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Gravitational Perturbations, Nonlinearity and Circular Orbit
Assumption Effectson Formation Flying Control Strategies

KyleT. Alfriend*, Hanspeter Schaub'’, Dong-Woo Gim

Hill’s equations have been used in most formation flying studies to determine
relative motion orbits and control strategies. Hill’s equations assume the Chief
satellite orbit is circular, the Earth is spherically symmetric and the nonlinear
terms in the relative motion variables can be neglected. This paper presents an
approach for determining the effect of these assumptions on the fuel
consumption for establishing and maintaining a relative motion orbit. Initial
results on the errors in predicting the relative motion using Hill’s equations are
presented.

Nomenclature

Subscripts

c —refersto Chief satellite

d —refersto deputy satellite

0 —refersto conditions at the initial time

Reference frames

E — Earth centered inertial

C — chief orbit frame with x-axis along the radius vector, the y-axis in the direction of motion and
the z-axis perpendicular to the orbit plane. Origin coincides with chief satellite. Unit vectors
are (8.8,.8,).

D — deputy orbit frame with u-axis along the radius vector, the v-axis in the direction of motion
and the w-axis perpendicular to the orbit plane. Origin coincides with deputy satellite. Unit

vectors are (éxd €4, €4 )

Variables
T® - transformation matrix for transforming a vector from the A frame to the B frame.
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(R R, ) - position vectors of the chief and deputy.

Iy - position of the deputy relative to the chief.

(\7C,\7d) - velocity of the Chief and deputy.

(\/r ,Vt) - radial and tangential components of the velocity.
vV, - velocity of the deputy relative to the chief.

(Vg +Vy ) - radial and tangential components of the relative velocity vector.
a— semi-major axis

e — eccentricity

i —inclination

Q —right ascension

 — argument of perigee.

f —true anomaly

6 — argument of latitude, O=f+w

g, — ECOS®
0, —esinw
oa - variation of the variable or with respect to the chief orbit.

INTRODUCTION

Spacecraft flying in precise formation is a subject drawing considerable attention within
NASA and the DoD*. O-orbit experiments are planned within the near future®®. Satellites flying
in formation is not a new challenge, but flying in precise formation and operating autonomously
is a significant challenge. It is important to design the relative motion orbits such that fuel
consumption is minimized and lifetime maximized. Most studies*® have used Hill’s equations’
(sometimes called the Clohessy-Wiltshire or CW equations) to describe the relative motion of the
satellites. These equations assume that a) the Earth is spherically symmetric, b) the Chief or
reference satellite orhit is circular, and ¢) the equations can be linearized in the relative motion
variables. For small formations the effects of the neglected nonlinear terms are probably
negligible, but the effects of the ignored gravitational perturbations and the eccentric reference
orbit can be significant™®. Formations that will emulate large apertures will require some of the
satellites to have out-of-plane motion relative to the reference orbit. This out-of-plane motion is
achieved by some combination of small changes in the inclination, di, and the right ascension,
0CQ. (see Figure 1) An inclination difference results in the maximum out-of-plane separation
occurring at the maximum latitude. In contrast, a right ascension difference results in the
maximum separation occurring at the equator. A constellation emulating a large aperture at all
times would have satellites with varying combinations of inclination and right ascension
differences. A differential inclination has three negative effects, it causes the deputy satellites to
have a dlightly different nodal precession rate, a slightly different orbit period and a slightly
different argument of perigee rate. Since all three of these effects cause the two satellites to



slowly separate these effects must be negated, either by control or design of the relative motion
orhit. Reference 7 derivesinitial conditions for minimizing these effects by selection of the

maximum

Figure 1 Achieving out-of-plane motion

orbital parameters. However, in most cases some control will still be needed. Some control
approaches are presented in references 4,6,8 and 9. An unanswered question is what effect does
using Hill's equations for the control have on fuel consumption. The gravitational perturbations
create short period oscillations in the orbital elements that then create short period oscillations in
the relative motion variables that are not captured by Hill’s equations. If these oscillations are
outside of the deadband of the control system they cold be interpreted by the control system as a
secular rate and the control system would then try to negate these natural motions. The reference
orbit eccentricity can have a similar effect. Trying to continually negate these natural motions
will waste fuel. How much is the unanswered question. Also, if the model does not include the
gravitational perturbation effects then fuel may be wasted trying to negate the differential secular
rates. The system will not know how to select the correct orbital parameters to minimize the
secular rates. The purpose of this paper is to develop a method for evaluating these effects and to
present some results on the errors that occur in estimating the relative motion with Hill's
equations. Essentially, we develop a state transition matrix for a system that includes the
gravitational perturbations and reference orbit eccentricity. Research is underway on another
method for a state transition matrix that will include the effect of the neglected nonlinear terms.
One of the methods includes the effects of the nonlinear terms in the relative motion variables. A
state transition matrix that includes the reference orbit eccentricity for small eccentricities has
been derived by Melton°.



HILL’SEQUATIONS

Referring to figure 2 the relative motion is described using reference frame O, which is a
rotating reference with its origin at the reference satellite, the x-axis is along the radius vector, the
y-axis is in the orbit plane in the direction of motion, and the z-axis is perpendicular to the orbit
plane. Assuming the reference satellite orbit is circular and there are no gravitational
perturbations the linearized relative equations of motion are:

X—2ny—3n°x=0

y+2nx=0
i (1)
z+n“z=0
n = mean mation of reference orbit
Note that the out-of-plane motion is decoupled from the in-plane motion. The solution is
X =2(2%y + Yo I N) = (3%, + 2, / N)COSY + (X, / N)Siny
y=(Yo— 2% / N)=3(2Xy + Yo / N)y + (2%, / N)cOSY + 2(3X, + 2, / N)Siny 2
z=z,cosy +(Z, / n)siny
v =nt
For periodic motion
2%, +Y,/n=0 3

This condition is just the requirement that the semi-major axes of the two satellites must be equal.
Also requiring that the center of the relative motion be at the reference satellite periodic relative
motion orbits are given by

X=X, COSY + (Y, / 2)siny = Asin(y + )
Y=Y, COSYy — 2X, Siny = 2Acos(y + )
z=2z,cosy +(z, / n)siny = Bsin(y + f8) (4

A= (%5 +y§/4)1/2 tana =2x, 1y,

B:(z§+'zglnz)llz,tanﬁznzO/'z0

Note that the projection of the relative periodic orbitsin the x-y (orbit) planeisa 2-1 with the long
axisin the y-direction. Two periodic orbits of interest are a) a circular relative motion orbit, and
b) an orbit for which the projection of the motion in the horizontal (y-z) planeisacircle. This has
application for emulating large circular apertures. Theinitial conditions for these orhits are:



Circular Relative Orbit

BZ«EA,a:ﬂ

X2 +y* + 2% = 4N

()

This relative motion orbit isinclined at 30 degrees to the horizontal plane.

Circular Horizontal Plane Orbit

B=2A,x=p

2 2 2 (6)
y +2z2°=4A

This relative motion orbit isinclined at 26.56 degrees to the horizontal plane.

The TechSat21 program has three satellites flying in formation. One option for a portion of
the program is the circular horizontal plane orbit. In this configuration the three satellites would
form an equilateral triangle in the horizontal plane. Thus, the constellation would appear to be a
rotating equilateral triangle. For this configuration the differential inclination will be different for
each satellite. Thus, the rate that each satellite drifts from the equilateral triangle configuration
will be different. Assumethat at t=0 the chief satellite is on the equator and the constellation is
as shown in Figure 2 and is rotating counterclockwise as acircle of radius 2A. Theinitial
conditions for the three satellites are

Y10 =2A, Y10 =0,20 =0,20 = 2An,0; =0
Yoo = —A, Yoo = —V3AN, Z,y = /3A,2,, = —An, a, = 120deg )
Yao = —A Vs = V3AN, 23 = —3A, 25y = —An, at, = —120deg

The change in inclination and right ascension to achieve this desired motion when the chief
satelliteis on the equator is



8 =2,/Rn,8Q2=-2R )

where Risthe radius of the chief’s orbit. Thus, the inclination and right ascension changes for
the three satellites are

8, =2A/R,8Q,=0
8,=-AIR,6Q,=-/3A/R 9)
8, =—-A/R,8Q,=+/3A/R

Gravitational Perturbation Effects

The primary gravitational perturbation effect is due to the equatorial bulge term, J,. The J, term
changes the orbit period, adrift in perigee, anodal precession rate and periodic variationsin all
the elements. Let’s consider the right ascension rate which is

Q= _3 JZ(%) ncosi (20)

2

If achangeininclination is used to create out-of-plane motion a differential nodal precession rate
occurs which causes the planes to slowly separate. The differential rateis

8Q=-Q_taniél (11)

Consider the case when the out-of-plane motion is caused by only an inclination change. This
means that at equator crossings there is no out-of-plane separation. Letting p = 2A betheradius

of the relative motion orbit the growth in the out-of-plane separation at the equator is

%(per day)=0.118 (12)
P

Thus, the circle beginsto distort. The rate of distortion is afunction of the changesin inclination
and right ascension used to create the out-of-plane motion, thus it would be different for each
satellite. The question is what is the effect on fuel consumption and system performance of using
Hill’ s equations for the control system model and continuing to let the control system correct this
growth. Including these effectsin the design of the relative motion orbits can minimize this
growth’ and including them in the control system model may improve fuel consumption and
reduce the frequency of control. In addition to these secular out-of-plane effects there are in-plane
secular effects and the effects of the short period variations due to J, and the orbit eccentricity.



Developed in this paper are two analytic methods that can be used to evaluate the effects of
neglecting these terms in the orbit design and control.

PROBLEM FORMULATION

To evaluate the effect of neglecting the chief satellite eccentricity, the gravitational
perturbations and nonlinearities the control needs to be evaluated with and without these effects
included in the model. Thus, the objective is to obtain a state transition matrix with these effects
included. In this paper it will be assumed that the eccentricity is small, basically it will be
assumed that e:O(JZ). A state transition matrix for small eccentricity has been obtained by

Melton™. There are two approaches for obtaining the state transition matrix. One approach is to
use the geometry of the problem and realize that the deputy relative motion is a result of small
changes in the chief satellite orbital elements. This method will be called the geometric method
and is developed in this paper. A second approach is to write the equations of motion in the
rotating reference frame, but include the gravitational perturbations and not assume a circular
orbit for the chief satellite. In addition, the non-linear terms in the relative motion variables can
be included. A solution using a perturbation method can then be used to obtain a solution. There
are several perturbation methods that can be used to obtain the problem. A perturbation solution
of this problem using Hamiltonian mechanics and Lie Series is currently underway and will be
reported on in alater publication. The primary reasons for using this approach are:

e The large amount of algebraic manipulations required are easily implemented on the
computer.

e The solution will bein aformto easily evaluate what effects need to be included in the state
transition matrix. For example, do the periodic effects due to J, need to be included or is it
sufficient to just include the secular effects.

This method will be referred to as the Hamiltonian method.

Geometric Method
Let

X" =(XXY,Y,22)

(13)
e' =(a,6,i,0,,0,,Q)

where 6 is the argument of latitude and @, =ecosw,q, =esinw. These variables are used

because the true anomaly and argument of perigee are undefined for zero eccentricity. Since the
relative motion is small the approach will be to express the orbital elements of the deputy as a
Taylor series about the chief satellite elements. Thus,

e, =6, +0e (14)



W now want to relate the de to the relative motion state x . The deputy’s positionis
Ri=R+p=(R+ X8, +Yg, + 7, (15)
The deputy’ s position in the chief reference frame is also given by
ch _ TCETED %D (16)
The transformation from the orbit frame O (C or D) to the inertial frame E is given by

cos® sne 0)(1 0 0 cosQ snQ 0
T® =|-sin® cos® 0|0 cosi sini[-snQ cosw O
0 0 1)0 —sini cosi 0 0 1
cOcQ —sOcisQ) cOsQ+sbeicQ) sOs
T =| —s6cQ —chCisQ  —sOsQ+chHcicQ  cosi
sSisQ —sicQ ci

(17)

Some identities that will be used are

ecosf =ecos(6 —w)=q, cosd+q,sin6
esinf =esin(6 —w)=q,sin6—q, cos
V. =R6
. 2.
Vr=R:R—p6esinf:%[qlsine—qzcose],p:a(l—ez) (18)

6'):12: \/E(l+ecosf)2
R® Vp

6 = ann}(1+ g, cos6 + g, sinb)’
Now expand eqg. (16) about the chief satellite motion.

R+0R R +0R
RI=THTC+6T) 0 [=(1+T*sT) o0
0 0
R +0R T,
Ry = 0 +RT| 6Ty,
0 0T

(19)



The oT;; are

5[11 = T21059 - T].2<:5Q + (Tl3c sin Qc)éi
0Ty = Ty 00 + T3 60 — (T3, COSL2, )
T3 = Tpe,00 +(sin6, cosi,, )i

Substitute eg. (20) into eg. (19).

R.+0R, T51c06 = T120Q + (Ty5, SINQ, )i
7= 0 + RTeoe| Tooc00 + Tp3c 02 — (Tya, COSL2, )i
0 Ty5c00 +(sing, cosi,, )b
R.+0R. 0
RS= 0 [+R 86 + dQ cosi,
0 —cos6, sini 6Q +sin6 ol
Thus,
X=0R,
y=R,(66+6Qcosi,)
z= R,(—cos6, sini,dQ + sini i )
where

o A=) _ all-al-)
~1+ecosf 1+@,0080+0,Sn6

2
OR= %5,3_ 2&(%)(%&1) - %[(—qlC SiN6 +0,, cos@c)60 + 0, oSO, + 60, S nOC]

(o

The deputy’ s velocity in the chief reference frameis

Also,

Vi = (Vio + X = 0,Y)8, + (Vi + Y+ 0,xJ8, + 75,

(20)

(21)

(22)

(23)

(24)



Vrd Vrc+6\/r
\7dC :TCETED \/td ZTCE(TEC+6‘|—CE) \/tc+é\/t

0 0
(25)
Vrc + b\/rc Vrcé‘rll + \4c5r21
VdC = Vtc + b\/tc + TCE Vrcéle + VtcéTZZ
0 VicOTis + V0T

0Ty = —T13c00 — Ty 82 + Ty SINQ G
8Ty, = —Tp06 + T 82 — Tz, COSQ i (26)
OT,5 = —T,53.00 + cos6, cosi O

Substituting gives

V. + 0V, 0 —66 — cosi 6
VE =V, + 6V, [+V, 86 + 8Q cosi, +V, 0 (27)
0 —c0s6, sini 0Q +sinf,di Sin6,sini 6 + coso,di

V=R, = NHPe (1+e cosf,) = F(N O COSO, + 0, SiN6,)
F% R Pe Pe

(28)
oV, = —2\/—t£6p+ /%[Sql cosf, + 50, SiNG, + (—Cy, SN, + 0, c0sH, )56
The variation in the radial velocity is
V. = R - \/E( ing —
rc - qlc Sneo q2c COSQC)
Pe 29)

oV, = _%\/rc5p+ \/g[wasinec — 80, C0S6, ) + (0} COSB, + 0, SIN6, )56

Substituting for op gives

10



V, u .
N =—c ga+ [ (—q.sing 0,)50
A 20, + IOC( 0. SING, + g, COSH,)

+(—Vt°?)°q1° + g cost9c}5ql + (—Vtcatqm + [ Hy nec)5q2

(29)

(o} (o}

Ly [ Pesac
é\/r_ 2p Vrc|:(ac]6a ac(2q1c6q1+2q2c5q2):|

C

(30)
+\/%[(5q1 SI fl 90 - 5q2 COSQC) + (qlc COSOC + q2c S' n 60)50]

The velocity development is now complete. Using eg. (22b) we get

=6V,
Y+ 6x=(Vie/ R)y=3% (31)
z=(V,, cosf, + V. sinb,)di + (V. sinf, -V, cosb, )sini 6Q

This completes the development. We now have
X = Ade (32)
The elements of A and its inverse At are given in the Appendix. Please note that we have made

no restrictions on the orbital elements. They can be two body elements or they can be the solution
from an analytic theory such as Brouwer’ s theory ™. Whatever theory is used we can develop

Se(t) = D (t)de(ty )

1 (33
8y = Aty )x(to)
giving
X(t) = @, (t)x, (3

cI)x (t) = A(t)q)e(t)A_l(tO)

The development is now shown for a circular chief orbit. Since there are no perturbations
the only time varying element is the argument of latitude. Using the angular momentum integral

11



r?de = \/updt

p° deo ot (35)
Mo(1+ qlcosé’+qzsim9)2
Now integrate
3 0
w}ﬂj a0 —— =1 (36)
H 5 (1+0,c0s0+0,8n06)

Expand this equation in a Taylor series about the chief orbit.

3 O 30 )
O=1.5@\/EJ. de — _2\/EJ' (5q1COST+5QQS|n'T)d’L'3
P\ Mg (1+ 0 COST + 0y SiNT) Ko (1+qy COST + Gy SiNT)

1 p3

(37)
3
+66 & . 2 690 —= 1 . 2
\ 4 (1+ 0 cOSO, + 0. SING,) \ 1 (1+ 0y COSOy, + 0o NGy, )
Now set e=0 and use eg. (42).
éa .
86 = 66, —1.5n, a +250, Sin6, + &0, (1— cosb,) (38)

Therefore,

12



1 00 0 0 0
-15nt/a, 1 0 2sing, 2(1-cosf,) O
(1) = 0 01 0 0 0 (39)
€ 0 00 1 0 0
0 00 0 1 0
0 00 0 0 1
RESULTS

To evaluate how accurately the method developed here estimates the relative motion and to
determine the errors resulting from using Hill’s equations the following example was used. The
initial conditions used for the deputy result in the Circular Horizontal plane orbit when the Earth
is spherically symmetric and the chief satellite orbit is circular.

Chief orbital elements Deputy initial conditions and €lements
=7100km

e. =0.005 :

i = 70deg x=n,/4 66=0.004055deg

. =

;2 ‘—0o y=05km & =0.0040148deg
== = .

0 °_ 0 y=0 6, =0

‘ z=0 8, = —3.556x10°°

0, =0.00509,.,=0

z=n/2 §Q0=0
n:,\/§:1.05531><103r/s

The method is first compared to Hill's equations and the exact solution for a spherically
symmetric Earth. Figure 3 shows the error in the new method for one day. The errors are only
several centimeters. Figure 4 shows the errors resulting from the use of Hill's equations. The
errors in Hill’s equations are considerably larger than the geometric method. For these results to
obtain the mean motion in Hill’s equation we used the mean semi- The periodic variations result
from the circular orbit assumption and the secular growth in the in-track direction is mostly due
an incorrect mean motion.

Figure 5a shows the relative motion trajectory with the gravitational perturbations included
(J,-J,) and Figure 5b show the same trajectory using the Geometric Method. Obviously the
Geometric Method isincorporating the primary eccentricity and gravitational perturbation effects.

Figures 6 and 7 show the errors that occur when estimating the motion with the Geometric
Method and Hill’s equations, respectively. The Geometric results in much smaller errors. The in-
track error of 20 m after one day is the result of approximately a 2m error in semi-major axis. In

13
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Figure 6 Geometric Method Errors With Gravitational Perturbations
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Figure 7 Hill’ s Equations Errors With Gravitational Perturbations

Hill’ s equations the mean semi-major axis was used to compute the mean motion, otherwise, the
errors would be much larger.

CONCLUSIONS

An algorithm for relating the orbital element changes to the relative motion variables has
been developed. This algorithm is used in the development of a state transition matrix that
includes the effects of the chief satellite orbit eccentricity and the gravitational perturbations.
This state transition matrix was developed by considering the geometry of the problem, not by
solving the differential equations. The errors in estimating the relative motion are much less than
with using Hill’ s equations.

Evaluation of the method is continuing. Research is aso underway for solving the relative
equations of motion using Hamiltonian mechanics and Lie Series.

16
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Appendix A - The A Matrix

The non-zero elements of A and A are

A, =V, 16,

Ay = —%(2% +R cosh,)

C

A15 = _%(zachC + Rcsnec)

C

Aoy =-05Vca;

_[a(p_
A”‘\EC[P» 1)

A24:Vrcacqlc+ ﬁSinOC

Pe Pe
Ve H
=225 — |—— cosf,

Aos 0. 0.
Ay =R
Ay = R, cosiy
Ay =-15V, /3,
Ap =V
A,=2 I coso, + HMieBhe

A45=2 ﬁsm@ +3Vtcacq2c
S
A =V COSic

A53 = R:Sinec

A =—R. sini; cos6,

Az = (Vi €OSO, +V, Sinb,)

Ass = (Vi SINO, -V, cosB, ) sini

18

(A1)

(A2)

(A3)

(A4)

(A5)



>
1l

(%J[4 + 6(%)(% COS, + O SING, ) + A(Y/—:J(%)(qlc sinf, — 0, cosec)]

2
A= 2(%) (e SIN6, — Gy COSH, ) / éc
(A6)

Al= _2(%)(%)[& 2(%)(% CoSO, + Gy SING, ) + (%](%)(qlc sinG, — gy, cosec)]

AL = (ﬁ)[H 2(%)(% CosO, + Gy, SING, ) + (\\;—EJ(%)(% Sin6, — COSOC)]

RO,
Ap =1/R,
Pos =—Ass COSi (A7)

Pos = = Agg COS

A;Sl = (gnec _(Vrc /VtC)COSQC)/ R:

(A8)
A = oS0, 1V

A= F [3cosb, +2(V, / Vi )sin6, |6,

C

A= %[20059C + (Vi / Vi) SinG, |

A;51 =0 COtic[COSBC +(Vrc /Vtc)Sinec]/ R
A;61 = q20 COticSinec /Vtc
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A= \/% [3sin6, — 2(V,, / Vi, ) cos6, |0,

- P
Ay =— | == cos6,
2 \u

21 . 2 :
A= E[% (0he SING,, — Oy, COSO, )~ COSH, + U, SIN26, + G coszec} (A10)

A;‘ll - %[2Sin96 - (Vrc /\/tC)COSOC]

Ase = Oy, Cotig[cosO, + (V. / V. )sinb, |/ R,
Ay =~y cotizSing, / Vi,

Asi =—|cosb, +(Vi. / Vi, )sin6, |/ R sinig

(A12)

20



