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INCORPORATING SECULAR DRIFTS INTO THE ORBIT
ELEMENT DIFFERENCE DESCRIPTION OF RELATIVE

ORBITS

Hanspeter Schaub ∗

To describe the linearized relative motion between two spacecraft in near
circular orbits, the classical Hill’s or Clohessy-Wiltshire equations can be an-
alytically solved with time being the independent variable and the relative
position vector being expressed in terms of the Cartesian components of the
rotating Hill coordinate frame. However, as the eccentric chief orbits are
considered, finding an analytical solution to the linearized relative motion in
terms of these Cartesian coordinates becomes very challenging. In recent de-
velopments an equivalent set of relative orbit equations has been presented
where the linearized relative orbit geometry is described through orbit element
differences and the true anomaly angle is used as the independent variable.
Their algebraic structure is very similar to the solution of the circular chief
orbit Clohessy-Wiltshire equations. However, this linearized relative motion
description can also scale easily to the eccentric chief orbit case. If the orbit
element differences are not constant, but vary due to perturbations such as
the J2 gravitational perturbation, or the mean anomaly difference varies due
to unequal orbit energy states, then the orbit element difference differential
equations would need to be integrated with respect to time while simultane-
ously solving Kepler’s equation to relate time and true anomaly. This pa-
per presents a method which can avoid this numerical integration by finding,
where possible, analytical approximations to the orbit element difference time
histories in terms of the true anomaly angle. With these equations it is possi-
ble to describe the long term linearized relative Cartesian motion of spacecraft
formation, including secular drift behavior, until the inter-satellite separation
is no longer small compared to the chief orbit radius and the linearization
assumptions fail.

INTRODUCTION

The study of spacecraft formation flying dynamics and control has enjoyed a remarkable
resurgence during the last few years. The driving force behind this interest are envisioned
space missions where the science requirements demand large distances between various
sensors nodes. These requested separations can vary from as small as a few dozen meters to
as large as multiple kilometers. Further complicating these missions is the requirement that
the relative sensor positions must be maintained to a high degree of accuracy. For example,
the Techsat 21 program is looking at using a multitude of spacecraft to form sparse aperture
radar system with a dish diameter of up to 1 kilometer. Building a structure that is of the
order of kilometers in size is an extremely challenging and expensive proposition. Having
free-flying satellites at the required sensor nodal points appears to be a more promising
solution. However, to avoid excessive fuel consumption to maintain specified relative orbits,
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it is crucial that the actual relative orbits be as close as possible to naturally occurring
bounded relative motion solutions.

A large class of spacecraft formation flying missions is to have a near-circular chief satellite
orbit. In this simplified case the classical Hill’s or Clohessy-Wiltshire (CW) equations have
been extensively used to determine suitable relative orbits. For this circular chief orbit
case, the CW equations can be solved analytically using time as the independent variable.
The Cartesian coordinates (x, y, z), expressed in the rotating Hill frame, are provided as
a function of various trigonometric terms as well as a secular term. Having an analytical
solution to the relative motion is very useful for the mission designers trying to determine
what relative orbit solutions meet the science requirements, as well as the guidance and
control design engineers trying to find feedback control laws to establish and maintain a
specific relative orbit.1

However, the classical solution to the CW equations is limited to the circular chief orbit
case. To find the relative motion with eccentric chief orbits, typically numerical integration
schemes are employed. Solving the relative differential equations of motion for the general
elliptic chief orbit case is a very challenging task that has been tackled in various papers.
Melton develops in Reference 2 a state transition matrix that can be used to predict the
relative motion for chief orbits with small eccentricities by using a series expansion in
terms of time. Tschauner and Hempel have solved the relative equations of motion directly
for the general case of having an elliptic chief orbit.3 Later work by both Lawden and
Carter further refined this relative motion solution to avoid singularities with circular chief
orbits.4 However, their solution is not explicit and requires the computation of an integral.
Kechichian develops in Reference 5 the analytical solution to the relative orbit motion under
the influence of both the J2 and J3 zonal harmonics assuming that the eccentricity is a very
small parameter. Unfortunately these methods yield relatively complex solutions and the
six Cartesian relative motion initial conditions do not easily reveal the geometry of the
resulting relative orbit. Broucke has presented in Reference 6 an analytical solution to the
linearized relative equations of motion for eccentric chief orbits. His solution uses both time
and true anomaly and finds the current Cartesian coordinates of a deputy satellite given
the initial Cartesian coordinates.

Often the six initial Cartesian position and velocity coordinates in the rotating Hill frame
are used as the relative motion invariants. An alternate set of six invariant parameters are
the orbit element differences relative to the chief orbit.7–11 Linearizing the nonlinear relative
motion in terms of small differences in orbit elements will yield more accurate results than
when rectilinear, or even curvilinear, Cartesian coordinates are used.12 In References 7 and
8 the anomaly angle difference is prescribed in terms of the mean anomalies, not the true or
eccentric anomaly, since the mean anomaly difference between two satellites remains con-
stant (assuming equal orbit energy states) even for eccentric chief orbits. Prescribing the
relative orbit geometry through sets of orbit element differences has the major advantage
that these relative orbit coordinates are constants of the non-perturbed orbit motion if the
orbit energies are constant. Once perturbations are introduced, these orbit element differ-
ences will typically vary only very slowly. In contrast, the typical (x, y, z) Hill coordinates of
the relative motion are fast variables which change rapidly during the entire orbit. Further,
well established analytical theories are available that describe how these orbit elements will
change due to, for example, the J2 gravitational perturbation or atmospheric drag.
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While the CW frame relative orbit description is only a linearized approximation to
the true relative motion, the orbit element difference description itself is valid for relative
orbits of arbitrary size. Defining a relative orbit to only have mean anomaly difference
δM will result in a classical leader-follower relative orbit, no matter what the relative
orbit dimension is. Assuming Keplerian orbit motion, the classical orbit equation r =
p/(1 + e cosf) provides the radial satellite motion within its constant orbit plane. Making
use of the orbit orientation angles, it is always possible to analytically compute the inertial
orbit motion (X, Y, Z) of each satellite. By differencing these inertial position vectors and
expressing the result terms of the Cartesian Hill frame coordinates, it is possible to write
the analytic solution of the unperturbed, nonlinear relative motion problem in terms of the
Cartesian Hill frame components by using the orbit elements to define the inertial orbit
motion. However, this general nonlinear analytic solution to the relative motion problem is
algebraically complex and provides little insight into the nature and geometry of the relative
orbits given initial orbit element differences.

In References 13 and 14 a first order mapping between orbit element differences and the
corresponding Hill frame Cartesian coordinates is presented. This allows the linearized rel-
ative motion to be written as an explicit function of the true anomaly and the orbit element
differences. By sweeping the true anomaly through a range of angles, the corresponding
relative orbit motion is directly determined without having to solve any differential equa-
tions. While the orbit element difference description of a relative orbit does not make any
assumptions on the size of the relative orbit, this first order mapping to and from Carte-
sian Hill frame coordinates does assume that the relative orbit size is small compared to
the chief inertial orbit radius. Whereas the analytical solution to the circular chief CW
equations provides (x(t), y(t), z(t)) as a function of the initial position and velocity coordi-
nates, the orbit element description provides an equivalent set of relative orbit coordinates
(x(f), y(f), z(f)) with true anomaly as the independent variable. In essence, the elegant
analytical solution of the linear CW equations, which is limited to the circular chief or-
bit special case, is extended for elliptic orbits. The general solution for chief orbits with
arbitrary eccentricities was shown in Reference 14. If the orbit element differences vary
with time, then the solution in Reference 14 requires the orbit element and orbit element
difference differential equations to be solved.

The research presented in this paper extends the work presented in Reference 14 by
incorporating analytical results to accommodate relative orbits with certain types of secular
drifts. These drifts could be due to having different orbit periods (orbit energy states), or
due to perturbations such as the J2 gravitational attraction or atmospheric drag. Whenever
possible, approximate analytical solutions are presented in terms of the true anomaly angle
which avoid the need to numerically integrate the orbit element drifts. With these analytical
equations the effect of the particular perturbations can be seen in the linearized relative
motion description. The approximations are valid as long as the linearizing assumption
that the relative orbit size is small compared to the inertial chief orbit radius is satisfied.
Whereas the analytical solution to the linear CW equations includes the drift due to unequal
orbit periods, the linearized relative orbit description using orbit element differences is also
able to incorporate the drift due the J2 gravitational perturbation in an analytical manner.
While valid for orbits of any eccentricity, the structure of the algebraic expressions of the
linearized relative orbit motion reduces to an equivalent algebraic structure of the classical
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CW analytical solution if the chief orbit becomes circular.

RELATIVE ORBIT DESCRIPTION REVIEW

To express how the relative orbit geometry of the deputy satellite is seen by the chief
(primary point of reference), the Hill coordinate frame O is introduced.15 Its origin is
at the osculating chief satellite position and its orientation is given by the vector triad
{ôr, ôθ, ôh} shown in Figures 1. The unit vector ôr is in the orbit radius direction, while ôh

is parallel to the orbit momentum vector in the orbit normal direction. The unit vector ôθ

then completes the right-handed coordinate system. Let r be the chief orbit radius and h
be the chief angular momentum vector. Unless noted otherwise, any non-differenced states
or orbit elements are assumed to be those of the chief. Differenced states are assumed
to be differences between the deputy and chief satellite. Mathematically, these O frame
orientation vectors are expressed as

ôr =
r

r
(1a)

ôθ = ôh × ôr (1b)

ôh =
h

h
(1c)

with h = r × ṙ. Note that if the inertial chief orbit is circular, then ôθ is parallel to the
satellite velocity vector.

Chief Satellite

Deputy
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Chief Inertial Orbit

Deputy Inertial Orbit
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Figure 1: Illustration of the Cartesian Hill Frame Coordinates of a Relative Orbit

The relative orbit position vector ρ of a deputy satellite relative to the chief is expressed
in Cartesian O frame components as

ρ = (x, y, z)T (2)

If the chief orbit is circular or near-circular, then the linearized relative equations of motion
are given through the famous Clohessy-Wiltshire or CW equations.16 These are sometimes
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also referred to as Hill’s equations.15

ẍ− 2nẏ − 3n2x = 0 (3a)
ÿ + 2nẋ = 0 (3b)

z̈ + n2z = 0 (3c)

Further, these differential equations are only valid if the relative orbit radius is small com-
pared to the planet-centric orbit radius. The differential CW equations can now be solved
for an analytical solution of the linearized relative orbit motion.

x(t) = A0 cos(nt + α) (4a)
y(t) = −2A0 sin(nt + α) + (ẏ0 + 2nx0)t + yoff (4b)
z(t) = B0 cos(nt + β) (4c)

The integration constants A0, B0, α, β and yoff are determined through the relative orbit
initial conditions and n is the mean orbital frequency n =

√
µ/a3. If the initial conditions

satisfy ẏ0 +2nx0 = 0 (i.e. the orbit periods are equal), then the linearized relative orbit will
have a bounded motion determined through sinusoidal terms and a potential static offset
in the along-track direction. Please note that while the CW equations in Eq. (3) are shown
for a set of Cartesian coordinates, the same set of differential equations are also valid if
these (x, y, z) coordinates are interpreted to be curvilinear coordinates with x = δr being
a difference of orbit radii and y = rδθ being the curved along-track motion. The angle
θ = ω+f is the true latitude angle. Making this curvilinear coordinates assumption greatly
increases the predicted relative orbit accuracy of the CW equations.

Let us define the orbit element difference vector δe to consist of

δe = (δa, δM, δi, δω, δe, δΩ)T (5)

Note that all these orbit element differences, except for δM , are always constants of the
Keplerian two-body motion. If the orbit periods are equal (i.e. semi-major axis are equal),
then δM is also constant, even for the eccentric chief orbit case. By dividing the dimensional
(x, y, z) relative orbit coordinates by the time varying chief orbit radius r, we obtain the
non-dimensional relative orbit coordinates (u, v, w). Reference 14 introduces the following
analytical approximate solution of the linearized relative orbit motion in terms of the orbit
element differences δe:

u(f) =
δa

a
− eδe

2η2
+

δu

η2

(
cos(f − fu) +

e

2
cos(2f − fu)

)
(6a)

v(f) =
((

1 +
e2

2

)
δM

η3
+ δω + cosi δΩ

)
− δu

η2

(
2 sin(f − fu) +

e

2
sin(2f − fu)

)
(6b)

w(f) = δw cos(θ − θw) (6c)

The parameter η =
√

1− e2 is another convenient eccentricity measure and the small states
δu and δw are given through

δu =

√
e2δM2

η2
+ δe2 (7a)
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δw =
√

δi2 + sin2 iδΩ2 (7b)

while the phase angles fu and θw are expressed as

fu = tan−1

(
eδM

−ηδe

)
(8a)

θw = tan−1

(
δi

− sin i δΩ

)
(8b)

Note that Eq. (6) has a very algebraic similar structure to the CW solution in Eq. (4) in
that the motion is expressed through trigonometric terms and static offsets. However, the
solution in Eq. (6) is not only valid for circular chief orbits, but for orbits of any eccentricity.
Reference 14 also presents simplified versions of this relative motion solution. In one case
the chief orbit is assumed to be near-circular and only terms linear in the eccentricity e
are retained. In the other case the chief orbit is assumed to be circular and an equivalent
solution to the CW equations in Eq. (4) is obtained by dropping all terms containing the
eccentricity e. This general linearized relative motion solution is valid both if δe is constant
or time time varying. In the later case, as with all linearized relative motion solutions,
the accuracy of the Cartesian relative motion predictions will break down if the linearizing
assumption is no longer valid (i.e. the relative orbit radius is no longer small compared to the
inertial orbit radius). If δė = 0, then Eq. (6) provides an analytical solution of the linearized
relative motion for general chief orbit eccentricities. If δė 6= 0, then this solution requires
the differential equations δė and ė to be solved, along with Kepler’s equation relating true
anomaly and time, to determine the linearized relative motion in the Cartesian Hill frame
coordinates.

INCORPORATING SECULAR DRIFT

When designing the relative orbits, typically satellite orbits are chosen such that the
relative orbit motion is bounded. However, depending on the mission requirements it can
occur that relative orbits are chosen which contain a slow secular drift. For example, the
J2-invariant relative orbits presented in Reference 7 enforce that the mean ascending node
drift δΩ̇ and the mean latitude drift δθ̇m = δω̇ + δṀ are equal among satellites under the
influence of the J2 gravitational perturbation. However, for near circular or polar chief
orbits it might be impossible to enforce both constraints, since they would dictate relative
orbits with impractically large relative orbits. In such cases a certain amount of relative
orbit drift is expected and will need to be compensated for with periodic relative orbit
corrections. Another example would be the influence of differential drag. If the satellite
are of equal type and build, then the J2 perturbation will have a more dominant effect on
the relative orbit. However, if some satellites have consumed more fuel than others, then
they will no longer be of equal type and build and the differential drag will cause a more
noticeable secular drift of the relative formation.

If the relative orbits are not bounded, then the orbit element differences will not remain
constant. Note that as long as the relative orbit size has not grown too large, the equations
of motion in Eq. (6) are still valid. However, due to the drifts the orbit element differences
δe must now be treated as time varying quantities. Assume that a differential equation
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δė is given which describes how the orbit elements will drift. This drift could be due to
having orbits of unequal orbit periods, or because non-Keplerian influences such as the J2

gravitational perturbation or atmospheric drag are present. One brute force method to
accommodate δė is to simplify integrate these equations with respect to time. However,
Eq. (6) uses the true anomaly as the independent variable. Thus, at each time step Kepler’s
equation would have to be solved to map the true anomaly f into a corresponding time state
t and then evaluate the required δe (t(f)). This section investigates more elegant solutions.
Where possible, approximate analytical solutions are provided expressing the orbit element
drifts directly in terms of the true anomaly. This avoids the need to perform any numerical
integrations to study the approximate long-term behavior of relative orbits.

Drift Due to Unequal Orbit Energies

First, the relative orbit drift due to the deputy and chief satellite orbits having unequal
energy levels is investigated. Standard Keplerian orbit motions are assumed. As is well-
known from celestial mechanics, the orbit period is determined solely from the semi-major
axis a. Ignoring other perturbations, if two orbits have unequal semi-major axes, then we
expect the two anomaly angles to drift apart. Thus, having a non-zero δa in Eq. (6) will
result in the mean anomaly difference δM having a secular drift. The chief mean anomaly
M is given by

M(t) = nt + M0 =
√

µ

a3
t + M0 (9)

where M0 = M(t0). The mean anomaly rate is expressed as

Ṁ =
dM

dt
=

√
µ

a3
(10)

Taking the first variation of Eq. (10), we find that small differences in mean anomaly rates
δṀ are related to small differences in the semi-major axis δa through

δṀ =
d(δM)

dt
= −3

2

√
µ

a5
δa = −3

2
n

δa

a
(11)

By defining these differences to be differences between deputy and chief satellite orbit ele-
ments, Eq. (11) provides an approximation to how the mean anomaly difference will vary
due to δa. Note that the true nonlinear drift in mean anomalies is given by

δṀ = Ṁd − Ṁ =
√

µ

(a + δa)3
−

√
µ

a3
(12)

where ad = a + δa. We could easily integrate Eq. (11) with respect to time to estimate
the mean anomaly difference at a particular time step t. However, we would still have to
solve Kepler’s equation to relate a time t to the corresponding true anomaly angle f to
make use of the relative orbit equations in Eq. (6). These are extra steps in evaluating the
linearized relative orbit that are preferably avoided. Instead, the following steps will lead to
an analytical solution of the linearized drift equation δṀ . First the differential equation in
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Eq. (11), which is expressed with respect to time, is rewritten to be expressed with respect
to the true anomaly f . To accomplish this, we make use of the identity

dt

df
=

r2

h
=

η3

n(1 + e cosf)2
(13)

where η =
√

1− e2. Multiplying both sides of Eq. (11) by dt/df , we find

δM ′ =
d
df

(δM) = −3
2

η3

(1 + e cosf)2
δa

a
(14)

The differential equation in Eq. (14) could be numerically integrated with respect to the
true anomaly f to find the required δM(f) without having to solve Kepler’s equation at
each integration step. However, this differential equation can be solved analytically as well.
Note that ∫ f

f0

η3

(1 + e cosf)2
=

(
E(f)− e η sinf

(1 + e cosf)

)∣∣∣∣f
f0

(15)

Applying this integral solution to Eq. (14) yields:

δM(f) = δM0 −
3
2

(
E(f)− e η sinf

(1 + e cosf)

)∣∣∣∣f
f0

δa

a
(16)

The variable E is the eccentric anomaly and is related to the true anomaly f through the
transformation

E(f) = 2 arctan
(√

1− e sin(f/2)√
1 + e cos(f/2)

)
(17)

When numerically evaluating E(f), note that the atan2(x,y) function should be used
to avoid arctan() singularities and obtain angles in the proper quadrant. Thus, Eq. (16)
provides a direct analytical approximation of the mean anomaly drift due to δa in terms of
the true anomaly f . Further, not that this δM(f) approximation is valid for chief orbits of
any eccentricity, as long as the relative orbit size has not grown large compared to the chief
inertial orbit radius. The term E(f) provides the expected secular term in δM(f) due to
the semi-major axis difference δa and will grow unbounded with time. Further, combined
with the general solution in Eq. (6), the δM(f) solution in Eq. (16) provides a complete
analytical solution of the linearized relative orbit motion for any Keplerian motion.

A common mission scenario is that the chief orbit only has a weakly eccentric orbit. The
general expression in Eq. (16) can then be refined by neglecting higher order terms of the
eccentricity e and only retaining terms which are linear in e. Since we are already dropping
higher order terms in ρ/r to obtain the relative motion equations in Eq. (6), a weakly
eccentric orbit is understood to be one where en (with n > 1) is smaller than ρ/r and e is
larger than ρ/r. For this case, the approximation of the mean anomaly drifts δM(f) are
expressed as

δM(f) = δM(f0)−
3
2

(f − 2e sinf)
∣∣∣f
f0

δa

a
(18)
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If the chief orbit is essentially circular, then e is virtually zero and much smaller than
the relative orbit radius to inertial orbit radius ratio ρ/r. In this case, the approximation
of the mean anomaly drifts δM(f) is reduced to

δM(f) = δM(f0)−
3
2

(f − f0)
δa

a
(19)

Note that either of these three δM(f) equations could be used with the corresponding
relative motion equations in Reference 14 for the strongly eccentric, weakly eccentric or
non-eccentric chief orbit cases.

Drift Due to the J2 Gravitational Perturbation

For low Earth orbits (LEO), the J2 gravitational perturbation is the dominant perturba-
tion for a formation with spacecraft of equal type and built. While the atmospheric drag
will cause all satellite orbits to continuously loose energy, the deceleration is nearly iden-
tical among these spacecraft. Thus, the atmospheric drag effect on the relative formation
geometry is minimal over a time span of several orbits. The J2 perturbation will cause all
six orbit elements, and thus all six orbit element differences used to describe the relative
orbit, to vary with time. This perturbed motion of the orbit elements is separated into
short-period, long-period and secular motion.17 The short and long period motion is cyclic
and does not cause unbounded relative orbit grow. The instantaneous motion of a satellite
is referred to as the osculating motion. The mean motion is what remains after the short
period and long period motions have been removed. This mean motion can be thought
of as an orbit averaged motion. The Brouwer-Lyddane theory is used to obtain a first or-
der analytic mapping between the osculating and mean orbit elements at any instance of
time.17,18 Using this theory, given any instantaneous osculating orbit elements, it is possi-
ble to compute the corresponding mean orbit elements without performing any averaging
computation over time. This is attractive for spacecraft formation flying, where often it is
not necessary to control the short or long term period motions of the relative orbit, but
rather the focus is to avoid and counter the long-term drift caused by the secular motion.

Although all six orbit elements will vary with time, when mapping the osculating orbit
elements to mean orbit elements, only three orbit elements are found to exhibit secular grow
due to the J2 gravitational influence. Let the parameter ε be defined as

ε(a, e) = 3J2

(
req

a(1− e2)

)2

(20)

The mean element differential equations are given by.19,20

ė1(t) =



da

dt
= 0

de

dt
= 0

di

dt
= 0

(21a)
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ė2(t) =



dΩ
dt

= −ε(a, e)
2

n cos i

dω

dt
=

ε(a, e)
4

n (5 cos2i− 1)

dM0

dt
=

ε(a, e)
4

n η (3 cos2i− 1)

(21b)

Unless noted otherwise, this section assumes that all orbit elements have been mapped into
the mean element space. As such, only the secular J2 induced motions are considered.
Note the natural split into the orbit elements sets e1 = {a, e, i} and e2 = {Ω, ω,M0} in
the mean element differential equations in Eq. (21). Thus, while the mean element set e2

will experience secular drift due to the J2 gravitational perturbation, the rate of drift is
constant and solely determined by the invariant mean element set e1.

To predict the mean linearized relative motion using the orbit element difference expres-
sions in Eqs. (6), the differential equations ė2 in Eqs. (21) could be analytically integrated
with respect to time to yield the chief and deputy orbit element time histories e(t) and
ed(t) respectively. Note that only the three uncoupled orbit element difference differential
equations {δΩ̇, δω̇, δṀ0} need to be integrated, since the mean {a, e, i} elements to not vary
under the influence of the J2 gravitational attraction. However, to find the osculating lin-
earized relative motion, all twelve differential equations for the chief and deputy osculating
orbit elements would have to be solved. Let us focus on computing the mean relative mo-
tion between satellites. Since ė2 is constant, the differential equations {δΩ̇, δω̇, δṀ0} are
trivially solved to yield {δΩ(t), δω(t), δM0(t)}. However, to use this time dependent orbit
element differences in the linearized relative motion solution in Eq. (6), it is still necessary
to solve Kepler’s equation at each time step to map the time state t into an equivalent true
anomaly angle f .

The following development will illustrate how this can be avoided to yield a complete
analytical solution of the linearized relative motion (in mean element space) using the true
anomaly angle f as the independent variable. Taking the first variation of ė2, we are able
to estimate how the small orbit element differences δe1 = {δa, δe, δi} will affect the orbit
element difference rates δė2 = {δΩ̇, δω̇, δṀ0}.

δΩ̇(t) = ε n

(
7
4

cos i
δa

a
− 2

e

η2
cos i δe +

1
2

sin i δi

)
(22a)

δω̇(t) = ε n

(
−7

8
(5 cos2i− 1)

δa

a
+

e

η2
(5 cos2i− 1)δe− 5

4
sin(2i) δi

)
(22b)

δṀ0(t) = ε n

(
−7

8
η(3 cos2i− 1)

δa

a
+

3
4

e

η
(3 cos2i− 1)δe− 3

4
η sin(2i) δi

)
(22c)

Next, these differential equations are multiplied by dt/df in Eq. (13) to obtain δe′2.

δΩ′(f) = ε

(
7
4

cos i
δa

a
− 2

e

η2
cos i δe +

1
2

sin i δi

)
︸ ︷︷ ︸

δκΩ

η3

(1 + e cosf)2
(23a)

δω′(f) = ε

(
−7

8
(5 cos2i− 1)

δa

a
+

e

η2
(5 cos2i− 1)δe− 5

4
sin(2i) δi

)
︸ ︷︷ ︸

δκω

η3

(1 + e cosf)2
(23b)
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δM ′
0(f) = ε

(
−7

8
η(3 cos2i− 1)

δa

a
+

3
4

e

η
(3 cos2i− 1)δe− 3

4
η sin(2i) δi

)
︸ ︷︷ ︸

δκM

η3

(1 + e cosf)2

(23c)

Note that the terms δκΩ, δκω and δκM are constants since the mean δa, δe and δi orbit
element differences to not vary under the influence of the J2 gravitational perturbation.
Making use of the integral expression in Eq. (15), these differential equations are integrated
with respect to the true anomaly angle f to yield:

δΩ(f) = δΩ(f0) + ε δκΩ

(
E(f)− e η sinf

(1 + e cosf)

)∣∣∣∣f
f0

(24a)

δω(f) = δω(f0) + ε δκω

(
E(f)− e η sinf

(1 + e cosf)

)∣∣∣∣f
f0

(24b)

δM0(f) = δM0(f0) + ε δκM

(
E(f)− e η sinf

(1 + e cosf)

)∣∣∣∣f
f0

(24c)

The current mean anomaly difference δM(f) is found by substituting the δM0(f) into
Eq. (16). With these analytic solutions to the mean δΩ(f), δω(f) and δM(f) behavior,
using Eq. (6) we have an analytic solution to the mean linearized relative orbit motion with
the J2 gravitational perturbation included. If we assume that the chief orbit is only weakly
linear, then we can approximate the term(

E(f)− e η sinf

(1 + e cosf)

)∣∣∣∣f
f0

≈ (f − 2e sinf)
∣∣∣f
f0

(25)

in Eq. (24). The terms δκΩ, δκω and δκM reduce to

δκΩ =
7
4

cos i
δa

a
− 2e cos i δe +

1
2

sin i δi (26)

δκω = −7
8
(5 cos2i− 1)

δa

a
+ e(5 cos2i− 1)δe− 5

4
sin(2i) δi (27)

δκM = −7
8
η(3 cos2i− 1)

δa

a
+

3
4
e(3 cos2i− 1)δe− 3

4
η sin(2i) δi (28)

If the chief orbit is near circular, then all terms containing e are dropped leading to the
simplified term: (

E(f)− e η sinf

(1 + e cosf)

)∣∣∣∣f
f0

≈ (f − f0) (29)

and the expressions:

δκΩ =
7
4

cos i
δa

a
+

1
2

sin i δi (30)

δκω = −7
8
(5 cos2i− 1)

δa

a
− 5

4
sin(2i) δi (31)

δκM = −7
8
η(3 cos2i− 1)

δa

a
− 3

4
η sin(2i) δi (32)
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Note that this elegant analytical solution to the orbit element differences δe(f) is only
possible since for the mean motion the δė2(t) rates only depend on the constant mean e1

and δe1 parameters. When computing the δe′2(f) rates the expressions do depend on the
independent variable f , but are still analytically integrable. In comparison, to find the
osculating linearized relative motion, it is necessary to numerical integrate the 12 orbit
element differential equations e′(f) and e′d(f) for the chief and deputy satellites to obtain
the required δe(f) values.

DRIFT DUE TO ATMOSPHERIC DRAG

In LEO the rare atmospheric drag can still have a noticeable effect on the spacecraft
orbits. The dominant effects are a circularizing behavior of the orbit geometry and a loss
of orbit energy (semi-major axis becomes smaller). Let ρ be the local atmospheric density,
Cd the coefficient of drag, A be the projected cross-sectional area, and m be the spacecraft
mass. Let the coefficient B be defined through

B =
(

A

m

)
Cd (33)

Using a form of Gauss’ variational equations, the atmospheric drag effect on the orbital
elements can be written as19,20

da

dt
= −B ρ

v3

an2
(34a)

de

dt
= −B ρ(e + cosf)v (34b)

di

dt
= 0 (34c)

dΩ
dt

= 0 (34d)

dω

dt
= −B ρ

sinf

e
v (34e)

dM0

dt
=

b

ae
B ρ

(
1 + e2 r

p

)
sinf v (34f)

where the current velocity magnitude v is written in terms of the true anomaly angle f as

v =
h

p

√
1 + 2e cosf + e2 (35)

and the density ρ(f) will be altitude dependent. Note that neither the inclination angle i
nor the ascending node Ω are influenced by this atmospheric drag model.

As written, numerically solving these heavily coupled differential equations requires solv-
ing Kepler’s equation at each time step. By multiplying the differential equation ė = de/dt
in Eq. (34) by dt/df , given in Eq. (35), we are able to rewrite the orbit element differen-
tial equations with respect to f as e′ = de/df . Numerically solving e′ and using the true
anomaly as the independent variable avoids having to solve Kepler’s equation at each time
step. To determine the required δe(f) states, the 12 differential equations for the chief

12



and deputy satellite are first numerically integrated and then differenced. Note that by
numerically solving each satellite orbit element differential equations, it is possible for each
satellite to have different cross-sectional areas A, mass m, or coefficient of drag Cd.

Next, let us develop first order differential equations δė(t) which directly approximate
how the orbit element differences δe(t) will evolve. Taking the first variation of Eq. (34a),
small variations in the semi-major axis δa will evolve through

δȧ =
∂ȧ

∂a
δa +

∂ȧ

∂e
δe +

∂ȧ

∂f
δf +

∂ȧ

∂B
δB (36)

where the term δB captures differences in the satellites coefficients of drag Cdi
, cross-

sectional areas Ai, and masses mi. Since the relative orbit is described in terms of a mean
anomaly difference δM and not a true anomaly difference δf , Kepler’s equations is used to
find a relationship between δf in terms of δM and δe.

δf =
(1 + e cosf)2

η3
δM +

sinf

η2
(2 + e cosf)δe (37)

The procedure outlined in Eqs. (36) and (37) is repeated for the remaining non-zero drag
induced orbit element drift equations. Their final form is written as

δȧ
δė
δω̇

δṀ0

 =


Ka/a Ka/e Ka/M Ka/B

Ke/a Ke/e Ke/M Ke/B

Kω/a Kω/e Kω/M Kω/B

KM/a KM/e KM/M KM/B


︸ ︷︷ ︸

[K]


δa
δe

δM0

δB

 (38)

with the [K] matrix element defined as

Ka/a = −Bρa

2µ
v3 (39a)

Ka/e = −3Bρ
a3

r2
cosf v (39b)

Ka/M = 3Bρ
a3

r2

e

η
sinf v (39c)

Ka/B = − ρ

aη2
v3 (39d)

Ke/a =
Bρ

2a
(e + cosf)v (39e)

Ke/e = − Bρµ

8aη4v

(
4 + e2 − 8e4 + e(26− 12e2) cosf

+ (12 + 20e2) cos(2f) + (14e + 4e3) cos(3f) + 3e2 cos(4f)
) (39f)

Ke/M =
Bρµa

ηvr2
(1 + 2e2 + 3e cosf) sinf (39g)

Ke/B = −ρ(e + cosf)v (39h)

Kω/a =
Bρ

2ae
sinfv (39i)

13



Kω/e = −Bρµ sinf

4ae2η4v

(
− 4 + 14e2 + 6e4 + e(4 + 25e2) cosf

+ 2e2(7 + e2) cos(2f) + 3e3 cos(3f)
) (39j)

Kω/M = −Bρµa

2er2v

(
e + 2(1 + e2) cosf + 3e cos(2f)

)
(39k)

Kω/B = −ρ
sinf

e
v (39l)

KM/a = −Bρvr

2a2eη

(
1 + e2 + e cosf

)
sinf (39m)

KM/e =
Bρµ sinf

4ae2η3v

(
− 4 + 14e2 + 8e4 + e(4 + 29e2) cosf

+ 2e2(7 + 2e2) cos(2f) + 3e3 cos(3f)
) (39n)

KM/M =
Bρµ

8aeη4v

(
e(12 + 25e2 + 8e4) + 2(4 + 21e2 + 14e4) cosf

+ 4e(5 + 7e2) cos(2f) + 2e2(7 + 2e2) cos(3f) + 3e3 cos(4f)
) (39o)

Note that the [K] matrix elements depend on the chief orbit elements ė. This means that
the δė and the ė differential equations must be solved simultaneously for the most general
case. Multiplying Eq. (39) by the dt/df expression in Eq. (13) allows us to numerically
solve δe′ and avoid solving Kepler’s equation at each time step. However, note that no
compact analytical solution of δe′(f) has been found for this atmospheric drag case. When
studying the gravitational J2 perturbation, it was possible to write the secular drift in
terms of mean orbit elements which did not explicitly depend on the true anomaly f . With
the atmospheric drag differential equations δe′(f) the integration parameter f appears in
complex functions. Thus, while the difference equations in Eq. (39) can be of analytical
interest, to obtain the relative orbit motion using the orbit element difference description
of Eq. (6), certain differential equations must be solved. Instead of using the approximate
δe′(f) differential equations along with the chief orbit ė(f) differential equations, it is
recommended to numerically solve the general differential equations e′(f) = ė(t) dt

df for both
the chief and deputy satellites and to compute the desired orbit elements differences through
δe(f) = ed(f)− e(f).

NUMERICAL EXAMPLES

The following numerical simulations illustrate the relative motion approximation in Eqs. (6)
with non-constant orbit element differences. Let the chief orbit be given by the orbit ele-
ments shown in Table 1.

The orbit element difference sets which define the relative orbits for either case are given
in Table 2. Parameter set 1 is defines the relative orbit for the Keplerian motion case, while
parameter set 2 defines the mean element space relative orbit for the J2 perturbation case.

The first simulation assumes Keplerian motion. However, the orbit element difference set
1 contains a non-zero δa value which will cause a non-zero mean anomaly drift δM ′. The
second simulation shows how the orbit element differences will evolve in mean element space
under the influence of the J2 gravitational perturbation. For the relative orbits studied, the
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Table 1: Chief Orbit Elements

Orbit Elements Value Units
a 7555 km
e 0.13
i 48.0 deg
Ω 20.0 deg
ω 10.0 deg

M0 0.0 deg

Table 2: Orbit Element Differences Defining the Spacecraft Formation Geometry

Orbit Elements Value Set 1 Value Set 2 Units
δa 0.1 0.01 km
δe 0.00095316 0.001
δi 0.0060 -0.010 deg
δΩ 0.100 0.100 deg
δω 0.100 0.100 deg

δM0 -0.100 -0.100 deg

ratio ρ/r is about 0.003. The chief orbit eccentricity of 0.13 is noticeably larger than this.
The results of both the general orbit element drift predictions and the small-eccentricity
orbit element drift predictions are compared to the true nonlinear orbit element difference
evolution.

Figure 2 compares the mean anomaly drift approximations of Eq. (16) (solid line) and
Eq. (18) (dashed line) to the true nonlinear solution. On the scale shown, both mean
anomaly difference predictions are virtually identical. Figure 2(b) presents the drift ap-
proximations errors on a logarithmic scale over 8 orbits. While the small eccentricity ap-
proximation does yield noticeably worse predictions, over a few orbits these errors are all
still very small in magnitude. The corresponding relative orbit is illustrated in Figure 3(a).

Figure 4 compares the mean element drift approximations for the second case which
includes the J2 perturbation. The solid line illustrates the solution for generally eccentric
orbits, while the dashed line shows the linear eccentricity solution. The linear eccentricity
case does provide worse δe(f) predictions, as expected. However, despite the relatively
large chief eccentricity e, these errors are still rather small over a few orbit periods. The
corresponding relative orbit is illustrated in Figure 3(b).

CONCLUDING REMARKS

Analytical solutions are presented for the linearized relative orbit problem including sec-
ular drift for the case of general Keplerian orbits and the case of studying the mean motion
under the J2 gravitational perturbation. This development extends the orbit element differ-
ence description to include these cases of time-dependent orbit elements and orbit element
differences. If no analytical solution is available, such as is the case with the atmospheric
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Figure 2: Orbit Element Difference Drift Predictions for the Parameter Set 1
with Keplerian Orbits.

drag case, then the chief orbit elements and the relative orbit element differences will need
to be numerically integrated. For general perturbations the orbit element difference de-
scription studied is still valid, but does not provide an analytical solution to the linearized
relative orbit motion.
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