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BACKSUBSTITUTION METHOD FOR PRESCRIBED MOTION
ACTUATORS WITH ATTACHED DYNAMIC SUB-COMPONENTS

Leah Kiner* and Hanspeter Schaub†

Spacecraft systems can range from simple and compact designs to large and com-
plex multi-body structures. For space missions with strict performance require-
ments and science objectives, spacecraft often contain intricate articulated com-
ponents which can flex depending on the overall system dynamics. Simulation of
these types of complex spacecraft systems is crucial to ensure mission success,
however this nontrivial task becomes increasingly more difficult as the spacecraft
system grows in size and complexity. Previous work used the backsubstitution
method to separately develop the dynamics for N chained translational, rotational,
and prescribed rigid bodies connected to a central rigid hub. This work expands
upon prior work using the backsubstitution method to formulate the system dy-
namics for single and dual-axis rotating rigid bodies connected to a kinematically
prescribed spacecraft component. These new developments enables a wide va-
riety of previously impossible forking spacecraft configurations to be simulated
using the backsubstitution method. A multi-body spacecraft simulation is shown
to demonstrate the applicability of the derived dynamics and the hub response to
the system dynamics is studied. The resulting equations of motion are verified in
the appendix for both rotating rigid body derivations.

INTRODUCTION

Spacecraft simulations are critical for the success of space missions. Especially for missions
that require large, complex multi-body spacecraft structures, it is crucial that simulations are rep-
resentative of the true system dynamics. For example, the football-field-sized International Space
Station contains a massive articulated main truss that other large components such as the space sta-
tion remote manipulator system, solar panels, and experimental modules are attached to.1 The Lucy
mission ambitiously deployed two large 7.3 meter diameter flexible-substrate solar arrays using a
motor-driven lanyard,2, 3 a design that will also be utilized by the Emirates Mission to the Asteroid
Belt.4–6 Similarly, the DART binary asteroid impact mission was the first of its kind to demonstrate
roll-out solar array (ROSA) technology.2, 7, 8 Missions to understand the evolution and environment
of our neighboring planet Mars led to a plethora of advancements in robotic manipulator systems.
The InSight Mars Lander was the first mission to study the interior structure of Mars, relying on a
complex robotic Instrument Deployment System (IDS) containing an Instrument Deployment Arm
(IDA), scoop, five finger ”claw” grapple, motor controller, and several cameras to execute the sci-
entific goals of the mission.9 The Mars Science Laboratory (MSL) Curiosity rover uses a five-joint
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five degree-of-freedom robotic arm driven by brushless DC motors for sample acquisition, process-
ing, and delivery and to position the other scientific instruments relative to the Martian surface.10, 11

None of these ambitious missions would have been possible without incredible simulation develop-
ments for these complex spacecraft systems.

There are many different methods that can be used to derive the equations of motion for complex
spacecraft systems, some of which include Newtonian mechanics, Eulerian mechanics, Lagrangian
mechanics and Kane’s method.12, 13 Newtonian and Eulerian mechanics are used in this work.
This approach enables seamless integration with the Basilisk * astrodynamics simulation software
which leverages the backsubstitution method14–19 in order to maintain computational efficiency,
modularity, and scalability of spacecraft simulations. This derivation approach is beneficial in that
the resulting equations of motion are completely general and therefore can be applied to a wide
range of spacecraft configurations.

The backsubstitution method is discussed in detail in Refs. [14] and [16]. The foundation of
this method is the assumption of hub-centric spacecraft configurations, where all of the system
bodies such as solar panels, thrusters, and antennae are attached to a central rigid core component.
This assumption leads to significant computational efficiency through the unique structure of the
system mass matrix for these design configurations. Deriving and back-substituting the attached
component accelerations into the hub dynamics achieves a significant speed reduction because the
entire system mass matrix no longer needs to be inverted. Only two 3 × 3 matrix inversions are
required,14 which drastically reduces the computational load.17 For chains of rigid bodies attached
to the hub and particularly forking configurations, it becomes nontrivial to derive the equations
of motion for these systems because the dynamics of the entire multi-body structure connected
to the hub must be derived separately and organized into the backsubstitution method. While this
assumption limits the possible spacecraft design space, it ultimately encompasses a sufficiently wide
spectrum of allowable spacecraft designs as has proven to adequately support several interplanetary
space missions.

Prior work using the backsubstitution method has developed the equations of motion for a va-
riety of components attached to a spacecraft hub including single-hinged solar panels,20 reaction
wheels,21 control moment gyroscopes,22 multi-panel solar arrays with repeated hinge axes, and lin-
ear and spherical fuel mass particles.23 The most relevant work to the contributions of this paper is
the more recent work by Carneiro et al., who developed formulations to simulate chains of both se-
quentially rotating rigid bodies and chains of translating rigid bodies attached to the rigid spacecraft
hub.18, 24, 25

Table (1) presents the previously studied spacecraft configurations that are directly relevant to
and form the basis for the contributions in this paper. Building upon these previous developments
using the backsubstitution method, the single-axis and dual-axis spinner derivations in Ref. [18] are
modified for attachment to prescribed motion components whose dynamics are individually derived
in Ref. [19]. This work combines the dynamics of the hub and prescribed motion component system
with the dynamics of the hub and rotating rigid body systems. These contributions are illustrated
in Table (2), where the prescribed motion component is wedged between the spacecraft hub and
spinning body systems. Not only does this work derive the dynamics for these new systems and
formulate the results using the backsubstitution method, but this work also manipulates the results
and groups the coupling contributions arising from these chained configurations compared to the
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Table 1. Backsubstitution formulation simulation capabilities.

System Illustration Ref.

Hub + single-axis
rotating rigid body
(1-DOF spinner)

<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S

<latexit sha1_base64="0JYDAyG74tUJaTrY+oUtAQoY2UU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcuK9gHToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4Nvc7T1RpJsWjmSQ0iPFQsIgRbKzk92JsRgTz7GHar9bcujsDWiZeQWpQoNmvfvUGkqQxFYZwrLXvuYkJMqwMI5xOK71U0wSTMR5S31KBY6qDbBZ5ik6sMkCRVPYJg2bq740Mx1pP4tBO5hH1opeL/3l+aqLrIGMiSQ0VZP5RlHJkJMrvRwOmKDF8YgkmitmsiIywwsTYliq2BG/x5GXSPqt7l/WL+/Na46aoowxHcAyn4MEVNOAOmtACAhKe4RXeHOO8OO/Ox3y05BQ7h/AHzucPjuiRcw==</latexit>S <latexit sha1_base64="KcFfPB7e6sZmBE4UkxgZKBLQmZg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVZqNPqsX664VXcO8pd4OalAjnq//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxYZUDCWNmShszVnxMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy//Ja2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAOTWAwhCd4gVdHOM/Om/O+aC04+cwh/ILz8Q0iWo23</latexit>

Sc

[18]

Hub + dual-axis
rotating rigid body
(2-DOF spinner)

<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S

<latexit sha1_base64="0JYDAyG74tUJaTrY+oUtAQoY2UU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcuK9gHToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4Nvc7T1RpJsWjmSQ0iPFQsIgRbKzk92JsRgTz7GHar9bcujsDWiZeQWpQoNmvfvUGkqQxFYZwrLXvuYkJMqwMI5xOK71U0wSTMR5S31KBY6qDbBZ5ik6sMkCRVPYJg2bq740Mx1pP4tBO5hH1opeL/3l+aqLrIGMiSQ0VZP5RlHJkJMrvRwOmKDF8YgkmitmsiIywwsTYliq2BG/x5GXSPqt7l/WL+/Na46aoowxHcAyn4MEVNOAOmtACAhKe4RXeHOO8OO/Ox3y05BQ7h/AHzucPjuiRcw==</latexit>S <latexit sha1_base64="KcFfPB7e6sZmBE4UkxgZKBLQmZg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVZqNPqsX664VXcO8pd4OalAjnq//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxYZUDCWNmShszVnxMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy//Ja2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAOTWAwhCd4gVdHOM/Om/O+aC04+cwh/ILz8Q0iWo23</latexit>

Sc

<latexit sha1_base64="QggXLqIOGFhmhRt74YfvYVEqDbA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPRi0eI8khgQ2aHBkZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7sriAXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFqBVSj4BLrhhuBrVghDQOBzWB0O/WbT6g0j+SDGcfoh3QgeZ8zaqxUu+8WS27ZnYEsEy8jJchQ7Ra/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/ODp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPSv/ZTLODEo2XxRPxHERGT6NelxhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxlnZuyxf1M5LlZssjjwcwTGcggdXUIE7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALFljOE=</latexit>

S

<latexit sha1_base64="0JYDAyG74tUJaTrY+oUtAQoY2UU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcuK9gHToWTSTBuaSYYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JE860cd1vp7Syura+Ud6sbG3v7O5V9w/aWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4Nvc7T1RpJsWjmSQ0iPFQsIgRbKzk92JsRgTz7GHar9bcujsDWiZeQWpQoNmvfvUGkqQxFYZwrLXvuYkJMqwMI5xOK71U0wSTMR5S31KBY6qDbBZ5ik6sMkCRVPYJg2bq740Mx1pP4tBO5hH1opeL/3l+aqLrIGMiSQ0VZP5RlHJkJMrvRwOmKDF8YgkmitmsiIywwsTYliq2BG/x5GXSPqt7l/WL+/Na46aoowxHcAyn4MEVNOAOmtACAhKe4RXeHOO8OO/Ox3y05BQ7h/AHzucPjuiRcw==</latexit>S
<latexit sha1_base64="KcFfPB7e6sZmBE4UkxgZKBLQmZg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVZqNPqsX664VXcO8pd4OalAjnq//NkbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxYZUDCWNmShszVnxMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy//Ja2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAOTWAwhCd4gVdHOM/Om/O+aC04+cwh/ILz8Q0iWo23</latexit>

Sc

[18]

Hub + N prescribed
motion components

<latexit sha1_base64="/PToNjQHm4plXQzq1ds4USeUPgI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ73HeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEdyI20</latexit>

Pc
<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P

<latexit sha1_base64="Ku2wBAE78NMOliybGeQ9yrVkz2I=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6cVnB2kIaymQ6bYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSgQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ETFMcMlayFGwTqIZiSPB2tH4NvfbT0wbruQDThIWxmQo+YBTglYKujHBESUia0571ZpX92Zwl4lfkBoUaPaqX92+omnMJFJBjAl8L8EwIxo5FWxa6aaGJYSOyZAFlkoSMxNms8hT98QqfXegtH0S3Zn6eyMjsTGTOLKTeUSz6OXif16Q4uA6zLhMUmSSzj8apMJF5eb3u32uGUUxsYRQzW1Wl46IJhRtSxVbgr948jJ5PKv7l/WL+/Na46aoowxHcAyn4MMVNOAOmtACCgqe4RXeHHRenHfnYz5acoqdQ/gD5/MHilmRcA==</latexit>P
<latexit sha1_base64="/PToNjQHm4plXQzq1ds4USeUPgI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ73HeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEdyI20</latexit>

Pc
<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P

<latexit sha1_base64="Ku2wBAE78NMOliybGeQ9yrVkz2I=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6cVnB2kIaymQ6bYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSgQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ETFMcMlayFGwTqIZiSPB2tH4NvfbT0wbruQDThIWxmQo+YBTglYKujHBESUia0571ZpX92Zwl4lfkBoUaPaqX92+omnMJFJBjAl8L8EwIxo5FWxa6aaGJYSOyZAFlkoSMxNms8hT98QqfXegtH0S3Zn6eyMjsTGTOLKTeUSz6OXif16Q4uA6zLhMUmSSzj8apMJF5eb3u32uGUUxsYRQzW1Wl46IJhRtSxVbgr948jJ5PKv7l/WL+/Na46aoowxHcAyn4MMVNOAOmtACCgqe4RXeHHRenHfnYz5acoqdQ/gD5/MHilmRcA==</latexit>P

<latexit sha1_base64="/PToNjQHm4plXQzq1ds4USeUPgI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ73HeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEdyI20</latexit>

Pc

<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P

<latexit sha1_base64="Ku2wBAE78NMOliybGeQ9yrVkz2I=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6cVnB2kIaymQ6bYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSgQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ETFMcMlayFGwTqIZiSPB2tH4NvfbT0wbruQDThIWxmQo+YBTglYKujHBESUia0571ZpX92Zwl4lfkBoUaPaqX92+omnMJFJBjAl8L8EwIxo5FWxa6aaGJYSOyZAFlkoSMxNms8hT98QqfXegtH0S3Zn6eyMjsTGTOLKTeUSz6OXif16Q4uA6zLhMUmSSzj8apMJF5eb3u32uGUUxsYRQzW1Wl46IJhRtSxVbgr948jJ5PKv7l/WL+/Na46aoowxHcAyn4MMVNOAOmtACCgqe4RXeHHRenHfnYz5acoqdQ/gD5/MHilmRcA==</latexit>P

[19]

original hub-connected design derivations. The contributions of this work enable novel simulation
of new forked configurations that were not previously possible using the backsubstitution method.
Specifically, this work enables simulation of branching systems relative to the prescribed motion
component, where previously branching was only possible relative to the spacecraft hub.

Table 2. Contributions of this work.

System Illustration

Hub + prescribed
motion component
+ 1-DOF spinner
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The first section of this paper derives the general equations of motion for a three-body chained
spacecraft system containing a rigid hub, prescribed motion component and a single general sub-
component. The results are completely general and serve as the foundation of this work. The
developed equations are used in the second section as the starting point in developing the dynamics
for the three-body chained system containing a single-axis rotating rigid body. The third section of
this paper derives the dynamics for the same system with a dual-axis spinner rather than a single-axis
spinner. Although not shown, the derivation for the dual-axis spinner system requires re-derivation
of the general chained system dynamics with two general rigid bodies attached sequentially to the
prescribed component. This is because the second set of general equations contains additional
coupling terms between the two general rigid bodies. The following section presents a multi-body
spacecraft simulation scenario using the new dual-axis formulation. The concluding remarks are
offered in the final section of this paper. The equations of motion for the single and dual-axis
spinner chained systems are verified using conservation principles in the appendix.

PRESCRIBED MOTION WITH ATTACHED GENERAL RIGID BODY DYNAMICS

This section derives the equations of motion for a three-body general chained system containing
a general rigid body attached to a prescribed motion component. This derivation is used as the
starting point to establish the equations of motion for the single-axis chained system in Sec. 2. Note
that although the derivation in this section only considers a single general rigid body attached to the
prescribed motion component, Sec. 3 requires a similar derivation where two general rigid bodies
are attached sequentially to the prescribed motion component.

Problem Statement

Figure (1) illustrates the multi-body chained system of interest for the derivation in this section.
The chained system includes a rigid hub (gray), a prescribed motion component (green), and a
general rigid body with six degrees of freedom (blue). Note that while a single chain is shown, the
derivation applies for N chained connections to the rigid hub.

N

Bc

C

c
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Figure 1. Problem statement for the general chained system.

Five reference frames are required to derive system dynamics. First, an inertial frame indicated
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by N : {N, n̂1, n̂2, n̂3} is used as the base of reference for the dynamics. The motion of the
rigid hub is described using the frame B : {B, b̂1, b̂2, b̂3}, while the motion of the prescribed
and spinning body are defined using the frames P : {P, p̂1, p̂2, p̂3} and S : {S, ŝ1, ŝ2, ŝ3}, re-
spectively. The prescribed body motion is profiled relative to a hub-fixed mount frame given by
M : {M, m̂1, m̂2, m̂3}. This frame is introduced as a matter of kinematic convenience for devel-
opment of the prescribed motion. The origin points of these frames are given by N,B,M,P, and S,
respectively. The masses of the system bodies are defined as mhub,mP, and mS. Finally, the center
of mass points of each body are indicated by Bc, Pc, and Sc.

The translational and rotational states required to profile the prescribed component motion are
given by rP/M , r

′

P/M , r
′′

P/M ,σP/M,ωP/M and ω
′

P/M. The right
′

superscript indicates a hub B
frame-relative time derivative. Modified Rodriguez Parameter attitude coordinates12 are selected to
express the relative orientations between reference frames.

System Translational Equations of Motion

The spacecraft hub translational equations of motion define the first three system degrees of
freedom. These equations are derived starting from Newton’s Second Law for the spacecraft center
of mass12

mscr̈C/N = mscc̈+mscr̈B/N = Fext (1)

where msc is the total mass of the spacecraft system, msc = mhub +mP +mS, and Fext is the sum
of all external forces acting on the system. Note that because the hub equations of motion are of
interest for this formulation, the acceleration of the hub frame origin point B must be defined. First,
the transport theorem12 is used to relate the hub-relative derivative of the center of mass vector to
its inertial time derivative

ċ = c
′
+ ωB/N × c (2)

c̈ = c
′′
+ 2ωB/N × c

′
+ ω̇B/N × c+ ωB/N × ωB/N × c (3)

The system center of mass vector is defined using the mass contributions from all of the system
bodies

c =
mhubrBc/B +mPrPc/B +mSrSc/B

msc
(4)

The hub-relative velocity of the center of mass vector is

c
′
=

mPr
′

Pc/B
+mSr

′

Sc/B

msc
(5)

where using the transport theorem yields

r
′

Pc/B
= r

′

Pc/P
+ r

′

P/M + r
′

M/B = ωP/B × rPc/P + r
′

P/M (6)

r
′

Sc/B
= r

′

Sc/P
+ r

′

P/B =
Pd
dt

rSc/P + ωP/B × rSc/P + r
′

P/B (7)

Similarly, the hub-relative acceleration of the center of mass vector is

c
′′
=

mPr
′′

Pc/B
+mSr

′′

Sc/B

msc
(8)
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where

r
′′

Pc/B
= ω

′

P/B × rPc/P + ωP/B × r
′

Pc/P
+ r

′′

P/B

=
(
[ω̃

′

P/B] + [ω̃P/B]
2
)
rPc/P + r

′′

P/B (9)

r
′′

Sc/B
=

Pd2

dt2
rSc/P + 2[ω̃P/B]

Pd
dt

rSc/P + [ω̃
′

P/B]rSc/P + [ω̃P/B]
2rSc/P + r

′′

P/B

=

Pd2

dt2
rSc/P + 2[ω̃P/B]

Pd
dt

rSc/P +
(
[ω̃

′

P/B] + [ω̃P/B]
2
)
rSc/P + r

′′

P/B (10)

Equations 9 and 10 introduce the matrix cross-product operator, where for an arbitrary vector
v = [v1, v2, v3]

T , the corresponding matrix cross product operator is given by [ṽ]

[ṽ] =

 0 −v3 v2
v3 0 −v1
−v2 v1 0

 (11)

Substituting Eqs. (3) and (8) into Eq. (1) and arranging the terms in the form of the backsubsti-
tution method yields the system translational equations of motion

mscr̈B/N +msc[ ˙̃ωB/N ]c = Fext − 2msc[ω̃B/N ]c
′ −msc[ω̃B/N ]2c−mPr

′′

Pc/B
−mSr

′′

Sc/B
(12)

Note that the equation above does not explicitly reveal the coupling between the general rigid
body and the prescribed body. As written, this equation is equally valid for describing a system
where both bodies are directly attached to the hub. Substituting Eq. (10) into Eq. (12) yields an
expanded form that exposes the coupling terms required to simulate this specific chained system

mscr̈B/N +msc[ ˙̃ωB/N ]c = Fext − 2msc[ω̃B/N ]c
′ −msc[ω̃B/N ]2c

Prescribed and general body contributions

{
−mPr

′′

Pc/B
−mS

Pd2

dt2
rSc/P

Coupling contributions
{
−mS

(
2[ω̃P/B]

Pd
dt

rSc/P +
(
[ω̃

′

P/B] + [ω̃P/B]
2
)
rSc/P + r

′′

P/B

)
(13)

The coupling terms required to simulate the chained system in this work are seen in the third line of
Eq. (13). Indeed, if the prescribed body is removed from the system, Eq. (13) collapses and yields
Eq. (12).

System Rotational Equations of Motion

The spacecraft hub rotational equations of motion describe the three remaining hub degrees of
freedom. The equations are developed by separating the kinematic and kinetic differential equations.
This enables convenient use of the angular velocity vector ωB/N in the kinetic rotational equations
of motion while not limiting the choice of attitude coordinates used to describe the hub kinematic
orientation. The derivation begins by applying Euler’s equation to the case where the spacecraft
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angular momentum is expressed about a hub-fixed point not coincident with the system center of
mass:12

Ḣsc,B = LB +mscr̈B/N × c (14)

where Hsc,B is the inertial angular momentum of the spacecraft system about point B and LB is
the total external torque acting on the system about point B. First, the system angular momentum
about point B is

Hsc,B = Hhub,B +HP,B +HS,B = ([Ihub,B] + [IP,B] + [IS,B])ωB/N

+ [IP,Pc ]ωP/B +mP[r̃Pc/B]r
′

Pc/B

+ [IS,Sc ]ωS/B +mS[r̃Sc/B]r
′

Sc/B
(15)

where [Ihub,B], [IP,B], and [IS,B] are the hub, prescribed, and general body inertia tensors about
point B. [IP,Pc ] and [IS,Sc ] are the prescribed and general body inertia tensors about their centers of
mass. Combining all inertia tensors about point B yields the total spacecraft inertia about point B

[Isc,B] = [Ihub,B] + [IP,B] + [IS,B] (16)

Equation (15) becomes:

Hsc,B = [Isc,B]ωB/N + [IP,Pc ]ωP/B +mP[r̃Pc/B]r
′

Pc/B

+ [IS,Sc ]ωS/B +mS[r̃Sc/B]r
′

Sc/B
(17)

Next, the inertial time derivative of the total spacecraft angular momentum is expressed using the
transport theorem as

Ḣsc,B = H
′
sc,B + [ω̃B/N ][Isc,B]ωB/N

+
(
[ω̃B/N ][IP,Pc ]ωP/B +mP[ω̃B/N ][r̃Pc/B]r

′

Pc/B

)
+
(
[ω̃B/N ][IS,Sc ]ωS/B +mS[ω̃B/N ][r̃Sc/B]r

′

Sc/B

)
(18)

The B frame time derivative of the system angular momentum is

H
′
sc,B = [I

′
sc,B]ωB/N + [Isc,B]ω̇B/N

+
(
[I

′
P,Pc

]ωP/B + [IP,Pc ]ω
′

P/B +mP[r̃Pc/B]r
′′

Pc/B

)
+
(
[I

′
S,Sc

]ωS/B + [IS,Sc ]ω
′

S/B +mS[r̃Sc/B]r
′′

Sc/B

)
(19)

Using the rigid body assumption for the hub and the parallel axis theorem to express the sub-
component inertias about point B yields the B frame derivative of the spacecraft inertia tensor

[I
′
sc,B] = [I

′
P,B] + [I

′
S,B] =

(
[I

′
P,Pc

] +mP

(
[r̃

′

Pc/B
][r̃Pc/B]

T + [r̃Pc/B][r̃
′

Pc/B
]T
))

+
(
[I

′
S,Sc

] +mS

(
[r̃

′

Sc/B
][r̃Sc/B]

T + [r̃Sc/B][r̃
′

Sc/B
]T
))

(20)

The inertia transport theorem26 is used to express the sub-component inertias about their centers of
mass

[I
′
P,Pc

] = [ω̃P/B][IP,Pc ]− [IP,Pc ][ω̃P/B] (21)
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[I
′
S,Sc

] = [ω̃S/B][IS,Sc ]− [IS,Sc ][ω̃S/B] (22)

Equation (20) becomes

[I
′
sc,B] =

(
[ω̃P/B][IP,Pc ]− [IP,Pc ][ω̃P/B] +mP

(
[r̃

′

Pc/B
][r̃Pc/B]

T + [r̃Pc/B][r̃
′

Pc/B
]T
))

+
(
[ω̃S/B][IS,Sc ]− [IS,Sc ][ω̃S/B] +mS

(
[r̃

′

Sc/B
][r̃Sc/B]

T + [r̃Sc/B][r̃
′

Sc/B
]T
))

(23)

Combining these results and arranging the terms in the form of the backsubstitution method yields
the system rotational equations of motion

msc[c̃]r̈B/N + [Isc,B]ω̇B/N = LB −
(
[I

′
sc,B] + [ω̃B/N ][Isc,B]

)
ωB/N

−
(
[I

′
P,Pc

]ωP/B + [IP,Pc ]ω
′

P/B +mP[r̃Pc/B]r
′′

Pc/B

)
−
(
[I

′
S,Sc

]ωS/B + [IS,Sc ]ω
′

S/B +mS[r̃Sc/B]r
′′

Sc/B

)
−
(
[ω̃B/N ][IP,Pc ]ωP/B +mP[ω̃B/N ][r̃Pc/B]r

′

Pc/B

)
−
(
[ω̃B/N ][IS,Sc ]ωS/B +mS[ω̃B/N ][r̃Sc/B]r

′

Sc/B

)
(24)

Similar to the translational equations of motion, note that Eq. (24) does not explicitly reveal the
coupling terms associated with the chain of bodies studied in this work. The expanded translational
terms are given in Eqs. (7) and (10). The following terms must also be expanded to expose the
coupling terms:

ωB/N = ωP/N − ωP/B (25)

ωS/B = ωS/P + ωP/B (26)

ω
′

S/B =
Pd
dt

ωS/P + ω
′

P/B (27)

[I
′
S,Sc

] =
Pd
dt

[IS,Sc ] + [ω̃P/B][IS,Sc ]− [IS,Sc ][ω̃P/B] (28)

Substituting these results into the system rotational equations of motion yields the final expanded
form

msc[c̃]r̈B/N + [Isc,B]ω̇B/N = LB −
(
[I

′
sc,B] + [ω̃B/N ][Isc,B]

)
ωB/N

Prescribed contributions

−
(
[I

′
P,Pc

]ωP/B + [IP,Pc ]ω
′

P/B +mP[r̃Pc/B]r
′′

Pc/B

)
−
(
[ω̃B/N ][IP,Pc ]ωP/B +mP[ω̃B/N ][r̃Pc/B]r

′

Pc/B

)

General body contributions


−
(

Pd
dt

[IS,Sc ]ωS/P + [IS,Sc ]
Pd
dt

ωS/P +mS[r̃Sc/P ]

Pd2

dt2
rSc/P

)
−
(
[ω̃P/N ][IS,Sc ]ωS/P +mS[ω̃P/N ][r̃Sc/P ]

Pd
dt

rSc/P

)
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Coupling contributions



−
Pd
dt

[IS,Sc ]ωP/B −
(
[ω̃P/B][IS,Sc ]− [IS,Sc ][ω̃P/B]

)
− [IS,Sc ]

(
[ω̃P/B]ωS/P + ω′

P/B

)
+ [ω̃P/B][IS,Sc ]ωS/B

− [ω̃P/N ][IS,Sc ]ωP/B −mS[r̃P/B]

Pd2

dt2
rSc/P

−mS[r̃S/B]

(
2[ω̃P/B]

Pd
dt

rSc/P +
(
[ω̃′

P/B] + [ω̃P/B]
2
)
rSc/P + r′′P/B

)
−mS[ω̃P/N ][r̃Sc/P ]

(
[ω̃P/B]rSc/P + r

′

P/B

)
−mS[ω̃P/N ][r̃P/B]

(Pd
dt

rSc/P + [ω̃P/B]rSc/P + r
′

P/B

)
+mS[ω̃P/B][r̃Sc/B]

(Pd
dt

rSc/P + [ω̃P/B]rSc/P + r
′

P/B

)
(29)

The coupling terms required to simulate the chained system in this work are grouped at the end of
Eq. (29). Indeed, if the prescribed body is removed from the system, Eq. (29) collapses and yields
Eq. (24).

PRESCRIBED MOTION WITH ATTACHED SINGLE-AXIS ROTATING RIGID BODY DY-
NAMICS

This section derives the equations of motion for a three-body chained spacecraft system consist-
ing of a rigid hub, prescribed motion component, and an attached single-axis rotating rigid body.
Building upon previous work which derives the dynamics for a single-axis rotating rigid body di-
rectly attached to a rigid hub,18 this section expands the existing derivation to include a prescribed
motion actuator component.

Problem Statement

This section develops the equations of motion for the multi-body chained spacecraft system illus-
trated in Fig. (2). The chained system includes a rigid hub (gray), a prescribed motion component
(green), and a single-axis rotating rigid body with one degrees of freedom (blue). Note that while a
single chain is shown, the derivation applies for N chained connections to the rigid hub. The frame
definitions and parameters are identical as described in Sec. 1. The spin axis for the rotating body
is given by ŝ.

System Translational Equations of Motion

The system translational equations of motion derivation begins from the general result given by
Eq. (13) in Sec. 1. This equation is valid for any type of rigid body attached to the prescribed motion
component. Using this general expression as the starting point for the single-axis spinner consid-
ered in this section, note that the general translational acceleration term relative to the prescribed
component can be simplified for a single-axis rotating rigid body as

Pd2

dt2
rSc/P = −[r̃Sc/S ]θ̈ŝ+ [ω̃S/P ]

Pd
dt

rSc/S (30)
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Figure 2. Problem statement for the single-axis chained system.

Substituting Eq. (30) into Eq. (13) gives the translational equations of motion for the chained
system of interest in this section

mscr̈B/N +msc[ ˙̃ωB/N ]c−mS[r̃Sc/S ]θ̈ŝ

= Fext − 2msc[ω̃B/N ]c
′ −msc[ω̃B/N ]2c

Prescribed contribution
{
−mPr

′′

Pc/B

Spinner contribution
{
−mS[ω̃S/P ]

Pd
dt

rSc/S

Coupling contributions
{
−mS

(
2[ω̃P/B]

Pd
dt

rSc/P +
(
[ω̃

′

P/B] + [ω̃P/B]
2
)
rSc/P + r

′′

P/B

)
(31)

Note the three groups on right-hand of Eq. (31). The first two groups indicate specific terms
contributed by the prescribed and rotating bodies. The third group contains the coupling terms that
result from wedging the prescribed motion component between the hub and spinning body. If the
prescribed component is removed from the system, only the spinner contribution remains. If the
spinner is removed from the system, only the prescribed contributions remain.

System Rotational Equations of Motion

Similarly, the system rotational equations of motion derivation begins from Eq. (29) derived in
Sec. 1. In addition to the translational acceleration given in Eq. (30), the angular acceleration of the
spinning body relative to the prescribed component must be defined

Pd
dt

ωS/P = θ̈ŝ (32)

Substituting the translational and rotational accelerations of the spinning body into Eq. (29) gives
the rotational equations of motion for the single-axis spinner system

msc[c̃]r̈B/N+[Isc,B]ω̇B/N +
(
[IS,Sc ]−mS[r̃Sc/B][r̃Sc/S ]

)
θ̈ŝ
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= LB −
(
[I

′
sc,B] + [ω̃B/N ][Isc,B]

)
ωB/N

Prescribed contributions

−
(
[I

′
P,Pc

]ωP/B + [IP,Pc ]ω
′

P/B +mP[r̃Pc/B]r
′′

Pc/B

)
−
(
[ω̃B/N ][IP,Pc ]ωP/B +mP[ω̃B/N ][r̃Pc/B]r

′

Pc/B

)

Spinner contributions


−
(Pd

dt
[IS,Sc ]ωS/P +mS[r̃Sc/P ][ω̃S/P ]

Pd
dt

rSc/S

)
−
(
[ω̃P/N ][IS,Sc ]ωS/P +mS[ω̃P/N ][r̃Sc/P ]

Pd
dt

rSc/P

)

Coupling contributions



−
Pd
dt

[IS,Sc ]ωP/B −
(
[ω̃P/B][IS,Sc ]− [IS,Sc ][ω̃P/B]

)
− [IS,Sc ]

(
[ω̃P/B]ωS/P + ω′

P/B

)
+ [ω̃P/B][IS,Sc ]ωS/B

− [ω̃P/N ][IS,Sc ]ωP/B −mS[r̃P/B][ω̃S/P ]
Pd
dt

rSc/S

−mS[r̃S/B]

(
2[ω̃P/B]

Pd
dt

rSc/P

+
(
[ω̃′

P/B] + [ω̃P/B]
2
)
rSc/P + r′′P/B

)
−mS[ω̃P/N ][r̃Sc/P ]

(
[ω̃P/B]rSc/P + r

′

P/B

)
−mS[ω̃P/N ][r̃P/B]

(Pd
dt

rSc/P + [ω̃P/B]rSc/P + r
′

P/B

)
+mS[ω̃P/B][r̃Sc/B]

(Pd
dt

rSc/P + [ω̃P/B]rSc/P + r
′

P/B

)

(33)

Again note the three groups on right-hand of Eq. (33). Removing the prescribed component from
the system results in all terms in these groups vanishing except the spinner contributions. Removing
the spinner from the system removes all terms except the prescribed contributions.

Spinning Body Equation of Motion

Equations (31) and (33) describe the six translational and rotational degrees of freedom for the
rigid hub. The equation of motion describing the final system degree of freedom is derived in Ref.
[18] for the single-axis spinner attached directly to the spacecraft hub. For the chained system
considered in this section, a few modifications must be made to the result. Rather than develop
the equation of motion relative to the rigid hub, the spinning body equation of motion is developed
relative to the prescribed component

ŝT [IS,S ]ŝθ̈ =uS −mSŝ
T [r̃Sc/S ]r̈P/N − ŝT

(
[IS,S ]−mS[r̃Sc/S ][r̃S/P ]

)
ω̇P/N

− ŝT [ω̃S/N ][IS,S ]ωS/N − ŝT [IS,S ][ω̃P/N ]ωS/P

−mSŝ
T [ω̃P/N ]ṙS/P (34)
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Backsubstitution Formulation

Expressing the spinning body equation of motion in the form of the backsubstitution method
gives the following result

θ̈ = aθ · r̈P/N + bθ · ω̇P/N + cθ (35)

where

aθ =mS[r̃Sc/S ]ŝ / ŝT [IS,S ]ŝ (36a)

bθ =−
(
[IS,S ]−mS[r̃Sc/S ][r̃S/P ]

)
ŝ / ŝT [IS,S ]ŝ (36b)

cθ =
(
uS − ŝT

(
[ω̃S/N ][IS,S ]ωS/N + [IS,S ][ω̃P/N ]ωS/P

)
+mS[ω̃P/N ]ṙS/P

)
/ ŝT [IS,S ]ŝ

(36c)

The prescribed body inertial accelerations are

r̈P/N = r̈P/B + r̈B/N

= r
′′

P/B + 2[ω̃B/N ]r
′

P/B − [r̃P/B]ω̇B/N + [ω̃B/N ]2rP/B + r̈B/N (37)

ω̇P/N = ω̇P/B + ω̇B/N = ω
′

P/B + [ω̃B/N ]ωP/B (38)

Back-substituting these results into the system equations of motion given by Eqs. (31) and (33)
yields the final form of the system equations of motion.[

[A] [B]
[C] [D]

] [
r̈B/N

ω̇B/N

]
=

[
vtrans
vrot

]
(39)

The matrices are defined as

[A] = msc[I3×3]−mS[r̃Sc/S ]ŝa
T
θ (40)

[B] = −msc[c̃]−mS[r̃Sc/S ]ŝ
(
bTθ − aT

θ [r̃P/B]
)

(41)

[C] = msc[c̃] +
(
[IS,Sc ]−mS[r̃Sc/B][r̃Sc/S ]

)
ŝaT

θ (42)

[D] = [Isc,B] +
(
[IS,Sc ]−mS[r̃Sc/B][r̃Sc/S ]

)
ŝbTθ (43)

The vector components group the remaining terms

vtrans = Fext − 2msc[ω̃B/N ]c
′ −msc[ω̃B/N ]2c

Prescribed contributions
{
−mPr

′′

Pc/B

Spinner contributions
{
−mS[ω̃S/P ]

Pd
dt

rSc/S +mScθ[r̃Sc/S ]ŝ

Coupling contributions

−mS

(
2[ω̃P/B]

Pd
dt

rSc/P + [ω̃
′

P/B]rSc/P + [ω̃P/B]
2rSc/P

+ r
′′

P/B

)
+mS

(
aT
θ r̈P/B + bTθ ω̇P/B

)
[r̃Sc/S ]ŝ

(44)

vrot =LB −
(
[I

′
sc,B] + [ω̃B/N ][Isc,B]

)
ωB/N

12



Prescribed contributions

− [IP,Pc ]ω
′

P/B − [ω̃P/N ][IP,Pc ]ωP/B

−mP

(
[r̃Pc/B]r

′′

Pc/B
+ [ω̃B/N ][r̃Pc/B]r

′

Pc/B

)

Spinner contributions


− [ω̃S/N ][IS,Sc ]ωS/P −mS[ω̃P/N ][r̃Sc/P ]

Pd
dt

rSc/P

−mS[r̃Sc/P ][ω̃S/P ]
Pd
dt

rSc/S − cθ
(
[IS,Sc ]−mS[r̃Sc/P ][r̃Sc/S ]

)
ŝ

Coupling contributions



− [IS,Sc ]
(
[ω̃P/B]ωS/P + ω

′

P/B

)
− [ω̃S/N ][IS,Sc ]ωP/B

−mS[r̃P/B][ω̃S/P ]
Pd
dt

rSc/S

−mS[r̃Sc/B]

(
2[ω̃P/B]

Pd
dt

rSc/P + [ω̃
′

P/B]rSc/P

+ [ω̃P/B]
2rSc/P + r

′′

P/B

)
+mS

(
[ω̃P/B][r̃Sc/B]− [ω̃P/N ][r̃P/B]

) Pd
dt

rSc/P

−mS[ω̃B/N ][r̃Sc/B]
(
[ω̃P/B]rSc/P + r

′

P/B

)
−mScθ[r̃P/B][r̃Sc/S ]ŝ

−
(
[IS,Sc ]−mS[r̃Sc/B][r̃Sc/S ]

)
ŝ
(
aT
θ r̈P/B − bTθ ω̇P/B

)

(45)

Note that if the prescribed body is removed from the final results above, both the prescribed and
coupling contributions vanish and the equations simplify to describe the two-body hub and spinner
system derived in [18]. If the spinner is removed from the system, the equations simplify to the hub
and prescribed component system derived in [19].

PRESCRIBED MOTION WITH ATTACHED DUAL-AXIS ROTATING RIGID BODY DY-
NAMICS

Problem Statement

The problem statement for the chained system with a dual-axis rotating rigid body is illustrated in
Fig. (3). The frame definitions and parameters are identical as described in Sec. 1, with the addition
of a second spinning body defined using the body frame S2, mass m2 and center of mass Sc2 . The
spin axes for the rotating bodies are given by ŝ1 and ŝ2.

System Translational Equations of Motion

The translational equations of motion for the four-body system are derived by modifying Eq. (13)
for the case with two general rigid bodies attached sequentially to the prescribed motion component.
Next, the translational accelerations for each spinning body relative to the prescribed body can be
expressed as

Pd2

dt2
rSc1/P

= −[r̃Sc1/S1
]θ̈1ŝ1 + [ω̃S1/P ]

Pd
dt

rSc1/S1
(46)
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N

<latexit sha1_base64="k1iKSEc+ALfVNNjO4a6N66bote0=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1nqxmUF+4DpUDJppg3NJENyRyhDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJoIbcN1vp7S2vrG5Vd6u7Ozu7R9UD486RqWasjZVQuleSAwTXLI2cBCsl2hG4lCwbji5y/3uE9OGK/kI04QFMRlJHnFKwEp+PyYwpkRkzdmgWnPr7hx4lXgFqaECrUH1qz9UNI2ZBCqIMb7nJhBkRAOngs0q/dSwhNAJGTHfUkliZoJsHnmGz6wyxJHS9knAc/X3RkZiY6ZxaCfziGbZy8X/PD+F6DbIuExSYJIuPopSgUHh/H485JpREFNLCNXcZsV0TDShYFuq2BK85ZNXSeei7l3Xrx4ua41mUUcZnaBTdI48dIMa6B61UBtRpNAzekVvDjgvzrvzsRgtOcXOMfoD5/MHdRORYg==</latexit>B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

<latexit sha1_base64="U12Mh/l+fY9arUZdybtd3pdPRIU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQixchAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5YMYx+iEdSN7njBor1e67xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuUmiyMPR3AMp+DBFVTgDqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP6hNjNs=</latexit>

M

<latexit sha1_base64="fsfwrlMsIwRpo3PPLy2WhdBklvs=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1l040aoYB8wHUomzbShmWRI7ghl6Ge4caGIW7/GnX9jpp2Fth4IHM65l5x7wkRwA6777ZRWVtfWN8qbla3tnd296v5B26hUU9aiSijdDYlhgkvWAg6CdRPNSBwK1gnHt7nfeWLacCUfYZKwICZDySNOCVjJ78UERpSI7H7ar9bcujsDXiZeQWqoQLNf/eoNFE1jJoEKYozvuQkEGdHAqWDTSi81LCF0TIbMt1SSmJkgm0We4hOrDHCktH0S8Ez9vZGR2JhJHNrJPKJZ9HLxP89PIboOMi6TFJik84+iVGBQOL8fD7hmFMTEEkI1t1kxHRFNKNiWKrYEb/HkZdI+q3uX9YuH81rjpqijjI7QMTpFHrpCDXSHmqiFKFLoGb2iNwecF+fd+ZiPlpxi5xD9gfP5A4XKkW0=</latexit>M

<latexit sha1_base64="/PToNjQHm4plXQzq1ds4USeUPgI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ73HeuWKW3VnIMvEy0kFctR75a9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn81OnZATq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEdyI20</latexit>

Pc

<latexit sha1_base64="yn72uj8s/DTU/8kMNFSQDJp4LEM=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsW7APaQTLpnTY2kxmSjFCGfoEbF4q49ZPc+Tem7Sy09UDgcM655N4TJIJr47rfTmFldW19o7hZ2tre2d0r7x+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC6nfrtJ1Sax/LejBP0IzqQPOSMGis16g/lilt1ZyDLxMtJBXLY/FevH7M0QmmYoFp3PTcxfkaV4UzgpNRLNSaUjegAu5ZKGqH2s9miE3JilT4JY2WfNGSm/p7IaKT1OApsMqJmqBe9qfif101NeO1nXCapQcnmH4WpICYm06tJnytkRowtoUxxuythQ6ooM7abki3BWzx5mbTOqt5l9aJxXqnd5HUU4QiO4RQ8uIIa3EEdmsAA4Rle4c15dF6cd+djHi04+cwh/IHz+QOs2Yze</latexit>

P

<latexit sha1_base64="Ku2wBAE78NMOliybGeQ9yrVkz2I=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy6cVnB2kIaymQ6bYdOZsLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSgQ36HnfTmlldW19o7xZ2dre2d2r7h88GpVqylpUCaU7ETFMcMlayFGwTqIZiSPB2tH4NvfbT0wbruQDThIWxmQo+YBTglYKujHBESUia0571ZpX92Zwl4lfkBoUaPaqX92+omnMJFJBjAl8L8EwIxo5FWxa6aaGJYSOyZAFlkoSMxNms8hT98QqfXegtH0S3Zn6eyMjsTGTOLKTeUSz6OXif16Q4uA6zLhMUmSSzj8apMJF5eb3u32uGUUxsYRQzW1Wl46IJhRtSxVbgr948jJ5PKv7l/WL+/Na46aoowxHcAyn4MMVNOAOmtACCgqe4RXeHHRenHfnYz5acoqdQ/gD5/MHilmRcA==</latexit>P

<latexit sha1_base64="Y+WyJL4PSjLHqXiBp/t95I3RRKs=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LoxmVF+4B2KJk004ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7snxY8G1cZxvVFhZXVvfKG6WtrZ3dvfK+wdNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mj28xvjZnSPJKPZhIzLyQDyQNOibGS1w2JGVIi0odpz+2VK07VmQEvEzcnFchR75W/uv2IJiGThgqidcd1YuOlRBlOBZuWuolmMaEjMmAdSyUJmfbSWegpPrFKHweRsk8aPFN/b6Qk1HoS+nYyC6kXvUz8z+skJrj2Ui7jxDBJ54eCRGAT4awB3OeKUSMmlhCquM2K6ZAoQo3tqWRLcBe/vEyaZ1X3snpxf16p3eR1FOEIjuEUXLiCGtxBHRpA4Qme4RXe0Bi9oHf0MR8toHznEP4Aff4AvIqSFw==</latexit>S1

<latexit sha1_base64="SjS5vkr7tpiZZNTET94WUsYrVf8=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KifUA7lEyaaUMzyZhkCmXod7hxoYhbP8adf2OmnYW2HggczrmXe3KCmDNtXPfbWVldW9/YLGwVt3d29/ZLB4dNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0m/mtMVWaSfFoJjH1IzwQLGQEGyv53QibIcE8fZj2qr1S2a24M6Bl4uWkDDnqvdJXty9JElFhCMdadzw3Nn6KlWGE02mxm2gaYzLCA9qxVOCIaj+dhZ6iU6v0USiVfcKgmfp7I8WR1pMosJNZSL3oZeJ/Xicx4bWfMhEnhgoyPxQmHBmJsgZQnylKDJ9YgoliNisiQ6wwMbanoi3BW/zyMmlWK95l5eL+vFy7yesowDGcwBl4cAU1uIM6NIDAEzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4Avg6SGA==</latexit>S2

<latexit sha1_base64="5coW10tvP99hmi468qu016uVHwc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8dIzAOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+WDmSToR3QoecgZNVZqNPpev1xxq+4c5C/xclKBHPV++bM3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmxyoCEsbIlDZmrPycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll/+S1pnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdmsBgCE/wAq+OcJ6dN+d90Vpw8plD+AXn4xvWg42F</latexit>

S1

<latexit sha1_base64="XiduhfK0wvcy++HPkWMz++VDS7Q=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0cM8khgQ2aHXpgwO7uZmTUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHstHM07Qj+hA8pAzaqxUr/cqvWLJLbtzkFXiZaQEGWq94le3H7M0QmmYoFp3PDcx/oQqw5nAaaGbakwoG9EBdiyVNELtT+anTsmZVfokjJUtachc/T0xoZHW4yiwnRE1Q73szcT/vE5qwht/wmWSGpRssShMBTExmf1N+lwhM2JsCWWK21sJG1JFmbHpFGwI3vLLq6RZKXtX5cuHi1L1NosjDydwCufgwTVU4R5q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz/YB42G</latexit>

S2

<latexit sha1_base64="7Rt1ZZ+b83cPlaVJtzcMQF5Jf3s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJssxOOsmQ2dllZlYISz7CiwdFvPo93vwbJ8keNLGgoajqprsrTATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB0O/VbT6g0j+WjGSfoR3QgeZ8zaqzUeggyFniToFxxq+4MZJl4OalAjnpQ/ur2YpZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Njt3Qk6s0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ndVLTv/YzLpPUoGTzRf1UEBOT6e+kxxUyI8aWUKa4vZWwIVWUGZtQyYbgLb68TJpnVe+yenF/Xqnd5HEU4QiO4RQ8uIIa3EEdGsBgBM/wCm9O4rw4787HvLXg5DOH8AfO5w8PH49n</latexit>

Sc1

<latexit sha1_base64="+0HrwtZ86oq60pV+E4YlLI9S3ag=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyLLOTTjJkdnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e4KE8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1Q6pRcIkNw43AdqKQRqHAVji6nfqtJ1Sax/LRjBP0IzqQvM8ZNVZqPQQZC6qToFR2K+4MZJl4OSlDjnpQ+ur2YpZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt3Qk6t0iP9WNmShszU3xMZjbQeR6HtjKgZ6kVvKv7ndVLTv/YzLpPUoGTzRf1UEBOT6e+kxxUyI8aWUKa4vZWwIVWUGZtQ0YbgLb68TJrVindZubg/L9du8jgKcAwncAYeXEEN7qAODWAwgmd4hTcncV6cd+dj3rri5DNH8AfO5w8QpI9o</latexit>

Sc2

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1

<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>

ŝ2

Figure 3. Problem statement for the dual-axis chained system.

Pd2

dt2
rSc2/P

= −[r̃Sc2/S1
]θ̈1ŝ1 − [r̃Sc2/S2

]θ̈2ŝ2

+
(
[ω̃S1/P ][ω̃S2/S1

]
)
rSc2/S2

+ [ω̃S2/S1
]
Pd
dt

rSc2/S2
+ [ω̃S1/P ]

Pd
dt

rSc2/S1
(47)

Substituting Eqs. (46) and (47) into the general system dynamics gives the dual-axis spinner system
translational equations of motion

mscr̈B/N +msc[ ˙̃ωB/N ]c−
(
mS1 [r̃Sc1/S1

] +mS2 [r̃Sc2/S1
]
)
θ̈1ŝ1 −mS2 [r̃Sc2/S2

]θ̈2ŝ2

= Fext − 2msc[ω̃B/N ]c
′ −msc[ω̃B/N ]2c

Prescribed
and spinner

contributions



−mPr
′′

Pc/B

−mS1 [ω̃S1/P ]
Pd
dt

rSc1/S1
−mS2 [ω̃S1/P ]

Pd
dt

rSc2/S1

−mS2 [r̃Sc2/S2
]
(
[ω̃S1/P ]ωS2/S1

)
−mS2 [ω̃S2/S1

]
Pd
dt

rSc2/S2

Coupling
contributions


− 2[ω̃P/B]

(
mS1

Pd
dt

rSc1/P
+mS2

Pd
dt

rSc2/P

)
−
(
[ω̃

′

P/B] + [ω̃P/B]
2
)(

mS1rSc1/P
+mS2rSc2/P

)
+ (mS1 +mS2) r

′′

P/B

(48)

System Rotational Equations of Motion

The angular accelerations for each spinning body are given by

Pd
dt

ωS1/P = θ̈1ŝ1 (49)

Pd
dt

ωS2/P = θ̈1ŝ1 + θ̈2ŝ2 + [ω̃S1/P ]ωS2/S1
(50)
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Substituting Eqs. (46), (47), (49), and (50) into Eq. (29) expanded for two general rigid bodies
gives the dual-axis spinner system rotational equations of motion

msc[c̃]r̈B/N + [Isc,B]ω̇B/N

+
(
[IS1,Sc1

] + [IS2,Sc2
]−mS1 [r̃Sc1/B

][r̃Sc1/S1
]−mS2 [r̃Sc2/B

][r̃Sc2/S2
]
)
θ̈1ŝ1

+
(
[IS2,Sc2

]−mS2 [r̃Sc2/B
][r̃Sc2/S2

]
)
θ̈2ŝ2

= LB −
(
[I

′
sc,B] + [ω̃B/N ][Isc,B]

)
ωB/N

Prescribed
contributions

−
(
[I

′
P,Pc

]ωP/B + [IP,Pc ]ω
′

P/B +mP[r̃Pc/B]r
′′

Pc/B

)
−
(
[ω̃B/N ][IP,Pc ]ωP/B +mP[ω̃B/N ][r̃Pc/B]r

′

Pc/B

)

Dual spinner
contributions



−
(Pd

dt
[IS1,Sc1

]ωS1/P +mS1 [r̃Sc1/P
][ω̃S1/P ]

Pd
dt

rSc1/S1

)
−
(Pd

dt
[IS2,Sc2

]ωS2/P +mS2 [r̃Sc2/P
]
((

[ω̃S1/P ][ω̃S2/S1
]
)
rSc2/S2

+ [ω̃S2/S1
]
Pd
dt

rSc2/S2
+ [ω̃S1/P ]

Pd
dt

rSc2/S1

)
−
(
[ω̃P/N ][IS1,Sc1

]ωS1/P +mS1 [ω̃P/N ][r̃Sc1/P
]
Pd
dt

rSc1/P

)
−
(
[ω̃P/N ][IS2,Sc2

]ωS2/P +mS2 [ω̃P/N ][r̃Sc2/P
]
Pd
dt

rSc2/P

)
− [IS2,Sc2

][ω̃S1/P ]ωS2/S1

Coupling
contributions



−
(Pd

dt
[IS1,Sc1

] +
Pd
dt

[IS2,Sc2
]

)
ωP/B −

(
[IS1,Sc1

] + [IS2,Sc2
]
)
ω

′

P/B

− [ω̃P/N ][IS1,Sc1
]ωP/B − [ω̃P/N ][IS2,Sc2

]ωP/B

−mS1 [r̃P/B][ω̃S1/P ]
Pd
dt

rSc1/S1

−mS2 [r̃P/B]
((

[ω̃S1/P ][ω̃S2/S1
]
)
rSc2/S2

+ [ω̃S2/S1
]
Pd
dt

rSc2/S2
+ [ω̃S1/P ]

Pd
dt

rSc2/S1

)
−mS1 [r̃Sc1/B

]

(
2[ω̃P/B]

Pd
dt

rSc1/P
+
(
[ω̃′

P/B] + [ω̃P/B]
2
)
rSc1/P

+ r
′′

P/B

)
−mS2 [r̃Sc2/B

]]

(
2[ω̃P/B]

Pd
dt

rSc2/P
+
(
[ω̃′

P/B] + [ω̃P/B]
2
)
rSc2/P

+ r
′′

P/B

)
−mS1 [ω̃P/N ][r̃Sc1/P

]
(
[ω̃P/B]rSc1/P

+ r
′

P/B

)
−mS2 [ω̃P/N ][r̃Sc2/P

]
(
[ω̃P/B]rSc2/P

+ r
′

P/B

)
−mS1

(
[ω̃P/N ][r̃P/B]− [ω̃P/B][r̃Sc1/B

]
)(Pd

dt
rSc1/P

+ [ω̃P/B]rSc1/P
+ r

′

P/B

)
−mS2

(
[ω̃P/N ][r̃P/B]− [ω̃P/B][r̃Sc2/B

]
)(Pd

dt
rSc2/P

+ [ω̃P/B]rSc2/P
+ r

′

P/B

)
(51)
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First Spinning Body Equations of Motion

Equations for the two remaining degrees of freedom for the dual-axis spinner must be derived
to obtain the full system dynamics. Reference [18] derives these equations of motion for the hub
and dual-axis spinner system. Attaching the dual-axis spinner to the prescribed motion component
yields the following modified result for the first equation of motion describing the spinning body
system

ŝT1 [IS1,S1 ]ŝ1θ̈1 + ŝT1

(
[IS2,Sc2

]−mS2 [r̃Sc2/S1
][r̃Sc2/S2

]
)
ŝ2θ̈2

=uS1 −mSŝ
T
1 [r̃Sc/S1

]r̈P/N − ŝT1
(
[IS,S1 ]−mS[r̃Sc/S1

][r̃S1/P ]
)
ω̇P/N

− ŝT1

(Pd
dt

[IS,S1 ] + [ω̃P/N ][IS,S1 ]

)
ωP/N

− ŝT1

(Pd
dt

[IS1,Sc1
] + [ω̃P/N ][IS1,Sc1

]

)
ωS1/P

− ŝT1

(Pd
dt

[IS2,Sc2
] + [ω̃P/N ][IS2,Sc2

]

)
ωS2/P

− ŝT1

(
[IS2,Sc2

]−mS2 [r̃Sc2/S1
][r̃Sc2/S2

]
)
[ω̃S1/P ]ωS2/S1

−mS1 ŝ
T
1

(
[r̃Sc1/S1

][ω̃S1/P ] + [ω̃P/N ][r̃Sc1/S1
]
) Pd

dt
rSc1/S1

−mS2 ŝ
T
1

(
[r̃Sc2/S1

][ω̃S1/P ] + [ω̃P/N ][r̃Sc2/S1
]
) Pd

dt
rSc2/S1

−mS2 ŝ
T
1 [r̃Sc2/S1

][ω̃S2/S1
]
Pd
dt

rSc2/S2
−mSŝ

T
1 [r̃Sc/S1

][ω̃P/N ]ṙS1/P (52)

Second Spinning Body Equations of Motion

Considering only the second spinning body to obtain the final system equation of motion, the
results in [18] are again modified for attachment to the prescribed motion component

ŝT2

(
[IS2,S2 ]−mS2 [r̃Sc2/S2

][r̃S2/S1
]
)
ŝ1θ̈1 + ŝT2 [IS2,S2 ]ŝ2θ̈2

=uS2 −mS2 ŝ
T
2 [r̃Sc2/S2

]r̈P/N − ŝT2

(
[IS2,S2 ]−mS2 [r̃Sc2/S2

][r̃S2/P ]
)
ω̇P/N

− ŝT2

(Pd
dt

[IS2,S2 ] + [ω̃P/N ][IS2,S2 ]

)
ωS2/N

− ŝT2 [IS2,S2 ][ω̃S1/P ]ωS2/S1

−mS2 ŝ
T
2 [r̃Sc2/S2

][ω̃S1/N ]
Pd
dt

rS2/S1

−mS2 ŝ
T
2 [r̃Sc2/S2

][ω̃P/N ]
(
ṙS2/S1

+ ṙS1/P

)
(53)

Backsubstitution Formulation

In order to back-substitute the spinning body equations of motion into the system equations of
motion, first Eqs. (52) and (53) must be arranged compactly into the matrix form

[Mθ]θ̈ = [A∗
θ]r̈P/N + [B∗

θ ]ω̇P/N + [C∗
θ ] (54)
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where

[Mθ] =

 ŝT1 [IS1,S1 ]ŝ1 ŝT1

(
[IS2,Sc2

]−mS2 [r̃Sc2/S1
][r̃Sc2/S2

]
)
ŝ2

ŝT2

(
[IS2,S2 ]−mS2 [r̃Sc2/S2

][r̃S2/S1
]
)
ŝ1 ŝT2 [IS2,S2 ]ŝ2

 (55)

[A∗
θ] =

[ −mSŝ
T
1 [r̃Sc/S1

]

−mS2 ŝ
T
2 [r̃Sc2/S2

]

]
(56)

[B∗
θ ] =

[
−ŝT1

(
[IS,S1 ]−mS[r̃Sc/S1

][r̃S1/P ]
)

−ŝT2

(
[IS2,S2 ]−mS2 [r̃Sc2/S2

][r̃S2/P ]
)] (57)

[C∗
θ ] =



uS1 −mSŝ
T
1 [r̃Sc/S1

]r̈P/N − ŝT1
(
[IS,S1 ]−mS[r̃Sc/S1

][r̃S1/P ]
)
ω̇P/N

−ŝT1

(
Pd
dt [IS,S1 ] + [ω̃P/N ][IS,S1 ]

)
ωP/N

−ŝT1

(
Pd
dt [IS1,Sc1

] + [ω̃P/N ][IS1,Sc1
]
)
ωS1/P

−ŝT1

(
Pd
dt [IS2,Sc2

] + [ω̃P/N ][IS2,Sc2
]
)
ωS2/P

−ŝT1

(
[IS2,Sc2

]−mS2 [r̃Sc2/S1
][r̃Sc2/S2

]
)
[ω̃S1/P ]ωS2/S1

−mS1 ŝ
T
1

(
[r̃Sc1/S1

][ω̃S1/P ] + [ω̃P/N ][r̃Sc1/S1
]
)

Pd
dt rSc1/S1

−mS2 ŝ
T
1

(
[r̃Sc2/S1

][ω̃S1/P ] + [ω̃P/N ][r̃Sc2/S1
]
)

Pd
dt rSc2/S1

−mS2 ŝ
T
1 [r̃Sc2/S1

][ω̃S2/S1
]
Pd
dt rSc2/S2

−mSŝ
T
1 [r̃Sc/S1

][ω̃P/N ]ṙS1/P

uS2 − ŝT2

(
Pd
dt [IS2,S2 ] + [ω̃P/N ][IS2,S2 ]

)
ωS2/N

−ŝT2 [IS2,S2 ][ω̃S1/P ]ωS2/S1

−mS2 ŝ
T
2 [r̃Sc2/S2

][ω̃S1/N ]
Pd
dt rS2/S1

−mS2 ŝ
T
2 [r̃Sc2/S2

][ω̃P/N ]
(
ṙS2/S1

+ ṙS1/P

)



(58)

Inversion of the system mass matrix [Mθ] isolates the spinning body accelerations on the left-
hand side

θ̈ =[Aθ]r̈P/N + [Bθ]ω̇P/N + [Cθ] (59a)

[Aθ] = [Mθ]
−1[A∗

θ] (59b)

[Bθ] = [Mθ]
−1[B∗

θ ] (59c)

[Cθ] = [Mθ]
−1[C∗

θ ] (59d)

Finally, back-substituting Eq. (59a) into the system equations of motion given in Eqs. (48) and
(51) provides the system equations of motion in the form of the backsubstitution method given in
Eq. (39). The system backsubstitution matrix components are

[A] =msc[I3×3]−mS[r̃Sc/S1
]ŝ1Aθ1 −mS2 [r̃Sc2/S2

]ŝ2Aθ2 (60)

[B] =−msc[c̃]−mS[r̃Sc/S1
]ŝ1
(
Bθ1 −Aθ1 [r̃P/B]

)
−mS2 [r̃Sc2/S2

]ŝ2
(
Bθ2 −Aθ2 [r̃P/B]

)
(61)
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[C] =msc[c̃] +
(
[IS1,Sc1

] + [IS2,Sc2
]−mS1 [r̃Sc1/B

][r̃Sc1/S1
]

−mS2 [r̃Sc2/B
][r̃Sc2/S1

]
)
ŝ1Aθ1

+
(
[IS2,Sc2

]−mS2 [r̃Sc2/B
][r̃Sc2/S2

]
)
ŝ2Aθ2 (62)

[D] =[Isc,B] +
(
[IS1,Sc1

] + [IS2,Sc2
]−mS1 [r̃Sc1/B

][r̃Sc1/S1
]

−mS2 [r̃Sc2/B
][r̃Sc2/S1

]
)
ŝ1Bθ1

+
(
[IS2,Sc2

]−mS2 [r̃Sc2/B
][r̃Sc2/S2

]
)
ŝ2Bθ2 (63)

The vector components are

vtrans = Fext − 2msc[ω̃B/N ]c
′ −msc[ω̃B/N ]2c

Prescribed
contributions

{
−mPr

′′

Pc/B

Dual spinner
contributions


−mS[ω̃S1/P ]

Pd
dt

rSc/S1

−mS2

(
[ω̃S2/S1

]
Pd
dt

rSc2/S2
− [r̃Sc2/S2

][ω̃S2/S1
]ωS2/S1

)
+mS[r̃Sc/S1

]ŝ1Cθ1 +mS2 [r̃Sc2/S2
]ŝ2Cθ2

Coupling
contributions



− 2[ω̃P/B]

(
mS1

Pd
dt

rSc1/P
+mS2

Pd
dt

rSc2/P

)
−
(
[ω̃

′

P/B] + [ω̃P/B]
2
)(

mS1rSc1/P
+mS2rSc2/P

)
+ (mS1 +mS2) r

′′

P/B

+
(
mS1 [r̃Sc1/S1

] +mS2 [r̃Sc2/S2
]
) (

Aθ1 r̈P/B +Bθ1ω̇P/B
)
ŝ1

+mS2 [r̃Sc2/S2
]
(
Aθ2 r̈P/B +Bθ2ω̇P/B

)
ŝ2

(64)

vrot = LB −
(
[I

′
sc,B] + [ω̃B/N ][Isc,B]

)
ωB/N

Prescribed
contributions

−
(
[I

′
P,Pc

]ωP/B + [IP,Pc ]ω
′

P/B +mP[r̃Pc/B]r
′′

Pc/B

)
−
(
[ω̃B/N ][IP,Pc ]ωP/B +mP[ω̃B/N ][r̃Pc/B]r

′

Pc/B

)
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Dual spinner
contributions



−
(Pd

dt
[IS1,Sc1

]ωS1/P +mS1 [r̃Sc1/P
][ω̃S1/P ]

Pd
dt

rSc1/S1

)
−
(Pd

dt
[IS2,Sc2

]ωS2/P +mS2 [r̃Sc2/P
]
((

[ω̃S1/P ][ω̃S2/S1
]
)
rSc2/S2

+ [ω̃S2/S1
]
Pd
dt

rSc2/S2
+ [ω̃S1/P ]

Pd
dt

rSc2/S1

)
−
(
[ω̃P/N ][IS1,Sc1

]ωS1/P +mS1 [ω̃P/N ][r̃Sc1/P
]
Pd
dt

rSc1/P

)
−
(
[ω̃P/N ][IS2,Sc2

]ωS2/P +mS2 [ω̃P/N ][r̃Sc2/P
]
Pd
dt

rSc2/P

)
− [IS2,Sc2

][ω̃S1/P ]ωS2/S1

−
(
[IS1,Sc1

] + [IS2,Sc2
]−mS1 [r̃Sc1/P

][r̃Sc1/S1
]−mS2 [r̃Sc2/P

][r̃Sc2/S1
]
)
Cθ1 ŝ1

−
(
[IS2,Sc2

]−mS2 [r̃Sc2/P
][r̃Sc2/S2

]
)
Cθ2 ŝ2

Coupling
contributions



−
(Pd

dt
[IS1,Sc1

] +
Pd
dt

[IS2,Sc2
]

)
ωP/B −

(
[IS1,Sc1

] + [IS2,Sc2
]
)
ω

′

P/B

− [ω̃P/N ][IS1,Sc1
]ωP/B − [ω̃P/N ][IS2,Sc2

]ωP/B

−mS1 [r̃P/B][ω̃S1/P ]
Pd
dt

rSc1/S1

−mS2 [r̃P/B]
((

[ω̃S1/P ][ω̃S2/S1
]
)
rSc2/S2

+ [ω̃S2/S1
]
Pd
dt

rSc2/S2
+ [ω̃S1/P ]

Pd
dt

rSc2/S1

)
−mS1 [r̃Sc1/B

]

(
2[ω̃P/B]

Pd
dt

rSc1/P
+
(
[ω̃′

P/B] + [ω̃P/B]
2
)
rSc1/P

+ r
′′

P/B

)
−mS2 [r̃Sc2/B

]]

(
2[ω̃P/B]

Pd
dt

rSc2/P
+
(
[ω̃′

P/B] + [ω̃P/B]
2
)
rSc2/P

+ r
′′

P/B

)
−mS1 [ω̃P/N ][r̃Sc1/P

]
(
[ω̃P/B]rSc1/P

+ r
′

P/B

)
−mS2 [ω̃P/N ][r̃Sc2/P

]
(
[ω̃P/B]rSc2/P

+ r
′

P/B

)
−mS1

(
[ω̃P/N ][r̃P/B]− [ω̃P/B][r̃Sc1/B

]
)(Pd

dt
rSc1/P

+ [ω̃P/B]rSc1/P
+ r

′

P/B

)
−mS2

(
[ω̃P/N ][r̃P/B]− [ω̃P/B][r̃Sc2/B

]
)(Pd

dt
rSc2/P

+ [ω̃P/B]rSc2/P
+ r

′

P/B

)
−
(
[IS1,Sc1

] + [IS2,Sc2
]−mS1 [r̃Sc1/B

][r̃Sc1/S1
]

−mS2 [r̃Sc2/B
][r̃Sc2/S1

]
) (

Aθ1 r̈P/B +Bθ1ω̇P/B
)
ŝ1

−
(
[IS2,Sc2

]−mS2 [r̃Sc2/B
][r̃Sc2/S2

]
) (

Aθ2 r̈P/B +Bθ2ω̇P/B
)
ŝ2

+
(
mS1 [r̃P/B][r̃Sc1/S1

] +mS2 [r̃P/B][r̃Sc2/S1
]
)
Cθ1 ŝ1

+mS2 [r̃P/B][r̃Sc2/S2
]Cθ2 ŝ2

(65)

As previously mentioned, if the prescribed body is removed from the final results above the
equations simplify to describe the hub and dual-spinner system derived in [18].
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Table 3. Rigid hub simulation parameters.

Parameter Notation Value Unit
Hub mass mhub 15,000 kg
Hub length lhub 8 m
Hub width whub 8 m
Hub depth (height) dhub 20 m

Hub inertia about
its center of mas B[Ihub,Bc ]

580, 000 0 0
0 160, 000 0
0 0 580, 000

 kg · m2

Hub center of mass
location with respect
to point B BrBc/B [0, 0, 0] m
Hub initial inertial
angular velocity BωB/N [0.001, -0.001, 0.001] rad / s

NUMERICAL SIMULATION

This section demonstrates the applicability of the dynamics derived in this work through a multi-
body spacecraft simulation scenario. The derived dynamics for the single-axis and dual-axis spinner
chained systems are implemented in the open-source Basilisk astrodynamics simulation software.
The dual-axis chained system is chosen for simulation in this work.

The spacecraft simulation geometry is illustrated in Fig. (4). The spacecraft consists of a rigid
hub (gray), two prescribed trusses (green) which rotate about their longitudinal axes, and eight
dual-axis solar panels (blue) which rotate about their longitudinal and transverse axes. Tables (3-5)
provide the spacecraft hub, prescribed truss, and spinner mass and geometric parameters selected
for the simulation, respectively.
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<latexit sha1_base64="WfS9ByruUP/gC/AyVC0sYG/rSUE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIWpdFNy4r2ge0Q8mkmTY0k4xJplCGfocbF4q49WPc+Tdm2llo9UDgcM693JMTxJxp47pfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxTea3J1RpJsWDmcbUj/BQsJARbKzk9yJsRgTz9H7Wr/XLFbfqzoH+Ei8nFcjR6Jc/ewNJkogKQzjWuuu5sfFTrAwjnM5KvUTTGJMxHtKupQJHVPvpPPQMnVhlgEKp7BMGzdWfGymOtJ5GgZ3MQuplLxP/87qJCa/8lIk4MVSQxaEw4chIlDWABkxRYvjUEkwUs1kRGWGFibE9lWwJ3vKX/5LWWdW7rF7cnVfq13kdRTiCYzgFD2pQh1toQBMIPMITvMCrM3GenTfnfTFacPKdQ/gF5+MbxaKSHQ==</latexit>S7

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1
<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>

ŝ2

<latexit sha1_base64="Y+WyJL4PSjLHqXiBp/t95I3RRKs=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LoxmVF+4B2KJk004ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7snxY8G1cZxvVFhZXVvfKG6WtrZ3dvfK+wdNHSWKsgaNRKTaPtFMcMkahhvB2rFiJPQFa/mj28xvjZnSPJKPZhIzLyQDyQNOibGS1w2JGVIi0odpz+2VK07VmQEvEzcnFchR75W/uv2IJiGThgqidcd1YuOlRBlOBZuWuolmMaEjMmAdSyUJmfbSWegpPrFKHweRsk8aPFN/b6Qk1HoS+nYyC6kXvUz8z+skJrj2Ui7jxDBJ54eCRGAT4awB3OeKUSMmlhCquM2K6ZAoQo3tqWRLcBe/vEyaZ1X3snpxf16p3eR1FOEIjuEUXLiCGtxBHRpA4Qme4RXe0Bi9oHf0MR8toHznEP4Aff4AvIqSFw==</latexit>S1

<latexit sha1_base64="WltoVRv+wI5OET3QePrCIJGznNE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxoH9AOJZNm2tBMMiaZQhn6HW5cKOLWj3Hn35hpZ6HVA4HDOfdyT04Qc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkY3md8aU6WZFA9mElM/wgPBQkawsZLfjbAZEszT+2nvtFeuuFV3BvSXeDmpQI56r/zZ7UuSRFQYwrHWHc+NjZ9iZRjhdFrqJprGmIzwgHYsFTii2k9noafoyCp9FEplnzBopv7cSHGk9SQK7GQWUi96mfif10lMeOWnTMSJoYLMD4UJR0airAHUZ4oSwyeWYKKYzYrIECtMjO2pZEvwFr/8lzRPqt5F9fzurFK7zusowgEcwjF4cAk1uIU6NIDAIzzBC7w6Y+fZeXPe56MFJ9/Zh19wPr4Bv5KSGQ==</latexit>S3 <latexit sha1_base64="BtrLaiqtzIHMtQWc7hxPnixORRM=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcuK9gHtUDJppg3NJGOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7skJYs60cd1vp7Cyura+UdwsbW3v7O6V9w+aWiaK0AaRXKp2gDXlTNCGYYbTdqwojgJOW8HoNvNbY6o0k+LRTGLqR3ggWMgINlbyuxE2Q4J5+jDtnffKFbfqzoCWiZeTCuSo98pf3b4kSUSFIRxr3fHc2PgpVoYRTqelbqJpjMkID2jHUoEjqv10FnqKTqzSR6FU9gmDZurvjRRHWk+iwE5mIfWil4n/eZ3EhNd+ykScGCrI/FCYcGQkyhpAfaYoMXxiCSaK2ayIDLHCxNieSrYEb/HLy6R5VvUuqxf355XaTV5HEY7gGE7BgyuowR3UoQEEnuAZXuHNGTsvzrvzMR8tOPnOIfyB8/kDwRaSGg==</latexit>S4

<latexit sha1_base64="SjS5vkr7tpiZZNTET94WUsYrVf8=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZnia1l047KifUA7lEyaaUMzyZhkCmXod7hxoYhbP8adf2OmnYW2HggczrmXe3KCmDNtXPfbWVldW9/YLGwVt3d29/ZLB4dNLRNFaINILlU7wJpyJmjDMMNpO1YURwGnrWB0m/mtMVWaSfFoJjH1IzwQLGQEGyv53QibIcE8fZj2qr1S2a24M6Bl4uWkDDnqvdJXty9JElFhCMdadzw3Nn6KlWGE02mxm2gaYzLCA9qxVOCIaj+dhZ6iU6v0USiVfcKgmfp7I8WR1pMosJNZSL3oZeJ/Xicx4bWfMhEnhgoyPxQmHBmJsgZQnylKDJ9YgoliNisiQ6wwMbanoi3BW/zyMmlWK95l5eL+vFy7yesowDGcwBl4cAU1uIM6NIDAEzzDK7w5Y+fFeXc+5qMrTr5zBH/gfP4Avg6SGA==</latexit>S2

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1
<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>

ŝ2

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1
<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>

ŝ2

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1
<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>

ŝ2

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1

<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>

ŝ2

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1

<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>

ŝ2

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1

<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>

ŝ2

<latexit sha1_base64="P1o/SRv6RoRF0B3YpQTyzNZVY64=">AAAB/3icbVA7T8MwGHTKq5RXAImFxaJCYqoSxGusYGEsEn1ITRQ5rtNadezIdpCqkIG/wsIAQqz8DTb+DU6bAVpOsny6+z75fGHCqNKO821VlpZXVteq67WNza3tHXt3r6NEKjFpY8GE7IVIEUY5aWuqGeklkqA4ZKQbjm8Kv/tApKKC3+tJQvwYDTmNKEbaSIF94I2QzrxQsIGaxObKVJ4HbmDXnYYzBVwkbknqoEQrsL+8gcBpTLjGDCnVd51E+xmSmmJG8pqXKpIgPEZD0jeUo5goP5vmz+GxUQYwEtIcruFU/b2RoVgV6cxkjPRIzXuF+J/XT3V05WeUJ6kmHM8eilIGtYBFGXBAJcGaTQxBWFKTFeIRkghrU1nNlODOf3mRdE4b7kXj/O6s3rwu66iCQ3AEToALLkET3IIWaAMMHsEzeAVv1pP1Yr1bH7PRilXu7IM/sD5/AOiMlrA=</latexit>

ŝ1

<latexit sha1_base64="bmeZ8PtDXURI1Nf+hIA/yBcfLgc=">AAAB/3icbVA7T8MwGHR4lvIKILGwWFRITFVS8RorWBiLRB9SE0WO47RWHTuyHaQqdOCvsDCAECt/g41/g9NmgJaTLJ/uvk8+X5gyqrTjfFtLyyura+uVjerm1vbOrr2331Eik5i0sWBC9kKkCKOctDXVjPRSSVASMtINRzeF330gUlHB7/U4JX6CBpzGFCNtpMA+9IZI514oWKTGiblyNZkEjcCuOXVnCrhI3JLUQIlWYH95kcBZQrjGDCnVd51U+zmSmmJGJlUvUyRFeIQGpG8oRwlRfj7NP4EnRolgLKQ5XMOp+nsjR4kq0pnJBOmhmvcK8T+vn+n4ys8pTzNNOJ49FGcMagGLMmBEJcGajQ1BWFKTFeIhkghrU1nVlODOf3mRdBp196J+fndWa16XdVTAETgGp8AFl6AJbkELtAEGj+AZvII368l6sd6tj9noklXuHIA/sD5/AOoQlrE=</latexit>
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Figure 4. Spacecraft simulation setup.

The simulation sets up the spacecraft system with dispersed initial deflections for each of the
solar panels about their longitudinal spin axes. At the start of the simulation, the solar panels are
simultaneously released from their deflected positions while the prescribed trusses begin articulating
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Table 4. Prescribed truss parameters.

Parameter Notation Value Unit
Truss mass mP 6000 kg
Truss length lP 50 m
Truss width wP 4 m
Truss depth (height) dP 4 m

Truss inertia about
its center of mass P [IP,Pc ]

1, 258, 000 0 0
0 1, 258, 000 0
0 0 16, 000

 kg · m2

Truss center of mass
locations with respect
to points P PrPc/P [25, 0, 0] m
Truss 1 mount frame
location with respect
to point B BrM1/B [4, 0, 0] m
Truss 2 mount frame
location with respect
to point B BrM2/B [-4, 0, 0] m
DCM of mount frame 1
with respect to the
B frame [M1B]

1 0 0
0 1 0
0 0 1

 —

DCM of mount frame 2
with respect to the
B frame [M2B]

−1 0 0
0 1 0
0 0 −1

 —

Truss rotation axes Mp̂θ [1, 0, 0] —
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Table 5. Dual-axis solar panel parameters (selected).

Parameter Notation Value Unit
Panel mass mS 1000 kg
Panel length lS 10 m
Panel width wS 0.3 m
Panel depth (height) dS 30 m

Panel inertia about
its center of mass S [IS,Sc ]

83, 333.333 0 0
0 8, 340.833 0
0 0 76, 333.333

 kg · m2

Panel center of mass
locations with respect
to points S SrSc/S [0, 0, 15] m
Panel torsional rotation axes S ŝ1 [0, 0, 1] —
Panel bending rotation axes S ŝ2 [1, 0, 0] —
Torsional linear spring
constant for ŝ1 k1 20,000 N · m / rad
Torsional linear spring
constant for ŝ2 k2 20,000 N · m / rad
Torsional linear damper
constant for ŝ1 c1 15,000 N · m / rad
Torsional linear damper
constant for ŝ2 c2 15,000 N · m / rad

to achieve a 10 degree displacement about their longitudinal axes. The truss angles throughout the
duration of the simulation are given in Fig. (5). The solar panel torsional and bending angles
throughout the simulation are shown in Fig. 6(a) and 6(b).

Note that the solar panel bending angles are set to zero at the start of the simulation. Viewing Fig.
6(b), it is clear that these angles fluctuate throughout the simulation and displace opposite to the
accelerations imparted to the spacecraft system by the prescribed truss actuation. At the start of the
simulation, the truss accelerations cause the initial bending displacements. The final decelerations
as the truss’ complete their actuation cause the second set of visible bending displacements which
are opposite to the first acceleration response. After the trusses complete their actuation, the solar
panel bending angles begin damped oscillations returning towards zero.

The hub response throughout the simulation is provided in Figs. 6(c) and 6(d). As expected, the
hub is seen to naturally slew about the first inertial axis in response to the rotational motion of the
trusses in order to conserve the spacecraft angular momentum.
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Figure 6. Simulation scenario results.

CONCLUSION

Advancements in spacecraft structures and their attached appendages such as robotic arms and
gimballed platforms require extensive simulation developments in order to verify mission require-
ments and confirm the reliability of new spacecraft concepts. This work expands the current space-
craft simulation space under the assumptions of the backsubstitution method by integrating kine-
matically prescribed spacecraft components with single- and dual-axis rotating components and
developing the equations of motion for these chained systems.

First, the general dynamics for a three-body chained system consisting of a rigid hub, kinemat-
ically prescribed component, and a general rigid body are derived. The results are used as the
derivation starting point for the chained system containing the single-axis spinner. The derivation
can be easily expanded for N branches relative to the spacecraft hub. A second derivation outlines
the procedure for a dual-axis rotating rigid body attached to the prescribed component rather than
the single-axis spinner. The results are used to attach four dual-axis solar panels to each of two
prescribed motion trusses in a spacecraft simulation scenario, illustrating the applicability of this
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Figure 7. Prescribed states for both verification scenarios.

work. The hub response to initial deflections of all eight panels is studied while both prescribed
trusses articulate to specified reference angles. The appendix verifies the derived dynamics for both
spinner systems by checking that the quantities of orbital energy, orbital angular momentum, and
spacecraft angular momentum remain constant in a conservative environment.

APPENDIX: DYNAMICS VERIFICATION

In order to draw meaningful conclusions from numerical simulations, it is important to use a veri-
fication approach to ensure the system dynamics are correctly derived and implemented in software.
The derived equations of motion for the systems studied in this work are verified by checking that
the quantities of orbital angular momentum, orbital energy, and the spacecraft rotational angular
momentum remain constant in a conservative environment.14 The spacecraft rotational energy is
not checked because the accelerations and decelerations imparted onto the system by the prescribed
body add and remove energy from the system, respectively. Instead, this quantity is checked to
return zero at the end of the simulation.

A rigid hub with a single connected prescribed sub-component is simulated for both verification
scenarios. The first scenario checks conservation for the single-axis spinner system, while the sec-
ond checks conservation for the dual-axis spinner system. The profiled hub-relative motion for the
prescribed motion body is shown in Fig. (7). The prescribed body simultaneously translates and
rotates throughout the scenario, displacing 10 centimeters and rotating

Prescribed Motion with Attached Single-Axis Rotating Rigid Body

Verification of the single-axis spinner system are given in Fig. (8).
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Figure 8. Verification results for the single-axis spinner system.
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Prescribed Motion with Attached Dual-Axis Rotating Rigid Body

Verification of the dual-axis spinner system are given in Fig. (9).
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Figure 9. Verification results for the dual-axis spinner system.
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