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Since their advent in the late 1970’s, satellite geodetic techniques have revolutionized the
monitoring of the Earth’s orientation in inertial space and significantly contributed to advances in
geodynamics. Long- and mid-term features manifesting in the Earth Rotation Parameters power
spectra are, in general, accurately determined and explained. In contrast, sub-daily fluctuations
affecting polar motion and length-of-day are not known as precisely. The lack of highly-resolved
time series is currently a strong limiting factor for gaining more insight into rapid polar motion - the
parameter of interest here - and its geophysical implications. This thesis was aimed at customizing
an estimation strategy targeting the recovery of polar motion at very high temporal resolution
based on GPS ground observations only. To this end, the trade-space existing between the precise
determination of the GPS satellite orbits and clocks themselves and the retrieval of the Earth’s pole
coordinates at sufficient accuracy for geodetic purposes was extensively investigated. The strategy
design and underlying rationale are described. Candidate strategies are presented and results
obtained from the reanalysis of one year of data are shown and analyzed. The challenges associated
with the determination of ultra-rapid polar motion are discussed. In particular, mathematical
singularities stemming from various sources are emphasized and handling techniques proposed.
Difficulties inherent to the quality assessment of the estimates are stressed and the methodology
employed for conducting relevant performance analyses is detailed. The validity of the solutions
generated is demonstrated through the recovery of geophysical signals such as the major semi-
diurnal and diurnal ocean tides and large-scale oceanic and atmospheric circulations. Among
other geophysical applications, preliminary results for the detection of so-called megaquakes are
shown based on the 2011 M9.0 Honshu earthquake event. Recommendations and guidelines for the

determination of polar motion at high frequencies are formulated based on the numerous test cases



studied.
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Chapter 1

Introduction

1.1 Context of the study

The Earth’s rotational motion and position in space are characterized by multi-scale varia-
tions in both the location of the Earth’s spin axis (referred to as polar motion) and its rotational
speed (length-of-day). Fluctuations in the orientation of the Earth are induced by external torques
exerted on the planet as well as exchanges of angular momentum within the so-called Earth system,
composed of the solid Earth (comprised of the crust and the mantle), its core (inner and outer),
the hydrosphere (encompassing the oceans, ground water reservoirs and the cryosphere) and the
atmosphere.

Because part of the variability of the Earth’s rotation vector is caused by internal torques,
monitoring the rapid and ultra-rapid (sub-daily) changes in its orientation is relevant to a variety of
scientific fields, among which are geomagnetism, oceanography and meteorology for instance. As a
result, the study of the Earth’s rotation is deemed one of the most interdisciplinary of geosciences.

The determination of highly resolved, high-precision Earth rotation parameters has the po-
tential to fulfill the three objectives of the study of the Earth’s rotation identified by Dickey in
[62]. Improved estimates of the polar motion and Earth’s rotation rate could provide new insight
into the dynamics of the Earth’s interior and contribute to advancing the knowledge of the in-
teractions and coupling between the various layers of the Earth system. In addition, identifying
with increased precision the causes of observed rotational irregularities would help constrain and

refine the modeling of the geophysical processes involved, which would subsequently result in more



accurate estimates.

Beside their geophysical significance, the Earth orientation parameters (EOP) essentially
provide the transformation between the celestial inertial and Earth-fixed re-ference frames. Because
errors in timing and polar motion estimates directly map into spacecraft angular position errors,
precise knowledge of the Earth’s rotation and orientation in space is crucial in the context of
interplanetary navigation. Increasingly stringent tracking accuracy and navigation requirements
are imposed on interplanetary missions. EOP accuracy specifications are typically formulated in
terms of equivalent displacement on the Earth’s surface. Back in 1997, the Mars Pathfinder mission,
which involved a landing phase, required 5-cm calibration accuracy (translating into an accuracy
level of 1.67 milliarcseconds in polar motion) three weeks after the observations [185]. Recent
missions have placed stronger constraints on the quality of the measurements; thus stressing the
need for more accurate and more frequent EOP estimates.

For all the reasons cited above, the accurate determination of the EOP is fundamental to
both geodesy and navigation. As such, the EOP have been the subject of intensive investigation

ever since the advent of space geodesy.

1.2 Historical perspective and state-of-the-art performance

EOP series arise from two sources: classical techniques (optical astrometry and lunar oc-
cultation) and modern space geodetic techniques (VLBI, SLR, LLR, DORIS, GNSS). Changes in
the Earth’s orientation have been routinely observed and documented by optical astrometry since
the late 19th century. Reviews of historical Earth orientation monitoring by means of astrometric
observations can be found in [127], [147] and [148] for example. Beginning in the 1970s, the clas-
sical techniques have been gradu-ally replaced by space-based observational techniques which are
particularly suited to the survey of large-scale geophysical phenomena. Lunar and Satellite Laser
Ranging (LLR, SLR) were the first two techniques to assist in the Earth Rotation Parameters
(ERP) monitoring, soon followed by Very Long Baseline Interferometry (VLBI) and the Global

Positioning System (GPS) [172]. The potential of the GPS technology to recover precise ERP was



detected by Freedman in the early years of the system [73] and the generation of daily-resolved
solutions started in 1992. The Center for Orbit Determination in Europe (CODE) pioneered the
production of sub-daily ERP series based solely on GPS data in 1994 [104]. Several centers have
been working on specialized estimation techniques ever since (e.g. [179], [162] and [69]).

Historically, the interferometric and laser ranging techniques (VLBI, SLR and LLR) have
provided the most accurate ERP estimates and EOP estimates in the case of VLBI. However, at
high frequencies, these systems suffer from cost and computational limitations. In these conditions
and owing to the relatively low cost, high reliability, global coverage and ever-increasing precision
of the system, it is believed that GPS has the potential to outperform all other geodetic techniques
at high temporal resolution as far as polar motion is concerned.

Each of the aforementioned space-geodetic techniques has its own unique strengths and weak-
nesses with regard to the determination of the EOP. Each technique is sensitive to a different subset
and/or linear combination of the Earth orientation parameters. The heterogeneity observed in the
EOP products delivered by each technology also originates in different temporal resolutions, tempo-
ral lengths, tracking data quality, abundance and latency and inherent maximum reachable levels of
precision. Based on complementarity and redundancy considerations, Gambis [79] claims that the
production of high-quality EOP series necessitates combining at least three independent techniques.

The International Earth Rotation Service (IERS) provide EOP series in the form of bulletins
and, more recently, in the form of so-called EOPCO04 files. Bulletin A, issued by the IERS Rapid
Service, contains a rapid determination of the EOP and their formal errors at daily intervals along
with predictions for one year into the future. In contrast, Bulletin B reports the so-called final
determinations of EOP series at 5-day intervals. The EOPC04 series were meant as a continuous
version of Bulletin B (e.g. [122]) but differ in the sense that they were recently made consistent
with specific realizations of the International Terrestrial Reference Frame (ITRF) (see [19] and [20]).
In all three cases, the EOP series are based on a combination of individual analysis results using
data from VLBI, SLR, GPS and LLR [112]. The reader is referred to [79] and [183] for a detailed

description of the combination techniques operationally run by the IERS and other analysis centers.



As defined by Gambis et al. in [77], the precision of a particular EOP solution directly
relates to its agreement with a combined solution while accuracy reflects ”the real uncertainties
of a solution taking into account the inconsistency and systematic errors of the EOP system with
respect to terrestrial and celestial frames”. A literature review reveals discrepancies in the report
of state-of-the-art performances of currently available EOP time series. Thus, in 2004, the level
of precision for polar motion was believed to amount to 50-100 microarcseconds and to be of the
order of 4-10 microseconds for UT1. Meanwhile, the accuracy level then ranged between 150 and
200 microarc-seconds for polar motion and from 15 to 25 microseconds in UT1 [77]. The nominal
figure published on the IERS webpage is a precision of 200 microarcseconds for GPS-derived, daily-
resolved polar motion times series and 60 microseconds for corresponding UT1 series. In late 2009
however, the International GNSS Service (IGS) claimed their ultra-rapid (6-hourly updated) polar
motion series were accurate to less than 50 microarcseconds. As of 2010, several sources mention 50
microarcseconds to be the current level of accuracy of polar motion estimates, therefore this value
is considered nominal. Performance comparisons in terms of precision and accuracy relative to the
results published by different groups around the globe remain challenging due to the multiplicity
of definitions that seem to exist for both terms as well as a confusion in the terminology and a lack

of information on the performance metrics used in each case.

1.3 Research Overview

The research conducted for this thesis is part of a larger effort led by the Orbiter and Radio-
metric Systems (ORMS) group at the Jet Propulsion Laboratory (JPL) to significantly improve the
accuracy of various geodetic parameters estimated from GPS observations. This goal is pursued by
refining the estimation strategies and dynamic models tailored for the GPS satellite constellation
while taking advantage of the high reliability of the GPS tracking data.

In the frame of that project, this work focuses on the development and optimization of an
estimation strategy specifically targeting the recovery of the Earth’s pole coordinates at very high

(sub-hourly) temporal resolution. Aside from the fact that no space-borne technique can compete



with VLBI as far as the determination of UT1-UTC is concerned, the reasons for concentrating
exclusively on polar motion are exposed in section 2.2.1.
The motivation for this study, along with the challenges and objectives it carries, are ad-

dressed in the sections that follow.

1.3.1 Motivation

As highlighted in section 1.1, an improved representation of the rapid changes in the ERP
would benefit both the aerospace engineering and scientific communities. From a scientific stand-
point, it would enhance our understanding of the rotational response of the Earth to sub-daily
non-tidal excitations such as those caused by atmospheric and oceanic forcings. In this context,
the effects of natural hazards, such as tsunamis or earthquakes, on the rotational dynamics of
the Earth are also of great interest. Simulations show that earthquakes and, in some cases, the
transport of water mass generated by subsequent tsunamis have the potential to cause rapid and
permanent changes in the polar wobble and length-of-day. It is believed that such changes could
be observable from space-based measurements. However it has been demonstrated by Gross and
Chao in [92] and Gross in [89] that the most recent largest seismic events (the Sumatra and Chile
earthquakes that occurred in 2004 and 2010, respectively) cannot be detected in currently produced
observational time series. They estimate that the noise level is about three times greater than the
estimated change in polar motion induced by those two seismic episodes. No results have been
published yet, relative to the observation of anomalous behavior in polar motion directly linked to
the earthquake that hit Japan in 2011, to the best of our knowledge. This cataclysm is believed to

have the potential of being the first event detectable.

Our current knowledge of the variations in the Earth’s orientation at sub-daily periods suffer

from deficiencies that are principally due to two factors:

e The lack of sub-daily Earth orientation measurements constitutes the first and foremost

limitation to the investigation of the short-term perturbations affecting the EOP. As high-



lighted in section 1.2, the standard time series delivered by the IERS are resolved on a daily
basis and higher-resolution estimates obtained by indivi-dual research institutions remain

experimental and, as such, are not necessarily publicly available.

e The issue is further complicated by the fact that geophysical processes typically manifest as
red noise signals. Hence, detecting the small-amplitude signals occurring at high frequencies

requires increasing the signal-to-noise ratio currently achieved rather significantly.

In addition, while it is true that other research groups have been designing estimation proce-
dures for the past decade, the topic is still very much under investigation. In particular, methods
for determining high-frequency ERP estimates using JPL’s GIPSY /OASIS II software package have
never been implemented operationally. Moreover, due to computational limitations and constant
experimenting of new models and paramete-rization methods, there exist no homogeneous time

series spanning multiple years as stressed in [179].

1.3.2 Objectives and Challenges

As stated above, the ultimate goal of this work is to establish a routine estimation strategy to
monitor polar motion at sub-hourly intervals. This is accomplished by investigating the trade-space
for optimal pole coordinates and precise GPS orbit determination (GPS POD).

The research presented in this dissertation provides answers to the following questions:

e What is the optimal estimation interval for the recovery of precise, useful polar motion

data?

e What is the optimal orbit determination arc length in terms of balancing the orbit deter-

mination accuracy with the quality of the polar motion estimates?

e To what extent does the polar motion-tailored estimation strategy improve or degrade the
accuracy of the GPS satellites precise orbit determination, possibly as a function of arc

length and estimation interval?



e Are the polar motion estimates retrieved meaningful? What is the accuracy limit or internal

precision reached?

e Based on the estimated noise level, what kind of geodetic signals can be observed?

Several challenges were identified along the way, among which the most critical ones to the
determination of precise pole coordinates are listed below and commented on in the paragraphs

following.

e the nutation handling,

e the dynamic modeling of the GPS satellites at tidal periods,

e the quality assessment of the solutions.

The term nutation handling refers to the various singularities connected to the estimation
of daily and sub-daily polar motion. These singularities arise from separability issues affecting
the orbital elements of the GPS satellites and the pole coordinate themselves as well as from
the intrinsic dualism between the motions of nutation and polar motion in the frequency band
of interest. The mathematical formulations and approaches taken to mitigate the effects of the
degeneracy are extensively discussed in sections 2.1.4 and 2.2.2.

Because of the 2:1 resonant nature of the GPS orbits with the rotation of the Earth about
its axis and the sidereal GPS constellation repeat period, accurate dynamic modeling is critical
to correctly separate the diurnal and semi-diurnal tidally-induced variations in polar motion. In
addition, in the context of atmospheric and oceanic circulation recovery, the Sun-synchronous
diurnal frequency gives rise to thermal tides, i.e. tides generated by solar heating and thus changing
the dynamics of the atmosphere, while impacting the GPS constellation orbit determination through
systematic errors caused by deficiencies in the solar radiation pressure model.

Assessing the quality of a GPS-derived polar motion solution is challenging in the absence of
a known true solution or perfect geophysical models. Although a varied set of external and internal

performance metrics can be used, distinguishing between strategy artifacts and real signal remains



difficult, especially in the diurnal frequency band and above, when geophysical processes are less

well known and their associated models are less reliable.

1.3.3 Methodology
The work was organized into three distinct phases:
1. the modification of JPL’s GIPSY/OASIS II software package;
2. the development, testing and tuning of estimation strategies;

3. the validation of the strategies through comparisons with the model officially recom-
mended by the ITERS to predict the impact of ocean tides on the pole coordinate variability
in addition to comparisons with Atmospheric Angular Momentum (AAM) and Oceanic An-
gular Momentum (OAM) time series produced by the European Center for Medium-range

Weather Forecast (ECMWF).

The first phase consisted in adding the capability to estimate the Earth Rotation Parameters
as stochastic processes in the GIPSY /OASIS II software package. Due to the limited length of the
EOQP file format in the current version of the software, the estimation of the EOP were operationally
limited to their modeling as biases and the solution interval was restricted as well to comply with
the number of entries in the file. To be more specific, in the case of the pole coordinates, the issue
was not related to the high-frequency estimation of the parameters itself but to its application.

The second phase constituted the core of the research completed. It included deve-loping,
testing and tuning different estimation strategies. The quality of the solutions generated was
then evaluated based on spectral and covariance analyses in particular. The trade-space between
the precision of the solutions classically retrieved from GPS POD (i.e. orbits, clocks, station
coordinates) and the quality of the pole coordinate solutions obtained was carefully analyzed at
this stage of the work.

The third and last phase corresponded to the ultimate validation of the solution strategies. It

was based on the comparison of the estimated time series with geophysical quantities. In particular,



the compliance, to a satisfactory level, of any non-tidal signal present in the estimate time series
with the atmospheric and oceanic angular momenta was verified. As expected, the steps taken
in the performance assessment of the candidate strategies facilitated the selection of one of the
candidate strategies as the optimal one, at least relative to the other two strategies considered.
The residual polar motion time series were also analyzed in search of potentially real signal and
detectable strategy artifacts. The procedures used were also applied to the detection of the 2011
Honshu major earthquake in order to provide some insight into the current limitations hindering the
detection of earthquake signals buried within the polar motion residual series. This last application
also offered some prospective on the strengths and shortcomings of the methods employed along

the course of this research work.

1.3.4 Research Contributions

The primary contributions of this dissertations are listed below. They are synthesized in the

paragraphs that follow and discussed in more details in the concluding chapter of the dissertation.

1. the implementation in the GIPSY /OASIS II software package of models and upgrades

enabling the stochastic determination of the Earth rotation parameters,

2. the design and optimization of estimation strategies aiming at the recovery of polar

motion at very high temporal resolution,

3. a set of guidelines for the determination of polar motion at high frequencies based on

GPS ground data alone.

The major contribution of this work consists in the upgrade of the GIPSY /OASIS II software
package. In particular, the capability of estimating the pole coordinates as highly resolved stochastic
processes was added to the software. Moreover, models were added or updated to enhance the
accuracy of the pole coordinate solutions. The GPS data processing performed for this work led to

contributions in the development of the Long Arc Processing software.
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Rapid and ultra-rapid polar motion can now be estimated and analyzed using the GIPSY /OASIS
software and specialized estimation procedures. The levels of accuracy and precision reached are
shown to be competitive with those reached by other research centers. Post-processing tools spe-
cialized for the analysis of polar motion were also implemented, although not necessarily in the
software packages cited earlier.

Finally, the extensive testing and careful investigation of the trade-space between the tem-
poral resolution and the accuracy of the solution among others, provides a set of guidelines for the
determination of polar motion at periods up to a few weeks. Factors such as the parameterization
and selection of the ground network, the data sampling rate, the orbit determination arc length,
the parameterization of the pole coordinate stochastic estimation, the antenna calibration and the

formulation of non-gravitational forces were considered among others.

1.4 Dissertation Overview

This dissertation is outlined as follows. Chapters 2 and 3 provide the necessary background on
the Earth’s rotation and its multi-scale variations. Chapter 4 synthesizes the statistical parameter
estimation problem and is tailored towards the description of the algorithms implemented in the
software package employed throughout this research. Chapter 6 describes the software packages
this work heavily relied on and details the modifications brought to the GIPSY /OASIS II software.
The estimation strategy design and implementation are discussed in Chapters 5 and 7, respectively.
Preliminary results based on covariance analyses are shown, analyzed and discussed in Chapter 8.
A more extensive performance analysis is conducted in Chapter 9 where the candidate strategies
are evaluated depending on how well geodetic signals are recovered. To conclude, Chapter 10
synthesizes the contributions made through this research and presents guidelines for the precise
determination of the Earth’s pole coordinates at high temporal resolution. Ideas for future work
on the topic are also outlined; the motivation for each of the follow-on research tasks suggested is

briefly presented.



Chapter 2

The Earth’s Rotation

2.1 The Earth Orientation Parameters

In principle, the orientation of the Earth in inertial space can be fully characte-rized by three
angles, assuming the origins of the celestial and terrestrial reference frames to be aligned. By
convention however, the Earth’s rotational behavior is separated into the motion of the rotation
axis in the solid Earth and its motion in space through the introduction of intermediate reference
frames defined by a common reference pole, the Celestial Intermediate Pole (CIP). This convention
originates in the fact that whether the rotation of the Earth is studied from a kinematic standpoint
or from a dynamical point of view, both approaches naturally lead to this decomposition of the
rotational motion of the Earth. Indeed, the motions of precession and nutation describe the kine-
matics of the Earth with respect to the quasi-inertial celestial reference frame and arise from the
action of torques external to the Earth system. In contrast, polar motion and the Earth’s proper
rotation reflect the dynamics of the Earth system itself.

The orientation of the Earth can be described as the sum of predictable components and
others that need to be determined through estimation procedures. The motions of precession and
nutation can be accurately modeled unlike the variations in the rotational speed of the Earth or
the exact position of the CIP with respect to the geodetic rotational axis. As a consequence, the
Earth orientation is traditionally specified by a set of five variable and observable angular quantities

commonly referred to as the Earth Orientation Parameters (EOP). These angles are:

e O, or UT'1-UTC where UT1 is the time scale associated to the total rotational phase angle
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of the Earth and UTC is the Universal Time Coordinated.

UT1-UTC is connected to the angular velocity of the Earth;

e (zp, yp), the coordinates of the Celestial Intermediate Pole (CIP) relative to the Conven-

tional Terrestrial Pole (CTP), the Earth’s actual rotation axis and geodetic North pole;

o (0Ae, A1), the celestial pole offsets in obliquity and in longitude respectively. These two

variables correct the deficiencies of the IAU precession and nutation models adopted.

The EOP are all expressed relative to the CIP, which coincides with the average pole over long
periods of time. The motion of the CIP in space is composed of a combined motion of precession
and nutation. Its location is therefore determined by the application of a precession-nutation model.
The rotational behavior of the Earth is described by UT1-UTC and the trajectory followed by the
pole coordinates. This subset of parameters form the Earth Rotation Parameters (ERP), sometimes
referred to as the UTPM parameters. A sketch of the ERP is included in Fig. 2.1, where GAST
(Greenwich Apparent Sidereal Time) is a synonym for UT1 - UTC'. It is noteworthy that Fig. 2.1
employs the nomenclature and concepts related to the classical formulation of the orientation of
the Earth. The differences between the classical and modern paradigms of Earth orientation are

treated in detail in this chapter.
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Figure 2.1: Earth Rotation Parameters, taken from [171]
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The complexity of the Earth’s rotational behavior due to the superposition of several motions
is illustrated in Fig. 2.2. The motion amplitudes are given in minutes and seconds of arc. The
characteristics indicated for polar motion correspond to the amplitude and period of the Chandler

wobble, discussed in Chapter 3.
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Figure 2.2: Motions undergone by the Earth’s rotational axis, from [124]

The four different types of motion the Earth orientation model accounts for are discussed in
the sections that follow, with an emphasis on polar motion as well as on precession and nutation.
The parameters connected to the rotational speed of the Earth are only briefly addressed since they

were not dealt with directly during this research work unlike the other three motions.

2.1.1 Rotation rate

UT1 is a time scale connected with the diurnal rotation of the Earth. It de-signates the
Universal Time scale after it has been corrected for the shift in longitude caused by polar motion.

Hence, UT1 is independent of station locations and is linearly proportional to the Earth’s rotation
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angle (ERA) with respect to the International Celestial Reference Frame (ICRF). Its rate is chosen
so that the day of UT1 is close to the mean duration of the solar day. Additionally, the phase of
UT1 is chosen so that 1200 UT1 corresponds approximately to the instant when the Sun crosses
the Greenwich meridian.

Fluctuations in UT1 are connected to changes in the Cyg coefficient of the geopotential and
are typically expressed in terms of (excess of) length of the day (LOD), which is defined as the
negative of the time derivative of UT1.

The actual observable is UT1 — UT'C' which can be viewed as the angle of rotation of the
Earth relative to a mean rotation angle. UTC is designed to closely follow UT1 by the introduction

of leap seconds released by the IERS in their Bulletin D.

2.1.2 Polar motion

e Definition

Polar motion, or polar wobble, is defined as the trajectory traced by the true pole at the
surface of the Earth around the mean pole and in the direction of the Earth’s rotation. It results
from the variations occurring in the coordinates characterizing the orientation of the Earth’s spin
axis relative to the Earth’s crust. These angular coordinates are called the polar coordinates x, and
yp and form a left-handed system; the x-coordinate being measured along the Greenwich meridian
while the y-coordinate is taken along the 90° West longitude. Variations in the polar coordinates
are caused by the departure of the figure axis of the Earth from the instantaneous pole of rotation
(IRP) as seen from a body-fixed reference frame attached to the solid Earth. Three types of axes

are involved in the rotation of the Earth around its center of mass:

(1) the figure axis of the Earth, defined as its axis of symmetry or, more generally, as its

instantaneous principal axis of maximum inertia,

(2) the Earth’s instantaneous spin axis, which is the axis crossing the center of mass of the

Earth and about which the Earth rotates at each instant,
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(3) the axis defined by the direction of the angular momentum vector of the Earth.

Over long time periods (typically longer than 10 days, according to the IERS) these axes are
all coincident. However, the distinction becomes critical in frequency bands close to the diurnal
frequency. Hence, polar motion specifically refers to the wobble of the spin axis of the Earth about
its figure axis [87]. Consequently, the coordinates x, and y, are connected to the Cy; and So;
coefficients of the geopotential, themselves related to the position of the figure axis.

In addition to these three natural axes, a fourth, conventional one, is introduced in the
decomposition of the motion of the Earth in space, the CIP, defined in section 2.3.5. It is critical to
note that the pole coordinates reported by the IERS designate the location of the CIP, an axis that
is closer to the Earth’s figure axis than to the instantaneous Earth’s rotation or angular momentum

axes. The reasons for referring observed polar motion to the CIP are detailed by Gross in [87].

e Prograde and Retrograde Polar Motion

Since the pole describes an elliptical trajectory around the figure axis of the Earth, the polar

motion vector can be expressed in the complex plane as shown in Eq. 2.1.
D =D~ 1Py (2.1)

Starting from Eq. 2.1, polar motion is conveniently separated into the sum of a prograde (eastward

motion) and a retrograde (westward motion) component, as shown in Eq. 2.2.
p= Ay er () 4 A, e'r i) (2.2)

In Eq. 2.2, (A4,, ¢p) denote the amplitude and phase of the prograde component while (A,, ¢,) are
the equivalent quantities for the retrograde component. The parameter «(t) represents frequency.

The amplitudes and phases of the prograde and retrograde components of the motion can be
derived analytically as follows. Beginning with Eq. 2.1, the coordinates of the pole are expressed
as shown in Egs. 2.3. In the case of tides, a(t) denotes the astronomical fundamental argument,
sometimes referred to as ¢(t) and defined in Eq. 3.1 of Chapter 3. The variables C,, and S, ,

represent the amplitudes of the cosine and sine components of the x- and y-coordinates of the pole.
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P = Cypcos(a(t)) + Sysin(a(t))

py = Cycos(a(t)) + Sy, sin(a(t))

Proceeding by identification between the expanded version of Eq. 2.2 and Eqgs. 2.3, the coefficients
of the cosine and sine components of the prograde and retrograde polar motion can be determined.

The prograde amplitude and phase are then computed as shown in Eqgs. 2.4.

1
Ay = 5\/(096 = Sy)? + (S + Cy)?

(S, +C,)? (24)
q)p = arctan ((C'Z——S'ZP)
Likewise, the amplitude and phase of the retrograde term are calculated using Eqs. 2.5.
1
A = 3\J(Cot 8,02+ (S5 - Cy)?
(2.5)
®, =arctan M
T (Cy + Sy)?

The distinction between prograde and retrograde polar motion is particularly important for the
recovery of the pole coordinate fluctuations induced by the diurnal and semi-diurnal ocean tides.
Indeed, the impact of tides on the variability of polar motion is traditionally expressed in terms
of prograde and retrograde variations. This convention is explained by Mathews and Bretagnon
in [137] by the fact that the prograde and retrograde motions originate in the action of the same
potential on different geopotential coefficients. Due to the ambiguous definitions of nutation and
polar motion in the diurnal band, it is expected that prograde polar motion can be retrieved more
accurately than the retrograde motion in that frequency band. This is verified when spectral

analyses of the estimates are performed (see Chapter 8).
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2.1.3 Precession and Nutation

Unlike the ERP that must be determined through actual observations, precession and nu-
tation can be mostly described through theory as pointed out earlier. Indeed, because nutation
and precession are primarily products of torques acted upon the Earth by the surrounding celestial
bodies, these types of motions are largely periodic and predictable. Therefore, the celestial pole
offsets §Ae and §Avy actually represent corrections in obliquity and longitude to be applied to the
position of the celestial intermediate pole predicted by the precession and nutation models. These
corrections to the conventional models are determined by VLBI processing and reported by the
IERS in Bulletins A and B (c.f. section 1.2). The motions of precession and nutation arise from
the same torques and are of the same nature; nutation being a by-product of the precession of the
equator as explained by Kovalevsky and Seidelmann in [123].

The precessional motion of the Earth is composed of three kinds of periodic motion: the
precession of the ecliptic, the precession of the equator (also known as planetary precession) and
the geodesic precession induced by relativistic effects. On the one hand, the ecliptic moves under
the influence of the gravitational force created by the surrounding planets and acting upon the
Earth’s orbit. On the other hand, the equator moves under the influence of the Sun, Moon and
planet torques on the dynamical figure of the Earth, in a motion called luni-solar precession. Thus
the term luni-solar precession denotes the smooth ~ 26,000-year period motion of the mean pole of
the equator about the pole of the ecliptic. In addition, a short-period motion of the true pole around
the mean pole, resulting from the combination of a variety of short-periodic motions and referred
to as nutation, occurs as part of the precession of the ecliptic [123]. The nutation of the Earth’s
axis is made of a combination of periodic motions, the largest component being characterized by a

period of 18.6 years, similar to that of the precession of the lunar orbital nodes.
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2.1.4 Nutation and Polar Motion

Nutation and polar motion are two very intertwined notions, artificially separated in the
conventional parameterization of the Earth orientation. Both terms represent the same motion
only seen from two different viewpoints. While polar motion describes the motion of the Earth’s
spin axis with respect to the Earth’s crust, nutation refers to the same motion relative to inertial
space. For this reason, polar motion and nutation always occur simultaneously; the frequency of
nutation being higher than the corresponding polar motion frequency by 1 cycle per sidereal day (the
mean rate of the Earth rotation or cpsd) relative to the space-fixed frame. As a consequence, and as
explained by Wahr in [194], the distinction between the two concepts can be operated considering
the time scale at which the underlying excitation processes occur. Excitations at periods much
longer than one day as seen from the Earth cause polar motion while nutation is associated to
nearly diurnal excitations, again as seen from the Earth. This distinction stresses the relevance of
polar motion monitoring for geodetic purposes since processes originating in the Earth and capable
of influencing the rotation of the Earth occur over long time scales [194].

By convention, the arbitrariness in the definition of nutation and polar motion is formally
resolved by imposing two constraints on the frequency contents of polar motion and nutation. These

constraints are:
1. there is no retrograde diurnal component to polar motion;
2. reciprocally, there are no prograde diurnal nutation terms.

Figure 2.3 summarizes the conventions adopted by the IERS to distinguish between polar motion
and nutation depending on the period considered.

From a purely observational standpoint, separating nearly diurnal polar motion from long-
period nutations remains challenging however, as emphasized by Gross in [87] and verified along

the course of this thesis.
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Figure 2.3: Dualism between Polar Motion and Nutation [44]

2.2 Singularities associated with space-borne EO monitoring

As mentioned in section 1.2, not all space geodetic technologies have access to the same
subset of EOP nor contribute the same amount to the IERS official combined solutions. Table
2.2 displays a rough estimation of the weight the individual observational techniques are allocated
in those combined solutions. The table is adapted from [77] and [69]. The stars denote the
observability of the geodetic parameter considered on a given line of the table using the geodetic
technique specified by the column number. The number of stars reflects the relative contribution
of each technique to the products derived by the IERS. An empty star reflects the fact that, while
a parameter is observable, its determination through the technique is not included in the TERS

combined solution.

’ Geodetic parameters H VLBI \ GNSS \ DORIS \ SLR ‘ LLR ‘

UT1 *hk

LOD *kk * % * * *
Polar Motion *kk *kk * *k e
Nutation **x | * (rates) * (rates) |

Table 2.1: Contributions of space geodetic techniques to the monitoring of the EOP, adapted from
[77] and [69]

Obviously, due to the over-determination of the Earth orientation parameter set, at most three
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parameters can be estimated simultaneously unless special constraints are imposed. Additional

observability and parameter separability issues are discussed in the next two sections.

2.2.1 UT1-UTC, Precession and Nutation

No satellite technique can observe absolute UT1-UTC or celestial pole offsets. The satellite
orbital elements, in particular the inclination, right ascension of the ascending node (RAAN) and
argument of latitude, are indeed fully correlated with each of the former three angles, as demon-
strated in Egs. 2.6.

AUT1-UTC) = - (AQ +cos(i) Aug) [k
dAe = cos(2) Ai +sin(i) sin(2) Aug (2.6)
0A sin(gg) = —sin(Q) Ai + sin(i) cos(2) Aug

In the set of Egs. 2.6, Q is the right ascension of the ascending node (RAAN) of the satellite, ug
is the argument of latitude at the osculating epoch, i denotes the inclination of the orbit, and k
the ratio of universal time to sidereal time. The parameter ¢ is the mean obliquity of the ecliptic.
The analytical derivation of this set of equations can be found in [161] and is not reproduced here.

VLBI is actually the only observational technique capable of a direct determination of the
Earth’s rotational phase angle and celestial pole offsets. The space-borne techniques have access
to the time derivative of the former quantity, which corresponds to the (negative) length-of-day
(LOD). The system can nonetheless be made obser-vable provided a priori information is available.
Namely, UT1-UTC can be determined by satellite techniques by tightly constraining the parameter
at the first epoch of the observation arc to its a priori value at the time. This statement holds for
the nutation corrections in longitude and obliquity.

Despite the possibility to estimate the Earth’s rotation rate using GPS under certain, seem-
ingly easily fulfilled, conditions, this work deals solely with the determination of the Earth’s pole
coordinates. The decision to ignore the third component of the ERP set was motivated by several

factors:
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e First, GPS-based series for UT1-UTC are unlikely to demonstrate a precision level of the

order of that guaranteed by the VLBI products.

e Then, UT1-UTC varies more rapidly and more erratically than polar motion, as a result the
short-term oscillations are more difficult to model and capture than those affecting the pole
position. Using GPS, correlations of unidentified origin are introduced when UT1-UTC is

estimated simultaneously to polar motion, weakening the overall ERP solution.

e Finally, LOD cannot be estimated as a stochastic parameter in the software package used for
this work, which prevents its inclusion in the strategy and determination at high temporal

resolution.

2.2.2 Sub-daily Polar Motion

Polar motion is directly accessible to all space geodetic techniques. Yet, the determination
of the pole coordinates at sub-daily intervals is complicated by the combination of two different
singularities.

As mentioned in section 2.1.3, polar motion and the nutation of the Earth are fully degenerate
due to the over-determination of the Earth orientation through five parameters instead of the three
sufficient and necessary.

In [30], Brzeziniski and Capitaine mathematically model this degeneracy as follows:

p = Ne
where p = z,-iy, (2.7)
and N = X +iY =sin(eo) At +iAe

In Egs. 2.7, p denotes the polar motion vector expressed in the complex plane while N
symbolizes the nutation vector. The complex formulation of the nutation vector is derived in [30].
The fact that the non-uniqueness of the set of ERP results in the strict equivalence between a

prograde diurnal nutational motion and retrograde diurnal polar motion can be proven by expanding
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Eqgs. 2.7. Doing so yields Eqgs. 2.8, in which the polar motion coordinates are formulated as

nonlinear combinations of the nutation parameters and rotational phase angle of the Earth.

xp = —At) sin(eg) cos(6) — Ae sin(6)
= —A1) sin(gg) sin (g - 9) - Ac cos (g - 9) (2.8)

yp = —A sin(eg) sin(#) + Ae cos(0)

The polar motion appearing in Egs. 2.8 can be interpreted as diurnal due to the presence of the
GAST angle 0. In addition, the motion is considered retrograde given that the x, component
precedes the y, component by 90°.

Because the nutation correction terms are correlated with the orbital elements of the satellites
through Eqgs. 2.6, retrograde diurnal polar motion becomes correlated as well with the orbital
elements as a secondary effect of Eqs. 2.8. Hence, issues arise even when the celestial pole offsets
are not estimated in the final solution and the determination of polar motion at sub-daily intervals
leads to the estimation of large retrograde diurnal terms. A geometrical interpretation of this
singularity in the case of the GPS constellation is proposed by Eubanks in [70] and was adapted to
the GPS constellation by Rothacher et al. in [162]. Fundamentally, the source of the singularity can
be viewed as the impossibility to separate rotations of the Earth from rotations of the entire network
of satellites when many satellites are tracked simultaneously and as viewed from inertial space [70].
In the particular case of GPS, this separability issue stems from the fact that a common tilting
of all six orbital planes in the inertial frame can be entirely compensated by an exact retrograde
diurnal polar motion signal [162].

Dealing with the singularities defined in sections 2.1.4 and 2.2.2 is commonly referred to
as nutation handling in the literature. That terminology is employed in the remainder of this
document. Two main approaches were briefly considered at some point of this research. First, the
retrograde diurnal signal could be mostly eliminated by introducing an a priori model. This solution

did not seem very practical however because it requires an accurate knowledge of the effects of the
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singularity on the estimates, effects that are difficult to quantify and predict. Second, an estimation
strategy could possibly be developed to minimize the amplitude of the retrograde polar motion
signal in the diurnal band. A shortcoming of this technique resides in the resulting mitigation of
potentially real and useful geophysical information contained in the retrograde diurnal part of the
polar motion spectrum. In particular, the Nearly Diurnal Free Wobble (NDFW), corresponding
to the Free Core Nutation (FCN) mode as seen from the terrestrial frame, is a retrograde process
exhibiting a nearly diurnal frequency as seen from the Earth, as discussed in Chapter 3. Fortunately,
the implementation of the latest International Astronomical Union (IAU) models of precession and
nutation [152] significantly reduced the need for proper nutation handling. Ultimately, no specific

constraints were applied to block the retrograde diurnal signal out during the estimation procedure.

2.3 Evolution of the Conventional Theory of Earth Orientation

2.3.1 Introduction

Over the past decade, the conventional theory of Earth orientation has evolved from a repre-
sentation derived solely from the dynamics of the solar system to a purely kinematic representation.
This has resulted in significant changes in the formulation of the attitude of the Earth and hence
in the related nomenclature. The modifications to the conventions are listed and briefly justified
in a series of Resolutions adopted by the International Astronomical Union (IAU) and by the In-
ternational Union of Geodesy and Geophysics (IUGG). The need for the transition between the
old and the new sets of concepts and parameters as well as the differences between these two sets
are fully detailed and discussed in the papers compiled in the IERS Technical Note 29 [43]. The
purpose of this section is to offer a background on the Earth’s rotation by synthesizing the main
implications of the evolution of the conventions, especially regarding their implementation. Thus,
it provides insight into the part of the thesis devoted to the upgrade of the software package used,

further detailed in Chapter 6.
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2.3.2 Reference frames and systems involved

Models and theories of the Earth orientation are needed to accurately transform vectors from
an inertial reference frame to a terrestrial reference frame. Such transformations require the use
of a space-fixed reference frame, the so-called conventional celestial reference frame, an Earth-fixed
reference frame, the so-called conventional terrestrial frame, and the introduction of two moving
reference frames of date that serve as intermediate reference frames. Figure 2.4 displays the various
frames at play, together with their defining parameters. The type of motion relating one reference
system to the next is also indicated.

As visible in Fig. 2.4, the Celestial Intermediate Reference System (CIRS) and its Terres-
trial counterpart, the TIRS, are the two intermediate reference systems involved in the procedure
transforming between the Geocentric Celestial Reference System (GCRS) and the International
Terrestrial Reference System (ITRS). Note that although a re-ference system is rigorously defined
as a specific realization of a reference frame, it is possible that in this document the terms system

and frame are used indifferently at times.
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GCRS
Epoch: NiA
Pole/Equator: ICRS equator and pole
Ongin on the equator;: RA of the ICRS

Bias

Mean of J2000
Epoch: 120040 ¢

Pole/Equator: mean equator
Origin on the equator: mean equinox

Precession

Mean Equinox of Date
Epoch: date w

Pole/Equator: mean equator of date
Origin on the equator: mean equinox of Date

Mutation

True Equinox of Date/CIRS
Epoch: date <
Fole/Equator:True Equator/CIP
Origm on the equator: True Equinox/CIO

Sidereal
Rotation

Pseudo Earth Fixed/ TIRS
Epoch: date <«
Pole/Equator:intermediate equator/CIP
Orngin on the equator: Greenwich Hour Angle/TIO

Polar Motion

Earth-fixed/TTRS

Epoch:date <

Pole/Equator:gecdetic pole/geodetic equator
Origm on the equator: longitude

Figure 2.4: The Celestial, Intermediate and Terrestrial Frames and their descriptors

In practice, the instantaneous transition from the ICRS to the ITRS is realized through a

sequence of rotations represented in matrix form in Eq. 2.9.

[GCRS] = BPN(t) R(t) W(t)[ITRS] (2.9)
- [TIRS]

- [CIRS]
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The combined Bias/Precession/Nutation matrix, BPN(t), relates the GCRS to the CIRS. The
sidereal rotation matrix R(¢) about their common axis, the Celestial Intermediate Pole (CIP), con-
nects the CIRS and the TIRS and describes the proper rotational motion of the Earth. Finally, the
polar motion matrix W (t) provides the transition from the TIRS to the ITRS. The full procedure
enabling the reduction of celestial coordinates into terrestrial coordinates is detailed in the Astro-
nomical Almanac [164] and its explanatory supplement [172] among others. Its implementation
in the software package used for this work is detailed in section 2.4. All the rotational motions
involved in the transformation were discussed in section 2.1.

Both the classical and modern formulations of the Earth’s orientation in space are briefly
described in the sections following. The need for the modernization of the parameterization is also

addressed.

2.3.3 Classical paradigm

The parameterization of the orientation of the Earth in inertial space is based on the rule
that any reference frame can be defined by an origin, a reference plane determined by two axes
and a fiducial direction that defines one axis in the plane. The fundamental difference between the
classical and the modern paradigms lies in the definition of the fiducial point or origin of the right
ascension in this context.

Until January 1, 1998 and the introduction of the International Celestial Refe-rence System
and Frame (ICRS/ICRF), the realization of the celestial reference frame relied entirely on the
theoretical equations of motion of the planets and Moon. The fixed directions of the celestial
reference frame were defined by the mean equator and equinox for a reference epoch (e.g. J2000.0)
at which this specific realization held true. Thus, the ecliptic and equatorial planes served as
the two planes of reference while their intersection determined the frame’s fiducial point. This
parameterization of the ICRF consequently necessitated the dynamical modeling of the Earth’s

orbital motion to determine the positions of the vernal equinox and ecliptic.
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In addition, the reference pole for nutation and polar motion, common to both intermediate
frames, was the Celestial Ephemeris Pole (CEP) - or true celestial pole of date. The CEP was
chosen to be aligned with the figure axis of the mean surface of the Earth and to remain fixed in
both the celestial and the terrestrial reference frames. The position of the CEP was determined
using the combination of the TAU 1980 Theory of Nutation derived by Wahr [190] and the TAU
1976 Precession model developed by Lieske et al. [132]. The precession model provided the mean
equator and equinox while the nutation model yielded their true positions. In addition, the TAU
1982 expressions for the Greenwich Mean Sidereal Time (GMST) and Hour Angle, consistent with
the aforementioned precession and nutation models, were used to describe the Earth’s proper

rotation.

2.34 Limitations of the classical formulation and motivations for a new paradigm

Overall, the motivations for the re-parameterization of the models for the Earth orienta-
tion and the reformulation of the associated theories resulted from the need to simplify these
theories while reducing the number of error sources that could potentially affect the reduction of
observational data. There were two major limitations in the former formulation. First, owing to
significant progress achieved in observational capabilities and measurement accuracy as well as im-
provements in astronomical and geophysical modeling, a clear separation between all motions was
needed to avoid the potential propagation of errors or inconsistencies due to interactions between
motions. In particular, dealing with the intrinsic dualism between polar motion and nutation in
the high-frequency domain had become critical. In addition, the coupling between the GST and
the precessional and nutational motions, highlighted in Eq. 2.22, needed to be removed. The
second critical issue originated in the choice of a geometric definition for the origin of the right
ascension. Indeed, the vernal equinox is defined as the intersection of the ecliptic and equatorial
planes which are both moving under the effects of general precession. This definition imposes the
parameterization to be time-dependent and implies limits on its domain of validity. The matter

was further complicated with the multiplicity of realizations of the equinox.
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2.3.5 Modern representation
The modifications to the classical paradigm relevant to this work are enumerated and de-
scribed below. The corresponding implementation procedures are detailed in the IERS Technical

Note 36 [152]. Furthermore, the practical consequences of these changes on data analysis are

addressed by McCarthy and Capitaine in [143].

(1) Adoption of the International Celestial Reference Frame

The first step taken in the reformulation of the theory of Earth orientation was the adoption of the
ICRF as the conventional celestial reference frame. The ICRF is a purely kinematic, quasi-inertial
frame defined by its ties to 212 extragalactic radio sources whose proper motion can be neglected
considering the current reachable level of accuracy. The introduction of the ICRF marked the
switch from a dynamical representation of the celestial frame to a parameterization that is entirely
determined by observations and relies exclusively on VLBI observations. The directions of the
ICRF axes remain fixed relative to the defining quasars. In addition, to ensure the continuity
between the old and the new systems, the pole and origin of the right ascension of the ICRS are
kept close to those of the former FK5/J2000.0 celestial reference frame. The ICRF also offers the

advantage of being epoch-less.

(2) Introduction of the Celestial and Terrestrial Intermediate Origins

The fundamental change implemented in the revised formulation consists in its complete indepen-
dence from the equinox. This was achieved by the substitution of the equinox as the origin of right
ascension on the true celestial equator by the so-called Celestial Intermediate Origin (CIO). The
CIO is independent from the position of the ecliptic and is determined based solely on observations
of the Celestial Intermediate Pole (CIP), which itself replaces the CEP. The determination of the
CIO relies on the notion of non-rotating origin introduced by Guinot in [94]. It is defined such
as not to have any instantaneous motion along the equator of the celestial sphere and so that its

motion relative to the GCRS is practically theory-independent. The counterpart of the CIO on the
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terrestrial sphere is the so-called TIO (Terrestrial Intermediate Origin). Similar to the CIO, the

TIO is based on the concept of the non-rotating origin.

(3) Substitution of the Celestial Ephemeris Pole by the Celestial Intermediate Pole

As mentioned earlier, the CEP is replaced by the CIP in the revised formulation of the Earth
orientation. The CIP is merely an extension of the CEP in the high-frequency domain meant to
resolve the singularity arising in the diurnal band between polar motion and nutation. Therefore,

the CIP coincides with the CEP in the low-frequency domain.

(4) Introduction of the Earth Rotation Angle (ERA)

Due to the drop of the equinox as the celestial fiducial point, the rotation of the Earth is no longer
determined in terms of the Greenwich Sidereal Time. Instead, the so-called Earth Rotation Angle

(ERA) is measured from the CIO.

(5) Update of the precession and nutation models

To simplify the theory, the distinction between the mean and true equator and equinox is eliminated
by applying the precession and nutation models together. In addition, the TAU 1980 Theory of
Nutation has been replaced by the TAU 2000A model developed by Mathews, Buffet and Herring.
The TAU2000A nutation model provides the direction of the celestial pole in the GCRS with an
accuracy of 0.2 mas [144]. The model corrects for errors in the IAU1980 Theory of Nutation by
accounting for effects of ocean tides, mantle anelasticity and electromagnetic couplings produced
within the solid Earth on nutation. Parallel to the evolution in nutation modeling and accuracy,
the IAU 1976 precession model has been replaced by a revised precession model, the P03 model,
later officially recognized by the IAU as the IAU 2006 precession model. This precession model is
to be used in conjunction with the IAU 2000A Theory of Nutation. The need for a new precession
model arose from the fact that the IAU 1976 theory of general precession was shown to be in error
by approximately 300 mas per century. For more information on the limitations of the IAU 1976

precession model, the reader is referred to [42]. The IAU 2006 (or P03) model was made consistent
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with the dynamical theory by inclusion of higher order terms in the theory that was previously
limited to the zeroth and first order terms. The IAU 2006 model was also slightly modified to
comply with the TAU 2000A theory of nutation. According to [108], this new precession theory is
accurate to approximately 2 mas per century. It is important to point out that in the state-of-the-
art TAU2000A /TAU2006 nutation-precession model, the ecliptic is redefined as the mean orbital
angular momentum vector of the Earth-Moon barycenter in the Barycentric Celestial Reference
System (BCRS), as recommended by the TAU Working Group on Precession and the Equinox in

[108].

2.3.6 Impact of the precession/nutation models on the estimation of tidally-driven

polar motion variability

Figures 2.5 to 2.7 show the impact the precession/nutation model has on the recovery of
tidally-induced polar motion. Each figure corresponds to one of the three estimation strategies
customized for the recovery of polar motion. The strategies as well as explanations for the differ-
ences are detailed in Chapters 5 and 7. The three models tested for this analysis are the obsolete
TAU1980/TAU1976 (referred to as TAU1980 in the legend), the IAU2000A model officially recom-
mended for use by the IERS starting on Jan. 1, 2006 and the IAU2000A /TAU2006 (or TAU2006A)
precession-nutation model officially recommended for use starting on Jan. 1, 2009. The four sub-
plots show Lomb-Scargle periodograms of the pole coordinate estimates recombined to form the
prograde and retrograde components of polar motion.

As observed on this set of plots, switching from one model to the other significantly impacts
the recovery of the diurnal retrograde motion of the pole. This result is expected since the TAU
2000A nutation model includes the effects of ocean tides on nutation unlike the TAU 1980 nutation
model. In contrast, retrograde semi-diurnal polar motion is not impacted. Prograde polar motion
is affected neither in the semi-diurnal band nor in the diurnal band. Note that the signal contained
in the retrograde diurnal band most likely corresponds to residual nutation contaminating the polar

motion estimates due to the nutation handling issue addressed in section 2.2.2. Indeed, as stated



in section 2.1.4, there should be no polar motion content in that spectral band.
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2.4 Numerical implementation of the Inertial-to-Earth-fixed transformation

This section describes the Earth-centered Earth-fixed (ECEF) coordinate system and the
rotation matrix that transforms it into Earth-centered inertial (ECI) coordinates. The general
equation to transform a position vector ¥;rrp expressed in ECEF coordinates into the correspond-

ing vector 7rorp in inertial coordinates at time ¢; is written:

Frerr = [B][P(ti, to) | [N ()] [U ()] [W (t:)] F1rrE (2.10)

where [B] is the frame-bias matrix accounting for the constant offset between the direction of
the CIP at J2000.0 and the direction of the pole of the GCRS, [P(t;,tp] is the rotation due to
precession, [N(t;)] is the rotation due to nutation, [U(¢;)] is the hour-angle rotation and [W(¢;)]
is the rotation due to polar motion. These rotation matrices are defined by a set of models and
measurements adopted from the IERS Conventions [152]. Further details on each step of the
transformation are given in the paragraphs that follow.

Two different sets of models and approaches are supported by the GIPSY/OASIS software
package for the computation of Eq. 2.10. The most recent precession-nutation model, hereafter
referred to as the IAUO6A model, was included in the software as part of this thesis work. The out-
of-date model, referred to as the TAUS0 model, remains available as well. The implementation of
the latest IERS-recommended models follow the so-called equinox-based procedure, also designated
as ”improved classical system” procedure by Kovalesky and Seidelman in [123]. It uses the CIP as
determined by the TAU 2000A nutation and TAU 2006 precession models along with an improved

expression to relate the GMST to UT1.

2.4.1 Bias, Precession and Nutation matrices

e Classical representation

When the TAU8O precession/nutation models are used, the precession and nutation matrices

are computed independently from each other. The precession motion is characterized by the three
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Euler angles (4, © 4 and z4 represented in Fig. 2.8. Accor-ding to the IAU 1976 precession model,

the precession angles ({4, ©4, z4) are computed by means of the following polynomials:

Ca =2306.2181" ¢ + 0.30188" t* + 0.017998" 3 (2.11a)
©4 = 2004.3109" t - 0.42665" t* - 0.041833" ¢3 (2.11b)
24 = 2306.2181" ¢ + 1.09468" t* + 0.018203" (2.11c)

The associated rotation matrix corresponds to the matrix of a 3-2-3 Eulerian rotation and is

written:
P=R3(<A)R2(—®A)R3(ZA) (2.12)
¢ R
:I \\ \
.,
' \FU
eatA e/ Jea N
S i , 900— g -'5...\-'-
90~za =
P PR —— Py
P O

Figure 2.8: Schematic of the Precession Angles [76]

In Fig. 2.8, excerpted from [76], the points P and Py stand for the mean equatorial poles of date
and of epoch, respectively. Likewise, the points C' and Cy denote the ecliptic poles of date and of
epoch, respectively. The point P represents the true equatorial pole of date, connected to the mean
equatorial pole of date and ecliptic pole of date through the nutation angles Ay and Ae. Following
the rotation, the x-axis of the coordinate system is aligned with the mean equinox of date while

the z-axis is aligned to the mean equatorial pole of date.
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In the GIPSY/OASIS II software, the nutation parameters At and Ae, represented in Figs.
2.8 and 2.9, are not actually computed based on the IAU 1980 Theory of Nutation. For simplicity

and to speed up the computation, they are readily extracted from the planetary ephemerides.

mean ecliptic at ¢
A sine mean equator at ¢
N\ true equator at ¢

Figure 2.9: Schematic of the Nutation Angles [76]

The nutation matrix is then formed through Eq. 2.13 which corresponds to a 1-3-1 Eulerian

rotation.
N = Ry(-¢) R3(A¢) Ri(e) (2.13)
where
£ = 84381.448" - 46.8150" t — 0.00059” +* + 0.001813" ¢* (2.14)
and
e=¢€+Ae (2.15)

Following the nutation rotation, the mean equator and equinox of date are transformed into the

true equator and equinox of date P and C.

e Modern representation

Various implementation approaches are documented (see [144], [42] or [114]) for the computa-
tion of the bias, precession and nutation matrices using the IAU2006A precession-nutation model.
For simplicity and as mentioned in the introduction of this section, we chose to follow the improved

classical, equinox-based formulation.
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In this approach the nutations in longitude and in obliquity, resp. At and Ae, are calculated
based on the full AU 2000A Nutation model developed by Mathews, Herring and Buffet in their
series of papers [140], [107] and [34]. The two nutation parameters are computed from series of 678
lunisolar terms and 687 planetary terms stored in tables directly provided by the TAU ”Standards
of Fundamental Astronomy” (SOFA) initiative. Their mathematical formulations are given by Eqs.

2.16 and 2.17.

N

A =Y (A; + Ajt) sin(arg) + (A] + A{"t) cos(arg) (2.16)
i=1
N

Ae =Y (B; + Bjt) cos(arg) + (B{' + B;"t) sin(arg) (2.17)
i=1

In Eq. 2.16 A; and A} denote the in-phase coeflicients for the nutation in longitude and their time
variations, respectively. A} and A} are the out-of-phase coeflicients and their time variations. B;,
B!, B!" and B]" represent the same quantities for the nutation in obliquity. The upper limit of the
summations, N, is equal to 678 for the lunisolar contribution to nutation and 687 for the planetary
nutation terms. The time variable ¢ is measured in Julian centuries from J2000.0. The argument
arg of the trigonometric functions represents linear combinations of fundamental arguments, the
coefficients of which are specified in tables available electronically through [113]. In the case of
the lunisolar terms, the fundamental arguments are the 5 Delaunay arguments, defined in the next
chapter of this dissertation (see section 3.2.2). In the case of the planetary nutation terms, they
correspond to the mean longitudes of the planets. The expressions for the fundamental arguments
of nutation (lunisolar as well as planetary) are developed in the IERS Conventions 2003 [144].
The nutation parameters A and Ae thus obtained are then adjusted to be compatible with

the TAU 2006 Precession model following Eq. 5 of [195], reproduced below.

A = A+ (0.4697.107° + f) Ag
Ae = Ae+ fAe (2.18)
where f = (JofJy)t=-2.7774.10"%¢
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In Eq. 2.18, t is the Terrestrial Time interval since J2000 in Julian centuries.

Once Ay and Ae are determined as detailed above, the bias, precession and nutation matrices
are computed altogether using the P03 (IAU 2006) precession model. This model was developed
by Capitaine et al., discussed in [42] and recommended by the Working Group on Precession
and the Ecliptic [108]. It is implemented in GIPSY/OASIS using the Fukushima-Williams (FW)
parameterization explained and derived by Fukushima in [76]. This choice is justified by the
various advantages offered by the FW parameterization over the other three possible formulations
of precession. The benefits of the Fukushima-Williams angles are detailed in [108]. The Fukushima-
Williams parameterization consists of a set of four angles: ey4, %, ¢ and 7. The FW angles are
computed as polynomials based on coefficients provided in Table I of [108]. The dependent variable
is Terrestrial Time expressed in Julian centuries since J2000.0. The diagram displayed in Fig. 2.10

shows how these angles are defined.

=Y
C ks
“

Figure 2.10: The Fukushima-Williams parameterization [76]

In the sketch above, Y and Z respectively denote the y- and z-axis of the celestial reference frame.
P, P and C represent the same quantities as in Fig. 2.8.
As explained in [108], the bias matrix B is directly incorporated into the precession matrix

as a result of the FW parameterization. By adding the nutation in longitude A to the second
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FW angle ¢ and the nutation in obliquity Ae to the first FW angle €4, the overall BPN matrix is

formed as shown in Eq. 20 of [108], reproduced here:

NPB = Ri(—eg — Ae) R3(—¢ — AvY) R1(¢) R3(7) (2.19)

2.4.2 Greenwich Sidereal Time

Because the GST formulation needs to be compatible with the precession model used, two
separate formulations of sidereal time are considered depending on whether the IAUOGA or the

TAUSO precession-nutation model is used.

e Classical paradigm

The Hour Angle in the formulation consistent with the IAU80 precession-nutation model
corresponds to the Greenwich Apparent Sidereal Time (GAST). Computing the GAST involves
calculating the Greenwich Mean Sidereal Time (GMST) as well as the Equation of the Equinoxes
beforehand. The equations of interest are provided on page 30 of the IERS Technical Note 13 [141].

The GMST is computed using:

GMST = JDF +67310.54841 + . ..

(2.20)
8640184.812866 T, + 0.093104 T2 - 6.2.10°° T2
The Equation of the Equinoxes can be retrieved directly from the nutation matrix using:
N(1,2
e = tan~ | 2(L2) (2.21)
N(1,1)
Eventually, the GAST is obtained by summing the two previous quantities:
GAST =GMST + Ee (2.22)

In Eq. 2.21, N denotes the nutation matrix. In Eq. 2.20, JDF refers to the fraction of UT1 Julian
day expressed in seconds and T, is UT1 expressed in Julian centuries. Equation 2.22 provides
evidence that the motions of precession and nutation contribute to the definition of the Greenwich

apparent sidereal time, as mentioned in section 2.3.4.
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e Modern representation

As suggested in [195] and [114], the consistency between the Hour Angle formulation and
the TAUOGA precession-nutation model is ensured by computing parameters specific to the CIO-
based paradigm internally prior to reverting back to the equinox-based formulation via the use of
the so-called Equations of Origins. The method can be more easily understood by visualizing the
diverse parameters entering the equation. Figure 2.11 is a sketch of the locations of the ICRF and
ITRF origins and important angular quantities involved in the calculation of the Greenwich Sidereal
Time. The notations in this figure that are relevant to the use of the equinox-based version of the
modern formulation of Earth orientation are as follows: ¢ is the CIO, v and ~; are the ascending

nodes of the ecliptic of date and J2000 ecliptic, respectively.

o
?.}-"*\Q

Figure 2.11: ERA, Equations of the Origins and locations of the CIO and TIO [40]

The procedure implemented in GIPSY /OASIS therefore follows the steps outlined by Wallace

and Capitaine in [195] and [41]. A flow chart is given below.

e To begin with, the Earth Rotation Angle is computed. The ERA is defined as the hour

angle of the CIO from the TIO meridian. It is calculated using Eq. 15 of [144].

ERA(T,) =27 (UT1 Julian day fraction
(2.23)

+0.7790572732640 + 0.00273781191135448 T,)
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In Eq. 2.23, T, is the Julian UT1 date since epoch J2000 where UT1 is deduced from Eq.
2.24.

UT1=UTC +(UT1-UTC) (2.24)

e A pre-determined Bias/Precession/Nutation matrix is then supplied and used to form the
Equation of the Origins. The Equation of the Origins owes its name to the fact that it

relates the CIO and the equinox, i.e. the origins of the modern and classical celestial frames.

« The Celestial Intermediate Pole (CIP) coordinates are first extracted from the input

BPN matrix. They are defined as:

X =NPB(3,1)
Y =NPB(3,2) (2.25)
Z =NPB(3,3)

* Likewise, the three vectors T, 4 and i, defined below, are formed based on the BPN

matrix following Egs. 13 to 15 of [195].

T =NPB(1,:) (2.26)

J=NPB(2,:) (2.27)

(1) =1-X?/(1+2)
¥(2)=-XY/(1+Z2) (2.28)
¥(33)=-X

* The so-called CIO locator s is then deduced from tabulated series of the quantity

s+ XY /2 using the X and Y coordinates computed via Eq. 2.25.

5=94.0+3808.35¢ - 119.942 — 72574.0t> + 27.70t* + 15.61¢°

‘ , (2.29)
+ > [Sit/sin(arg;) + C; ;¢! cos(arg;) ] - XY /2

J=0,4
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In Eq. 2.29, X and Y are the CIP coordinates calculated through Eq. 2.25. S, ; (resp.
C;,j) denote the coefficients for the i" sine (resp. cosine) term of degree j of the XY /2

series. These coefficients are tabulated and are available electronically through [113].
The Equation of the Origins is finally computed as shown below and in Eq. 16 of [195].
g.7
EO =5s—tan™ (g—ﬁ) (2.30)
T.X
e The GST, defined as the hour angle of the equinox from the TIO meridian, is eventually
obtained through Eq. 17 of [195].
GST =FERA-EO (2.31)
2.4.3 Polar Motion

e Classical paradigm

In the case of the TAU80 implementation, the polar motion matrix is simply written as:
W = Rg(l'p) Rl(yp) (2.32)

where Ry is a rotation about the y-axis by the angle x,, and R, is a rotation about the z-axis by

Yp-

e Modern formulation

The polar motion matrix W is slightly modified with respect to the IAU80 model implemen-
tation when the modern approach is taken. This new formulation, shown in the equations below,
results in improved accuracy.

W = R3(—S,) Rg(a?p) Rl(yp) (2.33)

In Eq. 2.33, the quantity s’ refers to the TIO locator, defined in Eq. 13 of Chapter 5 in [152]. The

mathematical expression can be simplified and reduced to Eq. 2.34 as explained in [152].

s' = —(4Tpas)t (2.34)
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In the equation above, ¢ is again expressed in Julian centuries of Terrestrial Time since J2000.0

and Rj3 is a rotation about the z-axis by the angle —s’.

2.4.4 Models implemented in GIPSY for Polar Motion and UT1-UTC

The Hour Angle - or Greenwich Sidereal Time (GST) - matrix, U, depends both on models
and on the frequent measurement of UT1-UTC. Likewise, the matrix W depends on measurements
of the instantaneous position of the Earth’s rotational axis as well as on models.

As mentioned for Eq. 2.23, Eq. 2.24 is used to deduce UT1 from the specified UTC epoch.

In that equation the quantity UT'1 - UTC is computed as follows.

UT1-UTC = (TAI -UTC) - (TAI -UT1) (2.35)

In Eq. 2.35, the quantity TAI-UTC corresponds to leap seconds, the values of which are tabulated
and available through TERS Bulletins. In GIPSY, the value of TAI-UT'1 at a specified UTC epoch
is obtained through the cubic Hermitian interpolation of measurements. Prior to the interpolation,
the measurement time series are smoothed through regularization to enhance the interpolation
accuracy. Regularization is achieved by substracting the sum of 41 terms with periods ranging
from 5 to 35 days from the TAI -UT1 series. This corresponds to the smoothing of the TAI -UT'1
series by removing the effects of zonal tidal variations. The procedure is carried out based on
models recommended by the IERS Conventions. Table 8.1 of [144] provides the coefficients for one
of the zonal tide models implemented in the software. After the interpolation is performed, the
model value is added back at the interpolating epoch. In addition, variations in UT1 induced by
the ocean tides at semi-diurnal and diurnal periods are accounted for by means of models such as
the one shown in Tables 8.3 of [144].

The rotation angles x;, and y, are determined by measurements and models. Similar to what
is done for UT'1, observed values of the pole coordinates are interpolated to the specified UTC
epoch using a cubic Hermitian scheme. Models for the variations in polar motion due to the ocean

tides are implemented as well and added to the observations.
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It is noteworthy that the ECEF coordinates themselves are defined by agreed upon reference
coordina