one fold pattern unit

structure and is the minimum pattern case, where in practice, tens to hundreds of unit structures

are desired. Analysis clock time for the preloaded condition steps is 45 minutes.

Table 5.17: Abaqus model step specifications.

Step BC P4 BC P3 BC H21 BC Adjust Press Tapes

Initial
Initial Fold encastre

[
− 0 0 0 0.1 0

]
UR2 = 0.1 - 2000

Full Fold encastre
[
− 0 − 0 3 0

]
inactive - 1000

Release Press encastre
[
− 0 − 0 3 0

]
inactive - inactive

Deploy encastre inactive inactive inactive inactive

5.4.2 Abaqus Deployment Trial Results and Comparison to Measured Tests

The Abaqus \Explicit deployment simulation results are displayed over the experimental

deployment data in Figure 5.16, and show the bulk deployment behavior is well predicted. Two

seconds of simulation requires approximately 22 hours of user clock time to compute using Windows

10 on a Parallels Virtual Machine, with 4 GB of memory and 2 processors. Clock time can be

significantly improved with more advanced computer hardware. Additionally, an optimization

study to provide a refined mesh may also improve the simulation time. Looking at the secondary

behaviors, such as the oscillations and motion trends, it’s possible the discrepancies between the

experimental and Abaqus simulation are due to test environment effects, such as aeroeffects and

gravity. While these effects can be simulated in Abaqus, this is not done due to challenges with

defining the relative orientation of these effects, and is left to future work. The predicted deployment

time is seen to be 0.88 seconds, midway between the cup up and cup down trials. The result is

suspected to be due to the initial conditions of the simulation, and the imperfect modeling of the
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contact behavior between the tape springs and their attachment plates. Over all, the simulation is

able to predict the bulk behaviors and the settling of the structure in the deployed state well.

(a) folded (b) deploying (c) deployed

Figure 5.15: Graphic representation of the deployment stages from the Abaqus simulation GUI.

In conclusion, this Abaqus modeling effort quantifies the time and effort commitment of

creating a high fidelity deployment model, and highlights the limitations of the multibody dynam-

ics modeling approach. In practice, it’s recommended that the multibody modeling approach be

implemented for large scale fold patterns of many bodies and for early design iterations of the

geometry, mass, and hinge properties. The fast computation speed of the multibody framework

increases feasibility of large parameter design studies and the accuracy of the deployment model

is shown to be sufficient for informing early design evaluations. A high fidelity FEA deployment

model should also be studied, but is primarily recommended for validation phases of the project.

The FEA model is best able to capture the secondary behaviors of the flexible panels, the lock

out of the hinges, and contact behaviors. Deployment testing of a prototype provides context for

expected performance and should also be conducted during the design cycle of the project. All

three data sets confirm the prototype folded structure will successfully self-deploy with the tape

spring actuated hinge design.
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(a) hinge 4-3 orientations

(b) hinge 4-3 positions

Figure 5.16: Deployment actuation predictions from the Abaqus FEA model of the four states of
hinge 4-3 and their experimental counterparts from all trials.



Chapter 6

Conclusions and Future Work

6.1 Summary and Conclusions

This dissertation presents a method for simulating the deployment dynamics of a novel, self-

actuated folded deployable spacecraft structure. Origami folded architectures are gaining interest in

the field of deployable structures for many applications. The development of deployment actuation

techniques for these structures is an active area of interest, and the simulation of the deployment

dynamics of such architectures has not been discussed in detail. In this thesis, high strain tape

spring hinges are studied for deployment actuation in a folded structure, presenting a novel challenge

due to the multi-DOF behavior of the hinges within the architecture. Several commercial tools for

multibody dynamics models and finite element models exist, but evaluation of their application to

the specific challenges of these deployable systems has not been presented. Full context of where

the current state of the art is for deployable structures modeling is presented in Chapter 1. In this

thesis, the application of a general dynamics framework to this problem is presented. A method

of capturing the nonlinear multi-DOF behavior of the tape spring hinges is presented and testing

is conducted to validate the method. Additionally, a prototype folded structure is designed and

manufactured, and deployment tests are conducted. These tests provide a measure for comparing

the predicted behavior generated by the dynamics modeling approach and shows good performance

for deployment time and behavior prediction. Therefore, this thesis contributes a novel method for

deployment actuation of folded deployable structures, outlines the applicability and challenges of

current dynamics modeling approaches for these systems, and furthers the understanding of flexible
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hinge behaviors within these systems. Highlights of each chapter are identified as follows.

A self-actuated folded deployable spacecraft structure presents a novel modeling challenge

due to free-flying spacecraft dynamics coupled with a complexly constrained multibody system. An

approach that blends several SOA articulated body-derived robotics dynamics algorithms together

is presented in Chapter 2 to address the multibody folded structure problems. The articulated

body forward dynamics algorithm is outlined as the basis for the approach, and derivations that

generalize the ABFD algorithm to the spacecraft folded deployable structure scenario are provided.

The tree augmented approach is developed for any grid formatted spacecraft structure. It is found

that this approach provides significant value over the Lagrangian approach or Kane’s equations.

This is due to the computation gains of the recursive structure of the equations of motion and that

the algorithm provides a framework for working with a high volume of rigid bodies and rigid body

constraints. Origami-folded structure topology is studied and interpreted for dynamics analysis

using graph theory, and two forms of a 4 body architecture, the four-bar mechanism and a map

fold unit, are analyzed for algorithm demonstration. Origami-inspired folding topologies with large

number of bodies are shown to have algorithm gains for recursively calculated loop constraints,

however constraint violations are a significant concern, as demonstrated on two cases of multiple

constraint configurations. Future work in the field should focus on developing robust constraint

correction and stabilization tools for systems with a large number of constraints as well as multiple

constraints applied to a given body in the system.

Chapter 3 presents an approach for capturing the full six degree of freedom force and torque

behavior of a tape spring hinges in symmetric and non-symmetric configurations as a function of

the hinge’s six relative coordinates. Non-symmetric behavior is demonstrated to have significant

force and torque profiles and therefore should be included in a robust dynamics model. First,

numerical predictions for force and torque are generated in Abaqus for three non-symmetric cases

in the equal-sense fold and two non-symmetric cases for the opposite-sense fold for two materials.

These two materials are found to display similar behavior in both experimental and numerical

data. A non-linear regression is applied to the full data set of each material assuming a simple
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second order polynomial, and the resulting fits are evaluated. Fits for the numerical data are not

conclusively good, and therefore interpolation methods or a look-up table may be more appropriate

for capturing these data trends, depending on needs. The regression is found to improve if smaller

asymmetry ranges are used, or if the equal and opposite fold regimes are fit separately, so using

a piecewise switching function is another solution. Experimental and numerical data predicting

the hinge behavior in symmetric and non-symmetric folding are obtained. The results from these

databases do not correlate and are not able to conclusively validate each other. This is primarily

due to differences in the fabrication of the composite tape spring configuration and the assumptions

of the material model. This highlights a major issue in implementing composites, where each batch

is uniquely manufactured and earlier models must be considered carefully before applying them to

later units.

In Chapter 4, a prototype folded deployable structure is designed to represent a base unit

of the Miura-ori pattern. The deployment for this structure is self-actuated by the use of two

high strain tape spring hinges on one of the fold lines. These tape springs are embedded within a

segmented fold line, presenting a novel solution to the implementation of a tape spring actuated

folded structure. Deployment tests of the structure are conducted with videogrammetry, data is

reduced to the relative spatial hinge states, and the precision of the deployment as well as structure

manufacturing is discussed.

In Chapter 5, simulations of the prototype are constructed from models presented in Chapters

2 and 3. The simulations are compared to the data collected in 4 and performance is evaluated. The

simulations of both a 1-DOF and a 4-DOF hinge model show good prediction of the deployment

time, however deployment behavior past the peak deployment is not well predicted due to a lack of

contact and damping in the model. Issues due to constraint violations are also acknowledged. An

additional simulation is constructed using a full finite element analysis, and the deployment time is

also well predicted, as well as the settling period. The overall deployment behavior is also captured

across multiple degrees of freedom, however the simulation takes 22 hours of computation time

to complete. This confirms the original motivation of designing a more computationally efficient
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method of deployment dynamics modeling, and demonstrates that multibody dynamics modeling

is able to predict deployment behavior with similar accuracy. In practice, it’s recommended that

the multibody modeling approach be implemented for large scale fold patterns of many bodies

and for early design iterations of the geometry, mass, and hinge properties. The fast computation

speed of the multibody framework increases feasibilty of large parameter design studies and the

accuracy of the deployment model is shown to be sufficient for informing early design evaluations.

A high fidelity FEA deployment model should also be studied, but is primarily recommended

for verification and validation phases of the project. The FEA model is best able to capture

the secondary behaviors of the flexible panels, the lock out of the hinges, and contact behaviors.

Deployment testing of a prototype provides context for expected performance and should also be

conducted during the design cycle of the project. All three data sets confirm the prototype folded

structure will successfully self-deploy with the tape spring actuated hinge design.

6.2 Recommendations for Future Work

There are several key areas to develop to improve the simulation capabilities of folded deploy-

able spacecraft structures. Some of the recommendations for future work in the area of multi-body

dynamics modeling for folded structures include

(1) The development of robust constraint enforcement for multiple constraints applied to an in-

dividual rigid body in a cut-tree topology multi-body dynamics model. Multiple constraints

on a single body can be interpreted as conflicting correction calculations, resulting in poor

constraint enforcement for both sets. A method for resolving these coupled constraints

simultaneously is needed to ensure correct constraint enforcement.

(2) The development of robust constraint enforcement at the system level for multiple rigid

body constraints. Multiple constraints within the system, regardless of if they are on the

same body, can also cause correction conflicts as the folded structure is highly coupled

through many interconnected loops. A constraint enforcement technique that solves for
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constraints across coupled loops is needed.

(3) Creating base unit models that can be used to quickly create full system folding structure

models. The prototype model in this thesis represents a single base unit of the Miura

pattern, for example. A framework for copying and connecting several units of this base

unit model would enable faster design and evaluation cycles for structure development.

Some recommendations for implementing high strain tape spring hinges in folded deployable struc-

tures include

(1) Improving the quality and repeatability of high strain composite tape spring manufacturing,

which in turn will improve the predictability of the hinge behavior modeling.

(2) Improve material testing techniques for high strain composite tape spring hinges.

(3) Develop tape spring hinge geometries to eliminate or reduce asymmetric fold behavior,

therefore eliminating complex force and torque behaviors that are difficult to predict.

(4) Developing an approach to model the damping in the tape spring hinge behavior, particu-

larly around the snap-through state of the hinge.

Some recommendations for improving FEA applications to folded deployable spacecraft structure

simulations include

(1) Development of boundary condition enforcement in terms of relative coordinates. The

Abaqus finite element software is designed for small systems simulation and is currently

not capable of applying loads or boundary conditions in a relative frame manner. This is

very restrictive for origami folding structures, where the fold pattern may induce complex

spatial motion.
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Appendix A

Lagrangian Approach to Dynamics Model Derivation

A.1 Introduction

Modeling the dynamics of deployable structure and spacecraft systems using a more efficient

approach has not been investigated due to the complexity and lack of approach precedence in the

literature. The deployment dynamics of complex deployable systems must be understood to verify

deployment and to ensure mission success, and should be available early in the design process to

enable more efficient and reliable designs. In this chapter, modeling the hinge behaviors in folded

deployable structures as functions of the translational and rotational displacement is investigated

using the Lagrangian dynamics method. This approach is applied to a prototypical single panel

and a three panel folded structure on a host spacecraft. The system is studied and described using

dynamics techniques traditionally developed for attitude dynamics and control to better understand

how the structure’s motion affects the spacecraft motion.

A.2 Modeling Approach

A simple example of a folded space structure is a z-folded solar array, where the fold pat-

tern extends the structure linearly through single axis rotations. For the applications mentioned

above, more complex patterns are needed, where panels are folded on multiple edges and undergo

full three dimensional rotations through the fold. Therefore, these problems must be approached

using full three dimensional rotational and translational descriptions, and will not be simplified to

single degree of freedom kinematic chains. Additionally, the coupling of the panel behaviors and
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Figure A.1: Reference frame and relative coordinate definitions of one panel.
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the spacecraft attitude are of primary concern. Therefore, intuitive relations between the panel

descriptions and the hub descriptions are pursued. The modeling approach is developed using

energy-based dynamics modeling methods, particularly Lagrange’s Equations, to create full multi-

body dynamics models. This method works well for derivations of n-body problems such as this,

where energy can be described in general coordinates for each panel set. The equations of motion

as found through Lagrange’s Equation is expressed generally as

∂

∂t

∂T

∂q̇i
− ∂T

∂qi
= Qi (A.1)

where Qi is the generalized force and can represent conservative and non-conservative forces and

torques, T is the kinetic energy of the system, and qi are the generalized coordinates. There are

many ways to describe these three components, and the formulation will become less trivial as

the model expands across larger structure flashers. The generalized coordinates of each rigid sub-

component contains 6 degrees of freedom, which are best described in either global position and

orientations or relative position and orientations. The trade here is due to kinetic energy being

a function of global terms, and the generalized forces being a function of the relative terms. The

definition of the relative terms, δA/A0
and θA/A0

, are illustrated in Figure A.1 on a single panel

example. The body-fixed A0 frame represents the position and orientation at which there are no

restorative forces or torques acting between the two bodies. The panel-fixed A frame represents the

actual position and orientation of the panel relative to this reference, and when these two frames

are aligned, there are no internal hinge forces or torques in the system.

In this approach, the relative term descriptions are needed for integrating empirical models

of flexible hinge behaviors into the multi-body dynamics simulation. Experiments on hinge force

and torque responses can be conducted on a single hinge test article for all possible combinations of

displacement and orientation. A mathematical approximation of the hinge behavior as a function

of the relative coordinates would be ideal, however even without a mathematical fit, a interpolation

over a look up table would also provide this. Therefore, the generalized forces are written in terms

of the relative position displacement and relative orientation of the attached panel. All forces are
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modeled as generalized forces Qi, instead of using potential functions, as this study is interested

in developing a framework where any forces written as functions of the hinge displacement and

orientation relative to the body can be applied.

A.3 Spacecraft Bus and Single Panel Model Derivation

A.3.1 Equations of Motion Development

A single panel case is first considered to develop the hinge representation expressions. This

case is set up as two general bodies representing a spacecraft bus and a rigid panel. The spacecraft

bus center of mass position, RB/N , and orientation, θB/N , are unconstrained and tracked through

inertial space. For this study the body orientation is parameterized using 3-2-1 Euler Angles, but

any attitude parameterization can be applied. The spacecraft bus kinetic energy is then determined

through

TB =
1

2
ωB/N [IB]ωB/N +

1

2
mBṘB/N · ṘB/N (A.2)

Where the B frame is a body fixed frame and N indicates an inertial frame. A diagram of the

required reference frames is shown in Figure A.1. Additionally, ωB/N is the rotation rate of the

body with respect to the inertial frame, [IB] is the body inertia tensor, mB is the body mass, and

ṘB/N is the inertial velocity of the body. Similarly, the kinetic energy of the panel is written in a

general form, for a panel fixed frame P, as

TP =
1

2
ωP/N [IP ]ωP/N +

1

2
mP ṘP/N · ṘP/N (A.3)

Where ωP/N is the rotation rate of the panel with respect to the inertial frame, [IP ] is the panel

inertia tensor, mP is the panel mass, and ṘP/N is the inertial velocity of the panel.

Then the total kinetic energy of the system is the sum of these two contributions. The

generalized coordinates are selected to include the spacecraft states as expressed in the spacecraft

body frame, and the panel relative coordinates as expressed in the zero-orientation A0 frame,

q =

[
BRB/N

BθB/N
A0δA/A0

A0θA/A0

]ᵀ
(A.4)
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Where the inertial position of the panel is

RP/N = rP/A + δA/A0
+ rA0/B +RB/N (A.5)

the inertial velocity is determined using the transport theorem,28 where each position vector is

expressed in a convenient frame. The inertial velocity is a function of the position and the rate of

the frame it is expressed in with respect to the inertial frame. This presents the need for careful

frame selection and expression. To develop the most general solution, each vector will be expressed

in the spacecraft body frame. Then the velocity expression is

ṘP/N =
Bd

dt

(
rP/A + δA/A0

+RB/N
)

+ ωB/N ×RP/N (A.6)

To express each relative position vector in the body frame, the transformation of the vector’s

expressed frame to the body frame is needed. The relative orientation of the hinge attachment

frames, the A and A0 frames, to their fixed bodies, the P and B frames respectively, are defined for

any general configuration and recorded as 3-2-1 Euler Angles. This allows flexibility in the system

assembly and keeps the analysis applicable to all panel shapes and configurations. The relative

orientation between each frame is then converted to corresponding direction cosine matrices. The

frames are illustrated in Figure A.1, and because theA0 frame is fixed in the B frame, the orientation

is time invariant. Similarly, the orientation of the attachment origin on the panel frame relative to

the panel, A, is time invariant. Then the relative orientations are

[PA] = f(θ1,P/A, θ2,P/A, θ3,P/A) (A.7a)

[BA0] = f(θ1,B/A0
, θ2,B/A0

, θ3,B/A0
) (A.7b)

Additionally, the transformations of the generalized orientations are

[AA0] = f(θ1,A/A0
(t), θ2,A/A0

(t), θ3,AA0(t)) (A.8a)

[BN ] = f(θ1,BN (t), θ2,BN (t), θ3,BN (t)) (A.8b)

The relative orientation between the P and N frames are determined then from direction cosine

matrices as

[PN ] = [PA][AA0][BA0]
ᵀ[BN ] (A.9)
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This orientation matrix models how the panel rotates relative to the inertial frame and is needed

to express the panel inertial rate in the kinetic energy function, where the kinematic differential

equation of this orientation is known for 3-2-1 Euler Angles.28 This attitude is highly nonlinear

expression as a function of the time variant general coordinates θB/N (t) and θA/A0
(t), as well as

the offset orientations [AP] and [BA0].

A.3.2 Elastic Hinge Force and Torque Derivation

Now the interactions between these two bodies are to be defined, where the two bodies interact

only through the elastic hinge connection. The contributions from elastic hinges are implemented

as restorative forces and torques as a function of the relative displacements and rotations between

the two bodies. To do this, a relative equilibrium state is defined such that when the bodies reach

this state, there are no internal forces or torques acting between the bodies. In this study, these

forcing functions are generic place holder representations, however in future studies, these will be

replaced with functions that are determined empirically for a given hinge material. The relative

states are tracked through two reference frames, an equilibrium frame, A0, at which zero force and

torque is experienced, and a true position frame, A, as depicted in Figure A.1. The equilibrium

frame is fixed in the body frame, however it does not share the same position or orientation as the

body center of mass because these forces and torques are not acting directly at the body center of

mass. Conversely, the relative position frame is fixed in the panel frame.

Here a derivation of the relative force and torque between two bodies is presented. The

classical definition for N generalized forces Qj is28,33

Qj =
N∑
i=1

fi ·
∂Ri

∂qj
(A.10)

where Ri is the location of the point where the force is being applied. The generalized force

expression of a pure inertial torque, L acting on an arbitrary body E , is derived from this as28

Qj = τ ·
∂ωE/N

∂q̇j
(A.11)



166

The internal restorative force and torque of the hinge will act in equal and opposite sense on the

bus and panel, however, they will not be acting on the same locations in inertial space due to

the displacement of the hinge. Therefore these force and torque vectors are expressed in general

coordinates as follows

Qj = FA/A0
·
∂RA0/N

∂qj
− FA/A0

·
∂RA/N

∂qj
+ τA/A0

·
∂ωA0/N

∂q̇j
− τA/A0

·
∂ωA/N

∂q̇j
(A.12)

Recognizing that the bus and panel are each rigid bodies and expanding yields

Qj = FA/A0
·
∂RA0/N

∂qj
− FA/A0

·
∂(δA0/A +RA0/N )

∂qj

+ τA/A0
·
∂ωB/N

∂q̇j
− τA/A0

·
(∂ωA/A0

+ ∂ωB/N )

∂q̇j
(A.13)

Simplifying, the positions and rates relative to inertial cancel out to the following expression

Qj = −FA/A0
(δA0/A(t)) ·

∂δA0/A(t)

∂qj
− τA/A0

(θA/A0
(t)) ·

∂ωA/A0
(θA/A0

(t))

∂q̇j
(A.14)

This reduction reveals that the generalized forces can be expressed as a function of the relative

displacement and relative orientation only, a desirable simplification. Finally, the force and torque

expressions must be defined. For this study, the forces and torques are written as linear spring

functions for the sake of simplicity of verification.

F = [KF ]δA/A0
(t) (A.15a)

τ = [Kθ]

[
θ3,A/A0

(t) θ2,A/A0
(t) θ1,A/A0

(t)

]ᵀ
(A.15b)

An advantage to building the hinge model using this approach is the ability to tune these forcing

functions to investigate desired behaviors. For example, a major desire for deployment dynamics

is damping the motion to achieve rest at full deployment, avoiding kickback and energy dissipation

through undesirable material deformations. By including a damping term in this expression, the

required damping properties of a material or device can be investigated. Additionally, in cases where

a given motion is negligible, constraint forces can be used to arrest the motion in the simulation.
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A.4 Spacecraft Bus and Single Panel Model Initialization and Validation

The derivation discussed above is carried out using symbolic tools in Mathematica to auto-

generate the equations of motion. The script is written in a general way, such that only the

spacecraft and panel mass, inertia, and configuration properties are needed to generate a model.

Additionally, the model is verified using numerical tools in Mathematica, where only the state

initial conditions are required for the simulation. Generation of the generalized forces is also built

in a general way, such that any internal hinge force and torque functions can be given to the system.

Knowledge of the spacecraft bus and rigid panel mass and inertia properties is needed, as well

as the reference frame configurations in the zero-force orientation. This information is generated

here for a simple model in Table A.1 and Table A.2. Additionally, general initial conditions are

generated for this simulation to test the model’s performance across all generalized coordinates and

are reported in Table A.3. However, in a real deployment test scenario, these initial conditions would

be generated to simulate the deployable structure’s stowed configuration and would be entirely

dependent on the kinematic behavior of the flasher pattern and on constraints of the hinge and

panel materials.

Table A.1: Mass and principle inertia parameters of the single panel simulation.

mB (kg) mP (kg) IB (kg/m2) IP (kg/m2)

100 10 [100, 100, 100] [1, 1, 1]

Table A.2: Relative positions and orientations of the single panel simulation.

rA0/B θA0/B rP/A θP/A
[0.75, 0.433, 0] m [0, 0, 30] deg [1, 1, 0] m [0, 0, 0] deg

The results of a verification simulation run are displayed in Figure A.2. The angular momen-

tum is observed to maintain an effective zero momentum, indicating that the forces and torques

act internally and only produce relative motion. This is further verified by tracking the barycen-

ter of the bus and panel system and observing that it maintains a constant position through the

simulation, indicating all forces and torques act internally.
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Figure A.2: Single panel simulation results and validations.
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Table A.3: Initial conditions of the single panel simulation.

RB/N (0) θB/N (0) δ(0) θP/N (0)

0 0 [1, 1, 1] cm [10, 20, 30] deg

A.5 Multiple Panel Set Model

A.5.1 Equations of Motion Development

The approach outlined for the single panel case are now expanded to a 4-body, 3-panel case

with panel-to-panel interconnections. The derivation for this case is written as generally as possible,

where further extrapolation to greater sets of panels would be carried out using the same approach.

The model is limited to 3 panels to maintain traceability for the reader. For any N panels, the

total kinetic energy of the system is written as

T =
1

2
ωB/N [IB]ωB/N +

1

2
mBṘB/N · ṘB/N +

N∑
i=1

[
1

2
ωPi/N [IPi ]ωPi/N +

1

2
mPiṘPi/N · ṘPi/N

]
(A.16)

The relative generalized coordinates will be selected for this model to simplify identifying desired

initial conditions and the zero force and torque configurations. Therefore the generalize coordinates

are

q =

[
BRB/N

BθB/N
A0,1δA1/A0,1

A0,1θA1/A0,1
A0,2δA2/A0,2

A0,2θA2/A0,2
A0,3,1δA0,3,1/A3,1

A0,3,1θA0,3,1/A3,1

]ᵀ (A.17)

Then the inertial position of each panel will have dependencies on the relative position of itself and

any connecting panels. For panels adjacent to the body, or in this example, for i = 1,2

RPi/N = rPi/Ai
+ δAi/A0,i

+ rA0,i/B +RB/N (A.18)

The inertial position vector of the 3rd panel is

RP3/N = rP3/A3,1
+ δA3,1/A0,3,1

+ rP1/A1
+ δA1/A0,1

+ rA0,1/B +RB/N (A.19)

Again, the inertial velocity of each panel body is determined using the transport theorem,28 where

multiple reference frames are now in use. The frames for expression of these position descriptions
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Figure A.3: Reference frame definitions of a 3 panel case.

are chosen to simplify these calculations, however it is not possible to avoid a resulting expression

that is heavily non-linear and coupled across the generalized coordinates.

A.5.2 Generalized Forces for Multiple Panel Connections

The interdependence of the third panel is observed in Figure A.3 where displacement and

orientation of the panel must be known with respect to the two adjacent panels. However, the

generalized coordinates selected only track one of these relative states to avoid a redundant and over-

constrained system. Therefore, the other relative state must be backed out through the kinematic

chain as follows, coupling the motion to the adjacent panel.

δA0,3,2/A3,2
= (rA0,3,2/P2

+RP2/N )− (RP3/N − rP3/A3,2
) (A.20)

Additionally, the rotation rates of the third panel with respect to the second must be calculated

from the rates of the adjacent bodies

ωA0,3,2/A3,2
= ωA0,2/A2

− (ωA0,1/A1
+ ωA0,3,1/A3,1

) (A.21)

With these two additional relationships, the generalized forces and torques can be determined. The

simplification found in Equation A.14 be used for the force and torque of each hinge, where the
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generalized forces acting on the system are the sum of the generalized forces generated by each

hinge. The total generalized force expression for the system is the sum of these body forces and

torques across the system.

Qj = −FB/P1
(δA0,1/A1

(t)) ·
∂δA0,1/A1

(t)

∂qj
− τB/P1

(θA0,1/A1
(t)) ·

∂ωA0,1/A1
(θA0,1/A1

(t))

∂q̇j

− FB/P2
(δA0,2/A2

(t)) ·
∂δA0,2/A2

(t)

∂qj
− τB/P2

(θA0,2/A2
(t)) ·

∂ωA0,2/A2
(θA0,2/A2

(t))

∂q̇j

− FP3/P1
(δA0,3,1/A3,1

(t)) ·
∂δA0,3,1/A3,1

(t)

∂qj

− τP3/P1
(θA0,3,1/A3,1

(t)) ·
∂ωA0,3,1/A3,1

(θA0,3,1/A3,1
(t))

∂q̇j

− FP3/P2
(δA0,3,2/A3,2

(t)) ·
∂δA0,3,2/A3,2

(t)

∂qj

− τP3/P2
(θA0,3,2/A3,2

(t)) ·
∂ωA0,3,2/A3,2

(θA0,3,2/A3,2
(t))

∂q̇j
(A.22)

Where the forces and torques are functions of the displacements at the hinge indicated in the

subscripts. As with the one panel simulation, these forces and torques are tested as simple linear

spring functions as defined in Equation A.15. The equations of motion of this system can now be

generated using Equations A.16 and A.22 in Equation A.1. This results in a system of 24 equations

for the 24 generalized coordinates selected.

A.6 Three Panel Model Initialization and Validation

The spacecraft bus and rigid panel mass and inertia properties, position and orientation

parameters, and initial conditions are generated here for a multiple panel model in Table A.4,

Table A.5, Table A.6, and Table A.7, respectively. These parameters represent a simple toy case

that is designed to test performance across the generalized coordinates. The results of the 3 panel

case simulation run are shown in Figure A.4.
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Figure A.4: Three panel simulation results.
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Table A.4: Model parameters of the single panel simulation check, mass is in kg and inertia is in
(kg/m2) and shows the principle inertias.

mB mP1 mP2 mP3 IB IP1 IP2 IP3

100 7 7 9 [100, 100, 100] [1, 1, 0.1] [1, 1, 0.1] [1, 1, 0.1]

Table A.5: Relative positions (m) of the single panel simulation check.

rA0,1/B rA0,2/B rP1/A1
rP2/A2

rP1/A3,1
rP2/A3,2

[0.75, 0.433, 0] [−0.75,−0.433, 0] [1, 1, 0] [1, 1, 0] [1, 1, 0] [1, 1, 0]

Table A.6: Relative orientations (deg) of the single panel simulation check.

θA0,1/B θA0,2/B θP1/A1
θP2/A2

θP1/A3,1
θP2/A3,2

[0, 0, 30] [0, 0,−30] [0, 0, 0] [0, 0, 0] [0, 0, 45] [0, 0, 45]

Table A.7: Initial conditions of the single panel simulation check.

RB/N (0) δA1/A0,1
(0) δA2/A0,2

(0) δA0,3,1/A3,1
(0)

0 [0.01, 0.02, 0.03] [0.01, 0.02, 0.03] [0.01, 0.01, 0.01]

θB/N (0) θA1/A0,1
(0) θA2/A0,2

(0) θA0,3,1/A3,1
(0)

0 [30, 20, 10] [−30,−20,−10] [−5,−10, 5]
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Figure A.5: Three panel simulation validations.
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